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rings (units A and B) is 3.34 Å; the distance between A and A0 is 3.40
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Abstract
This thesis consists of two parts. The first part focuses on the electronic structure aspects
of singlet fission (SF) process studied by ab initio calculations. The second part is on
the improvement of the high-accuracy post Hartree-Fock methods.
Our motivation for studying SF process is to understand its mechanism in order
to help experimentalists to design more efficient SF materials. We compute the electronic factors including energies and characters of excited states, non-adiabatic couplings (NAC) between these states, and analyze their effect on the rate of SF by using
a kinetic model. Chapter 2 discusses the nature of correlated adiabatic wave functions
of the initial excited state and dark intermediate multiexcitonic state of pentacene and
tetracene. We found that the charge-resonance (CR) configurations are important for
determining the NAC between these states. NACs are estimated by using the norm
of one particle transition density matrix (OPDM), ||γ||, based on Cauchy-Schwarz inequality. Chapter 3 discusses the utility of the norm of OPDM and presents benchmark.
We show that ||γ|| contains the principal information about the changes in electronic
states involved, such as varying degree of one-electron character of the transition; thus,
it captures the leading trends in one-electron interstate properties. Chapter 4 analyzes

xvii

the computed adiabatic wave function in terms of CR and multi-exciton (ME) character by using charge and spin cumulants, which describe inter-fragment electronic correlation in molecular complexes. This chapter illustrates the utility of this extended
excited-state structural analysis considering dimers (He-H2 , (H2 )2 and (C2 H4 )2 ), and
model SF dimer systems, such as tetracene, 1,6-diphenyl-1,3,5-hexatriene (DPH) and
1,3-diphenylisobenzofuran (DPBF).
In Chapter 5, we introduce a simple three-state kinetic model for SF rate and estimate the rate of the first step of singlet fission, the transition from the lowest adiabatic excitonic state to the singlet multiexcitonic state. We explain the experimentally observed 3 orders of magnitude difference in the rate of SF in tetracene and pentacene. Chapter 6 employs this method to explain experimentally observed differences
in transition rate among polymorphs of singlet fission materials in DPBF, DPH and
5,12-diphenyltetracene (DPT).
Chapter 7 and 8 focus on covalently linked dimers in which the relative orientation
of chromophores can be controlled by choosing specific covalent linkers. In Chapter
7, we consider structures with coplanar and staggered arrangements of the tetracene
moieties. We found that the structural relaxation in the singlet excited state leads to the
increased rate of the multi-exciton formation, but impedes the dissociation of the triplet
pair. We also found that the covalent linker improves the NAC between the singlet
excitonic state and the multi-excitonic state, but the overall effect on SF rate is less
straightforward, since the linkers may result in less favorable energetics. Chapter 8
investigates whether SF proceeds via intra or inter-molecular pathway in the aggregate
of covalent linked dimers. Our simulations suggest that the intra-molecular channel
dominates in the dimers with the strong though-bond coupling.

xviii

The second part of this thesis is dedicated to the improvement of the high-accuracy
post Hartree-Fock methods. This effort is motivated by the first part. Since the SF
materials are typically too large for higher levels of theory, such as coupled-cluster (CC)
and equation-of-motion (EOM) level of methods, in order to study molecules relevant
to SF, the computational cost of such accurate methods should be reduced.
The high cost of electronic structure calculations and high storage requirements originate in the two-electron repulsion integrals (ERI). In Chapter 9, we show that the CC
and EOM-CC methods can be implemented in a more efficient manner by replacing ERI
with resolution-of-identity (RI) or Cholesky decomposition (CD) representations of integrals reducing storage requirements. This improvement allows for computationally
expensive method to be applied to large molecular systems that may not be accessible
by canonical methods. The benchmarks show that the introduced errors are small in
both RI and CD, and in case of CD, the error can be reliably controlled by the decomposition threshold. Chapter 10 presents the implementation of the analytic CD-CCSD
and CD-EOM-CCSD gradient. The error of analytic CD-CCSD energy gradient and
optimized bond-lengths is slightly larger than the error of CD-CCSD energy at same
decomposition threshold, because the former is unbounded.
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Chapter 1: Introduction and overview
1.1

Singlet fission

Solar energy is an attractive alternative to the fossil fuel energy source because it is
environmentally friendly. However, practical uses of solar energy are limited by low
efficiency of current solar cells. The theoretical efficiency limit for a single junction
solar cell is 33%,1 which comes from the fact that the energy of absorbed photons above
the bandgap is mainly converted into heat. One way to make the solar energy more
competitive is to increase this limit up to 46% by using a process that generates two
electron-hole pairs from one absorbed high-energy photon, together with utilizing lowenergy photons in the usual fashion. In organic semiconductors, this can be achieved by
singlet fission (SF), a spin-allowed process in which two triplet excitons are generated
from one initially excited singlet exciton.2–5 The utility of SF in the context of solar
cells was illustrated by Nozik in 2006.6 The photocurrent per photon could be doubled
if the two triplets have sufficient energy for generating electron-hole pairs.
In order to split the singlet excited state into two triplets, the energy matching condition needs to be satisfied: E(S1 ) ≥ 2E(T1 ).7 Only a few organic semiconductors meet
this criterion. The examples include polyacenes and their derivatives,8, 9 rubrenes,10, 11
and a few other systems. The time scale of SF in these systems varies from tens of femtoseconds to hundreds of picoseconds. Compared with conversion from singlet to triplet

1

through the intersystem crossing, the SF is faster since this process is spin-allowed.
However, only a handful of molecules exhibit SF with 200% yield of triplets. The design of new materials capable of efficient SF is a great challenge in this field.
The SF process is illustrated in Figure 1.1, where the first step converts the initially
excited states (S1 and S10 ) into a multi-exciton state (1 ME). The second step involves
decoupling and spatial separation of the two triplets. The leading electronic configurations of S1 /S10 derived from the bright singlet state are excitonic (EX): S1 (A)S0 (B)
and S0 (A)S1 (B) and charge resonance (CR) ones, A+ B− , A− B+ . The oscillator strength
is shared between the two singlet excited states and their energy difference is called
Davydov splitting, ED = E[S10 ] − E[S1 ]. The initially excited state is expected to relax
to the lowest excitonic excited state before the SF step. The multiexcitonic 1 ME state
can be described as two singlet-coupled triplets, 1 (T1 (A)T1 (B)). The rate of this step
is controlled by the non-adiabatic coupling between two states and energy difference,
ESF = E[1 ME] − E[S1 ].

Figure 1.1: Three-state model of singlet fission in a dimer system AB: ’State 1’ is
the initially excited state S1 /S10 which consist electronic configurations: S1 (A)S0 (B),
S0 (A)S1 (B), A+ B− , A− B+ ; ’State 2’ denotes the intermediate singlet multi-exciton
state 1 ME with dominant configuration 1 (T1 (A)T1 (B)); ’State 3’ corresponds to two
independent triplet states.

2

The difficulties in developing a quantitative model for describing SF originates in
the nature of the 1 ME state. Because this state is formally doubly excited relative to the
ground state, it is difficult to describe by most ab initio methods. The configuration interaction singles (CIS) and time-dependent density functional theory (TDDFT), which are
the standard methods for large systems, are simply blind to 1 ME. Equation-of-motion
coupled-cluster singles and doubles for excited states (EOM-EE-CCSD) can capture the
1

ME state, but it does not treat singly excited state S1 and doubly excited state 1 ME in

a balanced way. Multi-reference techniques such as CASSCF-based approaches can be
used to model SF materials, but their practical applications are hindered by a systemspecific active space selection, problems with treatment of dynamical correlation, and
the lack of size extensivity.
In Chapter 2, we present ab initio calculations of the electronic structure of two polyacene dimers, tetracene dimer and pentacene dimer, using restricted-active-space double spin-flip configuration interaction (RAS-2SF-CI) method. This approach provides a
balanced description of the states relevant to SF. We employ adiabatic framework and
show that a simple diabatic representation of underlying electronic structure is not capable of quantitatively accurate description of the SF process. Configurations of CR
character that are present in both excitonic and multiexciton wave functions are important for the NAC between S1 and 1 ME. Chapter 4 provides detailed analysis of the wave
functions of low-lying adiabatic excited states using extended excited-state structural
analysis (ESSA). We use the norms of one-particle transition density matrix (OPDM),
||γ||, which provide a useful tool for studying trends in NAC, as described in Chapter 3.
In Chapter 5, we set up a simple three-state kinetic model to describe the SF process
and derive expression for estimating the rate of the first step: S1 →1 ME transition. By
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using these tools, we are able to explain the observed different behavior of SF in polymorphs of 1,3- diphenylisobenzofuran (DPBF), 1,6-diphenyl-1,3,5-hexatriene (DPH),
and 5,12-diphenyltetracene (DPT). These results are presented in Chapter 6.
Chapter 7 and 8 discuss SF in covalently linked dimers. By using a covalent linker,
the chromophores can be fixed at an orientation favorable for SF, and the coupling between the states can also be enhanced by the through-bond interactions. In Chapter 7, we
discuss SF in a covalently linked tetracene dimer, ortho-bis(5-ethynyltetracenyl)benzene
(BET-B), and estimate the degree of the through-bond coupling. In Chapter 8, we further discuss the behavior of BET-B in bulk, focusing on the differences bewteen intermolecular and intra-molecular SF. We show that in a model with two dimers, SF mainly
occurs via an intra-molecular pathway because of the strong through-bond coupling and
favorable excitation energy of intra-1 ME states relative to the inter-molecular 1 ME manifold.

1.2

Electronic structure methods for strongly correlated
systems

1.2.1

Electron correlation

The non-relativistic electronic Schrödinger equation is

Hel Ψi = Ei Ψi ,

(1.1)

where Hel is the electronic Hamiltonian, Ψi and Ei are the ith eigenfunctions and eigenvalues, called electron wavefunctions and state energies. The state that has the lowest
energy is called the ground state, and the rest of the states are excited states. Eq. 1.1
4

can be solved numerically by using a linear variational approach with a complete manyelectron basis set. This procedure is called full configuration interaction (full CI). The
number of many-electron basis functions grows factorially with the number of electrons
and orbitals. Therefore, full CI is not practical for large molecular systems.
The most drastic approximation is the Hartree-Fock (HF) model,12, 13 which assumes
that every electron moves in an average Coulomb field of all other electrons and nuclei.
The missing energy, which is the difference between Hartree-Fock energy and full CI,
is called correlation energy.
The correlation is usually divided into two non-additive parts: dynamic and static
correlation. The former can be recovered partially by using wave-function based methods such as Møller-Plesset perturbation theory (MP)14 and coupled-cluster (CC)15 approaches. The static correlation can be important in cases when the ground state is a
linear combination of several nearly degenerate determinants. For example, in bondbreaking problem, the highest occupied molecular orbital (HOMO) and the lowest unoccupied molecular orbital (LUMO) become degenerate when the bond is stretched. In
this case, one Slater determinant is not sufficient for describing the wave function. Methods for dealing with this type of correlation include multi-configurational self-consistant
field (MCSCF)16, 17 and spin-flip approachs.18–20

1.2.2

Describing electron correlation in closed-shell systems by
coupled-cluster approach

In the CC formalism,12, 21 the correlated wavefunction is given by

|ΨCC >= exp(T )|Φ0 >

5

where the cluster operator T is an excitation operator, and Φ0 > is HF reference determinant. The CC method can recover exact correlation energy when all substitutions
are included in T . Because of high computational cost, T is usually truncated at double excitation level giving rise to the coupled-cluster method with single and double
excitations (CCSD):
T = T1 + T2
Each term can be written in the second-quantization notation as follows:

T1 =

X

tai a+ i

ia

and
T2 =

1 X ab + +
t a b ji
4 ijab ij

where a+ and b+ are creation operators, i and j are annihilation operators, tai and tab
ij are
the CC amplitudes. Here we follow the standard notation in which ijkl denote occupied
molecular orbitals (MO), abcd denote virtual MOs, and pqrs denote MOs which can be
either occupied or unoccupied. The separation between the two subspaces is determined
by the reference determinant Φ0 . Because of the nature of exponential cluster operator,
CCSD has contributions from higher than single and double excitations, and is sizeextensive. These features make the CCSD method superior to the CI analogue with the
same truncation level (CISD).

6

The CCSD wavefunction and energy are found by solving the following set of equations:

Φ0 |e−T HeT |Φ0 = ECCSD
Φai |e−T (H − ECCSD )eT |Φ0 = 0
−T
Φab
(H − ECCSD )eT |Φ0 = 0
ij |e

in an iterative procedure, which involves contractions of tab
ij amplitudes with four-index
ERI:

tai ∆ai = fia −

X

(3)

Fli tal +

X

(1)

Fad tdi +

X

X
hic||kaitck
kc

kc

d

l

(2)

Fkc tac
ik −

1X
1X
−
hkl||icitac
hka||cditcd
+
kl
ki
2 klc
2 kcd
and

−
ab
tab
ij ∆ij = hij||abi + Pab {

X
c

(2)

tac
ij Fbc −

X
k

(2a)

Iijkb tak + Pij−

X

(1a)

Ikbic tac
jk }

kc

X
X
1 X ab (4)
1X
(2)
cd
+Pij− { hjc||baitci −
tab
hab||cdi
t̃
+
t I
F
}
+
ij
ik jk
2 cd
2 kl kl ijkl
c
k
The contraction scales as O(N 6 ) and makes CCSD computationally expensive for large
molecular system. The storage of double excitation amplitudes (tab
ij ) and < pq||rs >
scales as O(N 4 ), so the amount of memory increases quadratically with the system size.
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1.2.3

Describing Electron correlation in electronically excited and
open-shell states by equation-of-motion coupled-cluster approach

In the EOM framework,22 the CI-type linear excitation operator R is applied to the
reference-state CC wavefunction. The wavefunction of an excited electronic state is
then
|ΨEOM >= R|ΨCC >= R exp(T )|Φ0 >,
where R generates determinants excited with respect to the reference determinant and is
truncated usually at the same level as CC operator T , e.g., at the double excitation level
in EOM-EE-CCSD:

REOM −EE−CCSD = r0 +

X

ria a+ i +

ia

1 X ab + +
r a b ji.
4 ijab ij

As illustrated in Fig. 1.2, by using different R operators, EOM methods can compute
the energies and properties of electronically excited (EE), ionized (IP), electron-attached
(EA), and spin-flipped (SF) states.
Solving for the EOM-CC energies and amplitudes involves diagonization of a nonHermitian matrix:




H̄OS
H̄OD
 0


 0 H̄ − E
H̄SD

SS
CCSD


0
H̄DS
H̄DD − ECCSD

  R0 
 R0 








 R  = ω R 
 1 
 1 








R2
R2
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Figure 1.2: Different flavors of EOM methods.
where H̄ is the transformed Harmiltonian H̄ = exp(−T )H exp(T ), O stands for the
reference, S for singly and D for doubly excited determinants. This problem is solved
by using Davidson’s algorithm,23 in which the R amplitudes are computed iteratively by
using

σia = ((H̄SS − ECCSD I)R1 )ai + (H̄SD R2 )ai
ab
σijab = (H̄DS R1 )ab
ij + ((H̄DD − ECCSD I)R2 )ij

Similarly to CCSD, EOM-CCSD requires O(N 4 ) storage and scales as O(N 6 ) in
the iterative procedure, which limits its application to moderate-size systems.
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1.2.4

Improving efficiency of electronic structure methods

The storage requirements of the CCSD and EOM-CCSD methods scales as O(N 4 ). If
symmetry is not considered, for a calculation with 1000 basis functions, the size of ERI
can be up to 1TB. Together with other N 4 -type intermediates, the large storage requirement makes the calculating not practical. Even if large disk is available, an extensive
I/O results in deteriorated performance and poor parallel scaling. One promising way to
improve the efficiency for large systems is to reduce the storage requirements.
The storage of the ERI matrix scales as O(N 4 ) with the number of basis functions,
χλ (~r):
Z
(µν|λσ) =

χµ (~r1 )χν (~r1 )

1
χλ (~r2 )χσ (~r2 )d~r1 d~r2 .
|~r1 − ~r2 |

In order to reduce the size of ERI tensor, we employ the Cholesky decomposition (CD)
and resolution-of-identity (RI):

(µν|λσ) ≈

M
X

P
P
Bµν
Bλσ
,

(1.2)

P =1

such that the N 4 -type matrix is represented by contraction of N 3 -type matrices. This
is described in Chapter 9. One difference between CD and RI is that the rank M and
the error of CD are controlled by user, whereas RI uses pre-established auxiliary basis
functions, so the rank and error are fixed. In Chapter 10, we describe the formalism and
implementation of the analytic CD gradient.
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Chapter 2: Fission of Entangled Spins:
An Electronic Structure Perspective
2.1

Introduction

Singlet fission (SF), a process in which one singlet excited state splits into two triplets
ultimately giving rise to four charge carriers, can be utilized in organic solar cells increasing their efficiency.1 A reverse process, triplet fusion, is also of interest for solar
energy; it can be used to up-convert a lower-energy part of the solar spectrum.2 Although
these phenomena have been discovered a long time ago,3 their mechanistic understanding is incomplete, which hinders the design of organic photovoltaic materials for solar
energy conversion. As summarized in recent reviews,1, 4 there has been a resurgence
of experimental and theoretical work investigating the mechanisms of SF in molecular
solids and model compounds.
Apart from the initial event (photon absorption forming initial exciton) and the final
state (two uncoupled triplet-excited molecules), very little is known about the nature and
evolution of the electronic states involved, mechanism of their coupling, type of nuclear
motions facilitating this process, and so on. Consequently, we do not know how to optimize molecular and material properties for optimal SF. Even molecular energy-level
considerations are not obvious — although energy balance requires that ES ≈ 2ET ,
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some materials engineered to exhibit exothermic SF were found to be less efficient than,
for example, tetracene, in which SF is slightly endothermic. Optimal spatial arrangement of individual molecules (parallel, slip-stacked, etc) is unclear, and is the importance of long-range order, i.e., whether one needs to target polycrystalline or amorphous
materials.5, 6
Experimentally, a number of materials are known to exhibit SF: Acenes (tetracene,
pentacene) and substituted acenes (e.g., diphenyltetracene, rubrene), perylenes, isobenzofuran, carotenoid.1, 4 The time scale of SF varies from tens of femtoseconds (e.g.,
pentacene) to tens of picoseconds (tetracene) suggesting a fast non-adiabatic transition
from the initially excited bright state to the target multiexciton state (“direct” mechanism). Recent time-resolved experiments7 suggest that a coherent superposition of
the bright singlet and dark multiexciton states is formed during the excitation, and that
this state adiabatically evolves giving rise to two independent triplets. The most recent
overview of the field can be found in Ref.4
A complete theoretical description of SF process requires the following: (i) accurate
electronic structure methods capable of describing electronic states involved and their
couplings; (ii) coupled electronic and nuclear dynamics to describe adiabatic evolution
of the initially excited state and hopping-like processes; (iii) inclusion of the environmental perturbation on the electronic structure as well as involvement of the bath degrees
of freedom in this process. In this paper we focus on the electronic structure aspect of
this problem.
Although the nature of electronic states involved and their interactions is at the heart
of the problem, there is still no consensus of what are essential features of the underlying electronic structure and how to approach this problem quantitatively. Qualitative
framework has been laid out by Michl and coworkers (see Ref.1, 4, 8 and references
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therein). Critical electronic configurations are excitonic [EX, derived from the asymptotic S0 (A)S1 (B) and S1 (A)S0 (B) states], charge-resonance [CR, often called charge
transfer, A+ B− , A− B+ ], and multiexcitonic [ME, two triplets coupled into a singlet,
triplet, and quintet states, 1,3,5 T1 (A)T1 (B)] sets. These configurations are often used as
diabatic states describing the SF process. For example, Michl and co-workers frame the
discussion of the SF process in terms of such diabatic states of pure EX, CR, and ME
character.1, 4, 8 As possible mechanisms of SF, they discussed either direct non-adiabatic
transition from the initially excited bright singlet state (that asymptotically has pure EX
character) to the state that can be described as two singlet-coupled triplets, or a transition via an intermediate state of a charge-transfer (or, more precisely, CR) character.
Alternatively, one can discuss “mediated” transitions between the initial and final states
in which the CR configurations appear in both the initial and final states thus facilitating the coupling. Nebulous and imprecise terms such as “superexchange” have been
invoked to describe this possibility.9 Such a simplified picture has been used to predict qualitative trends in couplings as a function of molecular arrangements1, 4 and has
motivated the development of phenomenological few-states models based on diabatic
states.9 While such analysis of electronic structure is valuable for qualitative purposes,
for a quantitative description of the SF process a more appropriate framework should
be based on correlated many-electron wave functions, as advocated by Head-Gordon
and co-workers.10 These wave functions should be obtained from an appropriate electronic structure method without making assumptions of what these many-electron states
should be. Since ab initio calculations produce well defined adiabatic states, the electronic transitions between these states are most naturally described in terms of vibronic
interactions, i.e., derivative coupling that couples adiabatic states via nuclear motions.
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In some cases, it is convenient to convert this adiabatic picture into a diabatic representation; however, as we show below, such approaches are not applicable to the SF
problem.
The stumbling block in developing a quantitative model that can unambiguously
discriminate between different mechanisms is that this electronic structure pattern is
challenging to ab initio methods. The first quantitative attempt to characterize the SF
state has been undertaken by Zimmerman et al. who have shown that the state that correlates to two triplets is a doubly excited dark state by using CASSCF calculations on
a model pentacene dimer.11 Later, Zimmerman and coworkers have investigated this
state and bright singlet states in tetracene and pentacene using QM/MM calculations
with RAS-2SF method.10, 12 Several studies interrogated the question of the degree of
delocalization of the initially excited bright singlet state, possible role of excimer formation, as well as location of charge-transfer states.12–16 The most important ingredient
— electronic couplings between the initially excited states and multiexciton states —
has been extensively discussed,1, 4, 10, 12, 15, 17 however, no actual ab initio calculations
of non-adiabatic coupling (NAC) matrix elements have been reported; instead, some
studies have exploited approximate schemes of evaluating these quantities via diabatization,10, 12 while others used excitonic (Davydov) splitting as a proxy for the coupling, or employed qualitative diabatic frameworks.8, 15 Important predictions derived
from the latter approach are that couplings promoting SF are maximized by: (i) contributions from CR configurations; and (ii) co-facial slip-stacked arrangements of the
chromophores.
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Here we focus on NAC and introduce an alternative scheme for estimating this crucial quantity from correlated many-electron wave functions. Our approach avoids diabatization, which, as we show below, is physically inappropriate in the context of SF. Instead, we consider the norm of reduced one-particle transition density matrix as a proxy
for NAC. This approach is justified by the Cauchy-Schwarz inequality and is validated
by the analysis the electronic structure at selected geometries where states character can
be unambiguously assigned. In addition, we investigate whether this quantity correlates
with exciton stabilization energy, which is related to the state mixing.
We employ RAS-2SF method18, 19 that is capable of describing all relevant electronic states on the same footing and analyze the respective electronic wave functions in
terms of monomer states, in the spirit of excimer theory20–22 and DMO-LCFMO (dimer
molecular orbital — linear combination of fragment molecular orbitals) framework.23
Such analysis is unambiguous in two limiting situations: (i) when fragments are equivalent by symmetry and orbitals are completely delocalized; or (ii) when orbitals are well
localized on individual fragments (in principle, orbitals can be easily localized by using
various localization techniques; however, we encountered severe convergence issues in
RAS-SF calculations when using localized orbitals). In more common low-symmetry
situations, when orbitals are partially delocalized, assigning state characters from the
wave function amplitudes becomes difficult (if not impossible); thus, an alternative way
to identify a multiexciton state is needed; this can also be achieved by considering appropriate transition density matrices. We apply this approach to investigate the effect of
relative chromophore orientations on NAC using model tetracene and pentacene dimers.
Fig. 4.1 shows relevant electronic configurations of a molecular dimer in terms
of frontier molecular orbitals (HOMO and LUMO) of the individual monomers. The
ground-state wave function of the dimer is simply a product of the two ground-state
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Figure 2.1: Relevant electronic configurations of the AB dimer in terms of molecular orbitals localized on individual moieties. hA and hB denote the HOMO localized on A and B, respectively, lA and lB denote the respective LUMOs. (a)
Ground state, S0 (A)S0 (B). (b) Localized singly-excited configurations (EX) giving rise to singlet and triplet excitonic states, S0 (A)S1 (B) ± S1 (A)S0 (B) and
S0 (A)T1 (B) ± T1 (A)S0 (B). (c) Charge-resonance (CR) configurations, A+ B −
and A− B + . (d) Configurations giving rise to the multiexciton (ME) manifold,
1,3,5
T1 (A)T1 (B).
wave functions, S0 (A)S0 (B). Panel (b) shows localized single excitations that give
rise to excitonic states, e.g., c1 S0 (A)S1 (B) + c2 S1 (A)S0 (B) and c2 S0 (A)S1 (B) −
c1 S1 (A)S0 (B) [we denote the adiabatic dimer states that asymptotically correlate to
these excitonic states S1 (AB) and S10 (AB)]. Excitonic triplet states derived from the
S0 (A)T1 (B) and T1 (A)S0 (B) can be described by the same set of configurations; these
are denoted as T1 (AB) and T10 (AB). The values of coefficients c1,2 and energy splitting
between the two states depend on a relative orientation of A and B and the overlap of
the respective MOs. At the symmetric configuration, c1 = c2 =

√1
2

and the oscillator

strength of the singlet excitonic pair is carried by the ’+’ state. In real many-electron
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adiabatic states, these excitonic configurations mix with charge-resonance (CR) configurations, A+ B − and A− B + shown in panel (c). Note that the presence of CR configurations (often referred to as charge transfer) does not imply permanent charge separation
in the dimer; rather, these configurations describe the ionic character of underlying wave
functions (see SI for Ref.24).These dimer states and an interplay between EX and CR
contributions have been extensively discussed in the context of excimer theory.13, 20–22
Finally, panel (d) shows electronic configurations giving rise to multiexciton states that
can be described as two coupled triplet states of the monomers. Two triplets can be coupled to a singlet state, 1 T1 (A)T1 (B), triplet, or quintet. We use ME to denote states from
this manifold. We note that at finite inter-fragment separation, the singlet ME configurations, 1 ME, can mix with all singlet configurations shown in panels (a)-(c), whereas
the quintet component of the ME manifold, 5 T1 (A)T1 (B), can only interact with other
quintet states (which lie considerably higher in energy); thus, we expect the respective
adiabatic wave function to retain pure diabatic character, 5 T1 (A)T1 (B). 1 ME state is an
example of a strongly correlated state in which two triplet states localized on separate
moieties are strongly coupled (or entangled); the degree of this entanglement can be
characterized by quantities derived from reduced density matrices.25
From the methodological point of view, excitonic and CR states can, in principle,
be described by standard electronic structure methods such as CIS, TD-DFT, or
EOM-CCSD (see, for example, Ref.26). However, multiexciton configurations (d) are
doubly-excited with respect to the ground state; thus, TD-DFT and CIS are blind to
their existence (although these configurations are included in EOM-CCSD expansion,
their description will not be balanced). This is the essence of the challenge faced
by electronic structure in the context of SF. In principle, all these relevant states
could be described within a multireference framework, however, the high cost of
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such calculations, uncertainties with active space choice, difficulties of including
dynamic correlation, and, most important, the lack of size-intensivity present significant
stumbling blocks. A simple and efficient solution to this problem is offered by the
spin-flip approach in which target states are described as spin-flipping excitation from
a high-spin reference.27–29 A brief inspection of the configurations in Fig. 4.1 reveals
that this set can be obtained by using the quintet reference and double spin-flipping
operators.18, 19 This approach was pioneered by Zimmerman and Head-Gordon who
applied RAS-2SF method to tackle this problem.10, 12 We use the same methodology.
Importantly, in our computational scheme all configurations are described on equal
footing and can mix and interact giving rise to adiabatic states of different character.
This allows us to address the character of the excited electronic states and the effect of
structure on their mixing. To quantify the state characters in the case of delocalized
orbitals, we perform simple analysis in the framework of DMO-LCFMO approach (this
is only possible at symmetric configurations).23, 26 To quantify interactions at arbitrary
geometries, we introduce an approach based on transition density matrices.

Let us begin with a parallel sandwich structure (D2h ). Fig. 2.2 (left panels) shows
potential energy curves of tetracene’s and pentacene’s dimer states along inter-fragment
separation (see SI for Ref.24 for computational details and definitions of the scans).
At large separations, the states asymptotically converge to the respective states of the
monomer. The excitation energies of two singlets, S1 (AB)/B3g and S10 (AB)/B1u , converge to S1 (A/B), the two triplets (also of B3g and B1u symmetries) become degenerate
as well, converging to T1 (A/B). Thus, at large separation we expect to see that the wave
functions of these states are dominated by excitonic configurations (row b in Fig. 4.1).
The symmetry of the ME states (which are formally doubly excited with respect to the
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Figure 2.2: Left: Potential energy curves for parallel tetracene (top) and pentacene
(bottom) dimer structures (D2h ). The states can be assigned based on their symmetry (see SI for Ref.24). Right: Weights of ME, EX, and CR configurations in the
S(AB)1 , S(AB)10 , and 1 ME wave functions and energy difference between 1 ME and
5
ME along the scan. This quantity can be interpreted as multiexciton binding energy (Eb ) and is related to the state mixing.
ground state) is Ag . We observe that the singlet and quintet ME states become degenerate and both states converge to exactly 2xE(T1 (A/B)) Note that this correct asymptotic
behavior of dimer’s states can only be reproduced by size-intensive methods, such as
RAS(4,4)-2SF (all states), CIS, EOM-CCSD (S1/10 and T1/10 only), and will be violated
by, for example, CASSCF. At shorter distances, the energy of the 1 ME state is lower
than that of 5 ME due to the stabilization of the singlet state by configuration interaction
with other singlets. This energy difference (shown in the right panels of Fig. 2.2) can
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be interpreted as exciton binding energy (Eb ). On one hand, it is related to the degree
of diabatic impurity of the 1 ME state (it should be zero when the 1 ME state is of pure
multiexciton character and large when the ME state is strongly mixed with other configurations). Thus, it can be used to evaluate the degree of the configuration interaction in
the 1 ME state in conjunction with (or instead of) configuration analysis of the respective
wave function. On the other hand, this quantity is relevant to the kinetics of separation
of ME into the two non-interacting triplets (large values indicate an exothermic pathway
for triplet-triplet separation step). Thus, while multiexciton binding energy is obviously
very important, its optimal value (in terms of maximizing the SF rate) is not obvious
and kinetics modeling is required.
Analyzing state characters in terms of monomer configurations from Fig. 4.1 requires transformation of the orbitals into the localized ones. Fig. 2.3 shows the MOs
of the D2h dimer at 4 Å and compares them with the MOs of the non-symmetric dimer
at the X-ray structure. In the latter case, orbitals are almost completely localized on
the monomers, which makes the assignment of the state characters straightforward. In
order to analyze the states of the dimer at D2h (or other symmetric configurations), we
utilize linear properties of determinants and convert the leading configurations of the
RAS-2SF wave functions into the localized representation by using symmetry-imposed
relationships between the dimer and monomer orbitals, in the spirit of DMO-LCFMO
framework.23 For example, the leading term of the ground-state wave function is:
1
|H−1 αH−1 βHαHβ >= |(hA α + hB α)(hA β + hB β)(hA α − hB α)(hA β − hB β) >=
4
. . . = |hA αhA βhB αhB β >(2.1)

where H−1 and H denote the HOMO-1 and HOMO of the dimer (see Fig. 2.3). Out of
16 terms, only four (permutationally equivalent) ones survive due to the Pauli principle.
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The results of the analysis are summarized in Table 2.1 (tetracene only) and in Fig.
2.2 (tetracene and pentacene). For comparison, Table 2.1 also shows the breakdown
of the wave function for the dimer taken from the X-ray structure. In addition to the
configuration analysis, Table 2.1 also shows an effective number of unpaired electrons
for each state, Nodd , computed using the following expression:
Nodd = 2(T r[γ] − T r[γγ + ]) = 2(N − T r[γγ + ])

(2.2)

where γ is the one-particle density matrix for the corresponding state. For singlet states,
this is equivalent to Yamaguchi’s index.30 Eq. (2.2) can also be used to quantify the
degree of quantum entanglement.25 It is small for ground-state closed-shell wave functions, but is close to 4 for the ME states.

Figure 2.3: Top: Frontier MOs of parallel tetracene dimer (D2h ) structure at 4 Å.
Bottom: MOs of the dimer at the X-ray structure.
As one can see, the 5 ME state is indeed a pure multiexcitonic state both asymptotically and at short inter-fragment separations. The 1 ME state, however, can be described
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Table 2.1: Analysis of tetracene dimer states and multiexciton binding energy (Eb ,
eV) at selected geometries.
State
Eb
ME EX CR Naodd
D2h , 3.7 Å
0.22
1
ME/Ag
0.93 0.06 3.6
S1 (AB)/B3g
0.43 0.43
S10 (AB)/B1u
0.42 0.42
5
ME/Ag
1.00 4.0
D2h , 6.0 Å
0.00
1
ME/Ag
1.00 4.0
S1 (AB)/B3g
0.84 S10 (AB)/B1u
0.82 0.04
5
ME(Ag )
1.00 4.0
X-ray
0.03
1
ME
0.60 0.35 3.9
S1 (AB)
0.39 0.37
S10 (AB)
0.61 0.13
5
ME
1.00 4.0
a
Effective number of unpaired electrons using Yamaguchi’s index.30
as pure multiexcitonic state only at large separations. At shorter distances, the ME character is only 80%, consistently with significant stabilization of 1 ME relative to 5 ME
(Eb =0.55 eV for D2h structure at 3.4 Å and 0.22 eV at 3.7 Å). We note that the differences in the ME weight are consistent with the computed number of unpaired electrons
(Nodd ) — whereas the 5 ME state always has 4 unpaired electrons, Nodd in the 1 ME state
is reduced at small distances, when this state acquires some CR character.
The singlet states, S1 (AB) and S10 (AB), are almost an equal mixture of the EX and
CR contributions. As expected, at large separations, the CR character is reduced, as
asymptotically these ionic configurations are very high in energy. We also note that
this CR character can only be deduced by configuration analysis in localized orbitals;
it will not be determined by the attachment-detachment density analysis31 employed
24

in Refs.10, 12 that can only identify true charge-transfer states with permanent charge
separation (see SI for Ref.24).
The wave function analysis of the low-symmetry tetracene dimer (taken at the configuration in the crystal) shows 60% ME character (59% in pentacene) in the 1 ME state
illustrating significant mixing with the CR configurations; however, the CR character in
the S1 and S10 is reduced relative to the D2h structure.
Most importantly, Table 2.1 and Fig. 2.2 clearly illustrate that it is not possible to
represent quantitatively this electronic structure by a toy few-state model based on pure
diabatic states of the ME, CR, and EX characters. The contributions of these types do
not add up to 100% illustrating that interactions with other states are not insignificant
even in these relatively compact RAS-SF wave functions. As the correlation treatment
is improved, the deviations should increase. Thus, while analyzing the states involved in
SF in terms of these configurations is useful for insight, it cannot be used for developing
quantitative models; rather, as emphasized by Head-Gordon and co-workers,10 the
description of SF process should be based on adiabatic many-electron wave functions.

The key quantity related to the rate of populating the 1 ME state (either via nonadiabatic transitions from the bright state or by creating the population in the ME state
coherently, during the excitation processes) is NAC matrix element:

< Ψi (r; R)|∇Q |Ψf (r; R) >,

(2.3)

where Ψi (r; R) and Ψf (r; R) are electronic wave function of the initial and final states
[e.g., S1/10 (AB) and 1 ME], and Q denotes a particular nuclear displacement. This socalled derivative coupling originates in the break-down of Born-Oppenheimer approximation that leads to the parametric dependence of the electronic wave functions on
25

nuclear positions. To evaluate rates, this coupling (which is a vector in the space of
nuclear displacements) should be contracted with a respective component of the nuclear momentum, ∇Q ξ(R). The calculations of NAC are rarely available in electronic
structure codes, thus, a common strategy is to convert the problem from adiabatic into
diabatic representation in which derivative coupling can be neglected and the states are
coupled by the electronic Hamiltonian. Such approaches have been fruitful in various
contexts (e.g., in charge-transfer processes32, 33 ), however, the SF problem does not lend
itself to this strategy, as discussed below.
It is tempting to develop a simple energy or configuration-selection based diabatization scheme (in energy-based approaches, splittings between interacting states can be
used to parameterize the transformation, whereas in configuration-based schemes, one
can use weights of specific configurations to determine the transformation). However,
as the analysis in Table 2.1 illustrates, the 4 lowest states do not constitute a closed
manifold even at these 3 geometries, making such diabatization attempts futile. A further insight can be gained by symmetry analysis. As suggested by the energies (notable
Eb at 3.4 Å, D2h ) and wave function analysis (Table 2.1), one should expect interaction between the 1 ME state and the S1 /S10 states. Moreover, since the state composition
changes significantly along the D2h scan, one should expect to see variations in the interaction strength (and, consequently, in the couplings) along this coordinate. However,
these three adiabatic states are of different symmetry, which means that they should not
be mixed by a valid diabatization transformation. So should we consider these states
as non-interacting (along D2h scans) or not? The key to correctly resolving this issue is
to realize that the symmetry of NAC is determined by the symmetries of Ψi (r; R) and
Ψf (r; R) — in our example, the 1 ME/Ag and 1 S10 (AB)/B1u states can be coupled by
any B1u vibrations (and there are 22 of them in the tetracene dimer!). Thus, the states
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can interact at D2h configurations and the magnitude of interaction depends on the interfragment separation, however, no physically meaningful diabatization can be performed
along a D2h scan. Furthermore, evaluation of the probabilities of non-adiabatic transitions using, for example, a Landau-Zener type model, should be done considering
nuclear motions “orthogonal” to the inter-fragment motion along D2h . In other words,
while inter-fragment separation along a D2h scan should have a significant effect on the
magnitude of NAC, the coordinates promoting the transitions (in a Landau-Zener sense)
are of different symmetry. Thus, diabatizing the states along the D2h scan is meaningless, despite the fact that this motion may be (and most likely is) important in facilitating the non-adiabatic transitions by sampling the configurations where the magnitude of
derivative couplings along the coordinates promoting the transition is large.
Thus, we need to consider an alternative approach of estimating the trends in NAC.
We base our approach on reduced one-particle transition density matrices. Since the
derivative coupling is a one-electron operator, only the states whose wave functions
can be connected by one-electron excitation can be coupled. This reasoning has been
used by Michl1 who pointed out that the ME configurations from row (d) in Fig. 4.1
differ by two-electron excitations from the excitonic configurations, but are related by
one-electron excitation to the CR ones (the last 4 terms from Fig. 4.1 are connected
by one-electron excitations, but their contributions to one-particle density matrix will
cancel out due to the spin symmetry — EX configurations are singlet-coupled on A
and B, whereas the ME configurations are triplet-coupled on the monomers and then
singlet-coupled in the dimer).
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Thus, a quantity related to this difference can be used as a proxy for NAC. Such
quantity can be easily obtained from the one-particle transition density matrix:

if
γpq
≡< Ψi |p+ q|Ψf >

(2.4)

γpq is all what is needed to compute a coupling element described by a one-electron
operator Â:
< Ψi |Â|Ψf >= T r[γ if A]

(2.5)

γpq also provides a measure of a one-electron character in the transition between |Ψi >
and |Ψf > which is exploited in attachment-detachment density analysis and other approaches based on density matrices.31, 34–36 Specifically, T r[γγ + ] can be interpreted
as the number of electrons associated with one electron excitation connecting the two
states. For example, this quantity is one for purely one-electron excitation (e.g., for
any Hartree-Fock-CIS states) and is zero (no one-electron character) for purely doubly
excited states.
We also note that:

T r[γγ + ] = T r[γ + γ] =

X

γpq γpq ≡ ||γ||2

(2.6)

pq

and, using the Cauchy-Schwarz inequality:

|T r[γA]| ≤ ||γ|| · ||A||

(2.7)

Thus, ||γ|| can be considered as the best measure of the magnitude of a one-electron
interstate property when matrix representation of the operator Â is not available. In
the context of condensed phase where one expect significant modulations in vibronic
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matrix elements due to finite-temperature sampling one can assume random fluctuations
in the matrix elements of Â; thus, it is reasonable to assume that statistically averaged
NAC is proportional to (or, more precisely, symbatic with) ||γ||. An attractive property
of this quantity is that it is independent of the orbital basis (i.e., matrix-invariant) and
does not require the transformation of the wave functions into a localized FMO basis.
Thus, it can be uniformly applied at arbitrary fragment configurations. We note that for
a Hermitian operator A, one may consider using symmetrized γ. More detailed analysis
of formal properties of transition density matrices (partially based on Ref.37) will be
given elsewhere.
Table 2.2 shows the computed values of ||γ|| for selected dimer configurations (at
which the wave function composition can be analyzed in terms of EX, CR, and ME contributions) computed for leading terms of the RAS(4,4)-2SF wave functions (see SI for
Ref.24 for details). The trends in ||γ|| are consistent with changes in state composition
(and also with exciton stabilization energies). For example, S1/10 -1 ME ||γ|| becomes
zero at large inter-fragment separations when 1 ME looses its CR configurations. Likewise, the D2 structure, which has less CR mixing and smaller exciton stabilization, is
characterized by much smaller values of ||γ||. We also note that ||γ|| for S0 -S1/10 is close
to 1 when the excited states have less CR character. Finally, ||γ|| for S0 -1 ME is always
small, which can be used to identify the ME state when there is no symmetry and the
orbitals are not well localized.
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State f/i
D2h , 3.7 Å
S1 (0.0/0.4/0.4)
S10 (0.0/0.4/0.4)
1
ME (0.9/0.0/0.1)
D2h , 6.0 Å
S1 (0.0/0.8/0.0)
S10 (0.0/0.8/0.0)
1
ME (1.0/0.0/0.0)
Cs , 30◦
S1 (0.0/0.8/0.1)
S10 (0.0/0.7/0.1)
1
ME (0.9/0.0/0.1)
D2 , 40◦
S1 (0.0/0.8/0.0)
S10 (0.0/0.8/0.0)
1
ME (1.0/0.0/0.0)
X-Ray
S1 (0.0/0.4/0.4)
S10 (0.0/0.6/0.1)
1
ME (0.6/0.0/0.3)
0.03

-0.01

0.00

0.00

Eb
0.22

0.82
0.82
0.18

0.85
0.90
0.09

0.88
0.88
0.07

0.45
0.42

0.58
0.01

0.57
0.18

0.58
0.02

0.60
0.68

0.87
0.87
0.11
0.86
0.91
0.09

S1

S0

0.34

0.15

0.27

0.00

0.53

S10

State f/i
D2h , 3.7 Å
S1 (0.0/0.4/0.4)
S10 (0.0/0.5/0.3)
1
ME (0.9/0.0/0.1)
D2h , 6 Å
S1 (0.0/0.8/0.0)
S10 (0.0/0.8/0.0)
1
ME (1.0/0.0/0.0)
Cs , 30◦
S1 (0.0/0.6/0.2)
S10 (0.0/0.6/0.2)
1
ME (0.9/0.0/0.1)
D2 , 40◦
S1 (0.0/0.0/0.8)
S10 (0.0/0.1/0.7)
1
ME (1.0/0.0/0.0)
X-Ray
S1 (0.0/0.2/0.6)
S10 (0.0/0.7/0.1)
1
ME (0.6/0.0/0.3)
0.04

-0.01

0.00

0.00

Eb
0.20

0.80
0.83
0.14

0.87
0.86
0.01

0.83
0.83
0.09

0.87
0.87
0.00

0.87
0.87
0.11

S0

0.50
0.54

0.48
0.04

0.48
0.27

0.47
0.02

0.56
0.65

S1

0.29

0.25

0.35

0.00

0.61

S10

Table 2.2: ||γ|| between different dimer states and exciton binding energy (Eb , eV) of tetracene (left) and pentacene
(right) dimers at various geometries. The state characters (ME/EX/CR) is shown in parentheses.

Figure 2.4: ||γ|| and Eb for tetracene (top) and pentacene (bottom) along selected
scans: (a) D2h , versus distance between two monomers; (b) C2h , long axis, in units
of the number of 6-carbon rings shifted; (c) C2h , short axis; (d) Cs rotation.
Fig. 2.4 shows ||γ|| and Eb for tetracene and pentacene along selected coordinates
(see SI for Ref.24 for scan definitions). Contrary to previous studies,1, 4, 8 we observe
largest state mixing and couplings at parallel (D2h ) cofacial arrangement, whereas
slip-stacked structures are characterized by the reduced values of ||γ||.
note sizable variations in both γ and Eb .

We also

Particularly intriguing are out-of-phase

variations in couplings between 1 ME and the two excitonic singlet states (e.g., along
parallel-displaced C2h scans). Multiexciton binding energy also depends on the relative
orientation and the dependence does not always mirror the trends in ||γ|| (see SI for
Ref.24); thus, these two quantities could, in principle, be tweaked independently to
maximize the overall SF rate. Importantly, at some configurations (e.g., “propeller”
structure along D2 scan at ∼ 40◦ ), we observe negative Eb suggesting possibility of
exothermic pathways for triplet-triplet separation step. This sensitivity of ||γ|| and
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Eb to chromophore arrangements opens the way to a rational design of chromophore
structures provided that optimal values for both parameters can be deduced from a
kinetic model of the SF process.

To summarize, based on the analysis of the correlated wave functions of the relevant
states combined with calculations of various energy differences (Davydov splitting, Eb )
and calculations of ||γ|| (a proxy for NAC), we conclude that:
• Simple diabatization approaches are not applicable to the SF problem; consequently, diabatic representation of the underlying electronic structure is not capable of quantitatively accurate description of the process. Instead, one should
employ reliable adiabatic wave functions and NACs.
• Configurations of CR character that are present (with relatively small weights) in
both excitonic and multiexciton wave functions are important for the couplings
between the states. This effect is trivially described within simple adiabatic picture and does not justify invoking “intermediate states”, “two-electron couplings”,
and “super-exchange”. This can change in polar solvents where adiabatic states
of CT character may become relevant.
• Norms of one-particle transition density matrices, ||γ||, provide a useful tool for
studying trends in NAC. We observe only a limited correlation between various
energy splittings and ||γ||. Thus, the practice of using Davydov splittings or orbital overlaps as a proxy for NAC is of limited utility.
• Some of the conclusions derived from model few-states diabatic Hamiltonians
should be revised — e.g., we observe large couplings at parallel configurations.
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• Modes that promote non-adiabatic transitions are, in general, different from the
modes modulating the strength of NAC. Calculations of rates of non-adiabatic
transitions require consideration of the former, whereas the latter are important
for understanding what structural motifs can lead to more efficient SF.
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Chapter 3: What We Can Learn from
the Norms of One-particle Density
Matrices, and What We Can’t: Some
Results for Interstate Properties in
Model Singlet Fission Systems
3.1

Introduction

Reduced density matrices (DMs)1–4 are widely used in many-body theories, both for
quantitative and qualitative purposes. They allow one to compress the information contained in many-electron wave functions such that only essential details are preserved.
The utility of DMs stems from the basic quantum-mechanical result due to the indistinguishability of the electrons. One can easily show that in order to compute an exP
pectation value of a one-particle operator, Â = pq Apq p+ q, only a one-particle DM
(OPDM), γ, is needed:

< Ψ|Â|Ψ >= T r[Aγ] =

X

Apq γqp

(3.1)

pq
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where
γqp ≡< Ψ|p+ q|Ψ >

(3.2)

Here and below we employ second quantization formalism; p+ and q denote creation
and annihilation operators, respectively, and the sums run over all basis functions. Any
orthonormal spin-orbital basis can be used; Eq. (3.1) is orbital-invariant. Likewise, twoparticle DMs can be used to compute expectation values of two-electron operators, and
so forth.
In a similar fashion, the so-called transition DMs can be defined and used to compute
interstate properties such as couplings and transition dipole moments:

< Ψi |Â|Ψf >= T r[Aγ if ]

(3.3)

if
γqp
≡< Ψi |p+ q|Ψf >

(3.4)

where i and f denote the initial and final state, respectively. Since the focus of this paper
is on interstate properties and transition DMs, the superscript if will be dropped in the
presentation below.
Eqns. (3.1) and (3.3) are routinely used in electronic structure codes to compute oneelectron properties. By virtue of these equations, the code for properties calculations is
the same for various approximate wave functions. Once wave function amplitudes are
obtained, one can compute the required DMs and discard the amplitudes thus avoiding
storage bottlenecks in the subsequent calculations.
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We note that for properties associated with real-valued Hermitian operators and realvalued wave functions, such as dipole moment and nonadiabatic couplings (NACs), only
the symmetric part of OPDM, γ s , contributes to the computed matrix elements:
1
s
≡ (γpq + γqp )
γpq
2

(3.5)

OPDMs are also very useful for the interpretation and qualitative wave function
analysis. OPDM defined by Eq. (3.2) gives the expansion coefficients for representing
electron density ρ in the basis of molecular (or atomic) orbitals:

ρ(r) =

X

γpq φp (r)φq (r)

(3.6)

pq

Thus, the trace of γ equals the number of the electrons. Consequently, OPDMs can
be used to define and compute quantities such as atomic charges, bond orders, and so
forth, which are exploited in Mulliken and Löwdin population analyses,5 as well as in
more sophisticated Atom-in-Molecule, Natural Bond Orbital, and Natural Resonance
theories.6–8
OPDMs also contain information about the correlation, which can be used for
the analysis of the electronic structure. For example, Yamaguchi and Head-Gordon
indexes9, 10 and the related particle-hole occupancies11 allow one to quantify the
effective number of unpaired electrons.
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In the context of excited states, OPDMs can be used to describe the character of
the electronic transitions in terms of the orbitals involved, as done in the attachmentdetachment analysis, natural transition orbitals, and other approaches.12–15

These

orbital-invariant schemes allow one to focus on the essential features of wave functions;
they become critically important when the wave function includes multiple amplitudes
with similar weights (see, for example, Ref.16). Furthermore, one can use OPDMs for
assigning the character of the transitions as charge-transfer or local excitations.14, 15, 17–19
Transition OPDMs can be used for visualizing excitons, computing average particlehole distances, and more.11, 19

The focus of this work is on a quantity that has not received much of attention yet,
the norm of OPDM:
||γ|| ≡

sX

(γpq )2 =

p
T r[γγ + ],

(3.7)

pq

where the orthonormal basis is implied. Note that:

||γ||2 = ||γ s ||2 + ||γ as ||2 ,

(3.8)

as
≡ 21 (γpq − γqp ). Thus, the norm of symmetrized γ is always smaller than
where γpq

||γ||. For pure one-electron excitations:
1
||γ||
||γ s || = ||γ as || = √ =
2
2

(3.9)

||γ|| was recently used to analyze trends in NACs in the context of singlet fission20–22
and to explain the behavior of resonance wave functions in calculations using complex
absorbing potentials (CAPs).23 In this paper we provide more detailed description of the
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formalism and illustrate its utility by several examples, with an emphasis on interstate
properties such as transition dipole moments (µtr ) and NACs.

NAC matrix elements are the central quantities in nonadiabatic processes:

< Φi (r; R)|∇R Φf (r; R) >,

(3.10)

where Φi (r; R) and Φf (r; R) are electronic wave functions of the initial and final states.
We note that this coupling is a vector in the space of nuclear displacements; in rates’
calculations, it should be contracted with a respective component of the nuclear momentum, ∇R ξ (ξ denotes nuclear wave function). The structure of this vector and its
relation to the topology of conical intersections has been analyzed in detail by David
Yarkony and co-workers.24–26
Eq. (3.10) is never used for practical calculations,27–32 instead one can easily show
that:33
< Φi (r; R)|∇R Φf (r; R) >=

< Φi |∇R Ĥel |Φf >
,
Uf − Ui

(3.11)

where Ui and Uf are electronic energies of the initial and final states. This can be
derived from the Schroedinger equation by either simple differentiation or by using perturbation theory and Taylor expansion around a fixed nuclear geometry. In derivation of
Eq. (3.11), we employ Hellman-Feynman theorem; thus, for approximate solutions of
electronic Schroedinger equations additional terms containing ∇R Φ may appear; these
so-called Pulay terms can be tackled by the response theory (or by the Lagrangian technique), as done in analytic nuclear gradient formalism.34 Such theoretically complete
formalism and its computer implementation for MR-CI wave functions have been first
developed by David Yarkony.27–29, 35, 36 More recently, this formalism has been applied
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to the CIS and TDDFT methods;30–32 analytic derivative matrix elements have also been
computed for equation-of-motion coupled-cluster wave functions in order to parameterize vibronic Hamiltonian.37
The only part of the electronic Hamiltonian that explicitly depends on nuclear coordinates is V̂en :
∂ V̂en
∂
∂ Ĥel
=
=−
∂R
∂R
∂R

X
A,i

ZA
|ri − RA |

!
(3.12)

where the sum runs over all atoms and all electrons.
Although V̂nn also depends on nuclear coordinates, the respective contributions to
NAC vanish because of the orthonormality of the electronic wave functions. Thus, in
the case of the exact wave functions, NAC is a strictly one-electron operator and can be
computed using unrelaxed OPDM given by Eq. (3.2):

< Φi (r; R)|∇R Φf (r; R) >=

R
where V R is the matrix of the operator V̂en
≡

∂ V̂en
.
∂R

T r[γ if V R ]
,
Uf − Ui

(3.13)

Note that NAC is anti-Hermitian,

< Φi |∇Φj >= − < Φj |∇Φi >, owing to the energy difference denominator, whereas
the derivative operator, V̂ R , is Hermitian (thus, a symmetrized γ if can be used for its
evaluation).
When approximate solutions are used, Eq. (3.13) needs to be modified. First, nonHellman-Feynman terms should be accounted for by solving amplitude and orbital response equations. Their effect can be trivially folded into the DMs leading to the socalled relaxed DMs:

< Φi (r; R)|∇R Φf (r; R) >=



1
T r[hR γ̃] + T r[II R Γ̃] ,
Uf − Ui

(3.14)
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where hR and II R denote the derivatives of the one- and two-particle parts of Hel ; γ̃ and
Γ̃ are the relaxed one- and two-particle transition DMs, respectively. Note that when
incomplete atom-centered one-electron basis sets are used, the full expression of NAC
contains contributions from other parts of Hel (such as kinetic energy and electron repulsion integrals) due to the implicit dependence of the matrix elements on the one-electron
basis. Thus, the two-electron contributions to NAC are artifacts of using atom-centered
incomplete basis sets; they vanish in the complete basis set limit or when using non-AO
bases, such as plane-wave or grid representations. Interestingly, the correction restoring
translational invariance of NACs exactly cancels out the non-Hellman-Feynman contribution to NACs in the CIS and TDDFT models.32
The differences between the relaxed and non-relaxed DMs are usually small. While
they are indispensable for calculating the nuclear gradient, their effect on the computed
properties is insignificant and is often ignored. In particular, orbital response terms
are usually excluded from the properties calculations because they introduce poor pole
structure.34
Thus, in the limit of complete basis set, γpq is all what is needed to compute NAC,
R
which is described by one-electron operator V̂en
:

R
R
< Φi |V̂en
|Φf >= T r[γ if Ven
]

(3.15)

In this paper, we investigate NACs computed by full analytic formulation for several
model systems relevant to singlet fission;38, 39 we compare trends in NACs and other
properties (i.e., dipole moments) with trends in ||γ||. We also investigate the origin of
NACs in ethylene dimer.40
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The structure of the paper is as follows. The next section presents the formalism,
followed by the computational details. The numeric examples are presented and discussed in Section 3.4. Additional properties of OPDMs are described in Appendix A
for Ref.41. Appendix B for Ref.41 outlines calculations of rates of nonadiabatic processes by using the Fermi Golden Rule. Appendix C for Ref.41 analyses multi-exciton
wave functions for a model 4-electron-in-four-orbitals case.

3.2

Theory

We begin by applying the Cauchy-Schwartz inequality to Eqns. (3.1) and (3.3):

|T r[Aγ]| = |

X

Apq γqp | ≤ ||A|| · ||γ||

(3.16)

pq

Thus, ||γ|| provides a bound to the respective expectation values (or matrix elements
describing interstate properties).
An attractive property of ||γ|| is that it is independent of the (orthonormal) orbital basis (i.e., matrix-invariant). For example, it is not affected by the unitary transformations
between localized and delocalized molecular orbitals. However, the Frobenius norm of
γ is different in the MO and AO bases. Thus, one needs to be consistent when applying
Eq. (3.16) and to compare the trends using either the MO or AO basis only. The discrepancy can be avoided by computing operator norms correctly in a non-orthonormal
basis, i.e., by using:
||γ|| = T r[γSγ + S],

(3.17)

where S is a covariant overlap matrix and γ is a contravariant density matrix in the AO
basis. In the MO basis (or an orthogonal AO basis) S=1, thus, this equation reduces to
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Eq. (3.7). In this paper, we always compute γ in the MO basis or in the orthonormal
Löwdin AO basis.

Eq. (3.16) is valid both for permanent properties, when γ is given by Eq. (3.2), as
well as for interstate properties. Let us first discuss the latter. For interstate properties,
γ is given by Eq. (3.4); it describes the redistribution of the electron density associated
with the i → f transition (note that in general the transition density is not equal to
the density differences). It was suggested20 that ||γ|| can be considered as a measure
of the magnitude of a one-electron interstate property when matrix representation of
the respective operator is not available. It was also speculated that in the context of
condensed phase where one expects significant modulations in matrix elements due to
finite-temperature sampling one can assume random fluctuations in the matrix elements
of A; thus, it is reasonable to assume that statistically averaged NAC is proportional
to (or, more precisely, symbatic with) ||γ||. In the next section, we present numeric
investigations of the validity of these assumptions.
To better understand Eq. (3.16), we note that:

|T r[γA]| = ||γ|| · ||A|| · cos(α)

(3.18)

where α is an angle between the two multi-dimensional vectors, A and γ, defined by
the above equation. This form illustrates that if the angle remains constant as a function
of certain parameters (e.g., changing nuclear geometries), then one can readily estimate
trends in |T r[γA]| by considering ||γ|| and ||A||. If one of the norms is constant, then the
trends in the other provide useful information (but not the other way around). Of course,
if two vectors are orthogonal (α =

π
)
2

or if both quantities significantly change their

magnitude, Eq. (3.16) is not useful. Another special case is when one quantity changes
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its orientation and magnitude at random — in this case averaging can be performed
giving rise to a constant factor.
In the context of interstate properties, we note that γpq provides a measure of a
one-electron character in the transition between |Φi > and |Φf >. Specifically, T r[γγ + ]
can be interpreted as the number of electrons associated with one-electron excitation
connecting the two states. For example, this quantity is one for purely one-electron excitation (e.g., for any Hartree-Fock/CIS states) and is zero (no one-electron character) for
purely doubly excited states. Thus, when |Φi > and |Φf > differ by two or more excited
electrons, matrix elements of any one-electron property should be zero. Some interesting sum rules for the squared norms, ||γ||2 , are derived in the Appendix for Ref.41.

Let us now consider Eq. (3.16) in the context of state properties, when γ represents
OPDM of a given electronic state. A useful aspect of Eq. (3.16) is that it highlights
the connection between the density and various observables. For example, in Ref.23
this equation was employed to map the trends in the spatial extent of the electronic
wave function (as measured by < R2 >) and its energy in the context of resonances
and CAPs.

In CAP-augmented electronic structure calculations, the resonances

(metastable electronic states embedded in the ionization continuum) are stabilized by
the CAP. It was observed that as the strengths of CAP increases, the size of the wave
function shrinks; once the critical strength is achieved, the wave function size remains
approximately constant (that is, the resonance becomes stabilized). This is clearly
illustrated by the decrease in the < R2 > value. Since the matrix representation of R2
does not depend on the CAP strength, < R2 > is perfectly correlated with ||γ||. On the
other hand, the one-electron part of the total energy (and, in particular, the perturbation
due to the CAP) depends on γ. Thus, Eq. (3.16) tells one that the energy perturbation
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due to the CAP is proportional to ||γ|| giving rise to the linear dependence of the energy
as a function of the CAP strength in the asymptotic region. These simple observations
have led to a deperturbative correction that improved the robustness of CAP-augmented
methods.23, 42

It is important to distinguish the situations in which Eq. (3.16) may provide useful qualitative (or even quantitative) insights from the cases when its application (although formally correct) is useless. One can employ Eq. (3.16) to investigate the
effect of changes in molecular geometry on matrix elements between states changing
their character upon these displacements, while the matrix representation of the operator representing the interstate property does not change much. For example, in Refs.20–22
Eq. (3.16) was applied to quantify the degree of one-electron character (modulated by
the mixing excitonic, multi-exciton, and charge-resonance configurations) in the transitions between the states involved in singlet fission. Below, we consider 3 lowest electronic states of polyenes that change their character and mix with each other along various displacements. We also compute interstate properties in ethylene dimer, a model
system used to analyze the effect of chromophore orientation on the NAC in the context
of singlet fission.40 The key here is that the trends in the matrix elements are driven by
the trends in the wave functions.
As an example of a situation when application of Eq. (3.16) does not provide useful
information, consider calculations of transition dipole moments between the ground and
excited electronic states within CIS or TD-DFT/TDA formalisms. In this case, ||γ||=1
for all transitions, yet some states are bright and some — dark, as dictated by the symmetry and the MOs involved in the transition (that is, cos α is different for different excited
states). Another example of this sort would be the behavior of the transition dipole
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moment between the two lowest states of an ionized dimer along the interfragment dis43
tance (e.g., He+
and
2 ). The two electronic states in this case preserve their character

the transition between them remains predominantly one-electron (||γ|| ≈1); however,
the magnitude of the dipole moment increases linearly43 along the stretching coordinate
because of the obvious trend in µ.

3.3

Computational details

Calculations were performed using several theoretical approaches.

First, for oc-

tatetraene we employ semi-empirical PPP-FCI model ( the Pariser-Parr-Pople πapproximation at the full configuration interaction level)44 that enables quick exploratory calculations with a complete account for π-electron correlation. Calculations for butadiene and ethylene were performed using the complete active space selfconsistent field (CASSCF) method.45 CASSCF interstate properties were computed using full analytic formulation — that is, full expression for derivative coupling has been
used,29 including non-Hellman-Feynman terms, as given by Eq. (3.14). For comparison
purposes, we also computed the Hellman-Feynman part of NAC for ethylene dimer (see
SI for Ref.41); the differences between the two quantities are rather small and all trends
are the same. In addition, RAS-2SF (restricted active space double spin-flip) calculations46–48 were performed for ethylene dimer. Only singlet states were considered in this
work.
The

PPP-FCI

calculations

parameterization scheme.49

were

performed

using

the

conventional

π-

The alternation in core integrals (resonance integrals)

βµµ+1 in the trans-octatetraene chain and other π-parameters are the same as in
Ref.50 The simplified geometry for the carbon backbone is used (in the equilibrium
configuration all CC bonds are of the same length 1.4 Å and all C-C-C angles equal
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120◦ ). We employed the FCI matrix algorithm from Ref.51 implemented as Matematica
notebooks.
RAS-2SF and CASSCF calculations of ethylene dimer used the 4-electrons-in-4orbitals active space and the 6-31G* basis set. An active space of 4-electrons-in-4orbitals was also used in the CASSCF calculations of butadiene. The CASSCF calculations were state averaged with four states included in the average for both butadiene
and ethylene dimer. The four singlet states included in the average are the states of
importance here: the ground state, the two components of the excitonic states derived
from the ππ ∗ excitation, and the doubly excited (ME) state. RAS-2SF calculations used
a high-spin ROHF quintet reference.
The structure of the ethylene molecule was optimized at the RI-MP2/cc-pVTZ level
of theory. Then stacked dimer was constructed for the two identical monomers 3.5 Å
apart. This structure was used as a starting point to generate displacements along the
long and short axes.
CASSCF calculations were performed by Columbus.52, 53 RAS-2SF calculations
were performed with Q-Chem.54, 55
All relevant geometries are given in SI for Ref.41.

3.4

Results and Discussion

We begin by considering polyenes, whose electronic structure is somewhat similar to
that encountered in singlet fission systems. In all-trans polyenes, the two lowest excited
states are of the Ag and Bu symmetry. At equilibrium geometry, the former has predominantly double-excited character, (π ∗ )2 , with respect to the ground state, (π)2 , and
is dark, whereas the latter is dominated by a one-electron transition, ππ ∗ , and is bright;
2Ag and 1Bu are connected by a one-electron excitation. Changing molecular geometry
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modifies the character of these states thus affecting interstate properties such as transition dipole moments and NACs. We consider the interstate properties between the two
exited states (2Ag and 1Bu ), as well as between the ground 1Ag and the two excited
states.

3.4.1

Octatetraene

Our first example is octatetraene. We consider two types of displacements — stretching
the C4-C5 bond (symmetry-preserving) and twisting around C4-C5. Changes in the
states’ characters can be characterized by relative weights of the reference, singly, and
doubly excited configurations.
Fig. 3.1 shows the results for stretching along the C4-C5 bond obtained with the
PPP-FCI model (see Section 7.2). Bond stretching parameter ζ is defined as ζ = r/req ,
where req is the equilibrium bond length. We observe that the stretch has a very little effect on the 1Ag -1Bu transition dipole moment, while the 2Ag -1Bu transition dipole first
increases from 0.8 to 1.1 and then monotonically drops to zero. This different behavior can be explained by the changes in the underlying wave functions. The ground-state
wave function is dominated by the reference determinant at all values of ζ (e.g., at ζ=1.5,
the weight of the reference is 0.88). Likewise, 1Bu retains its singly-excited character.
However, in the 2Ag state, the weight of doubly-excited configurations increases from
0.6 to 0.9. This explains different trends in the respective µtr . We note that ||γ|| catches
the overall trend very well — it remains approximately constant for the 1Ag -1Bu transition and monotonically declines for 2Ag -1Bu . However, finer variations in µtr (e.g., the
initial ∼25% rise) are not reproduced by ||γ||. These variations arise because ||µ|| is not
constant along these displacements; a simple analysis of the respective matrix elements
reveals that ||µ|| increases linearly with the bond stretch (in the AO basis, the matrix
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Figure 3.1: Stretching of octatetraene along C4 -C5 (ζ is the bond stretching parameter, ζ=1 corresponds to the re ). Top: Matrix elements of the dipole operator
(a.u.) and ||γ|| between the 2Ag and 1Bu states (left) and between 1Ag and 1Bu
states (right). γ s denotes symmetrized OPDM. Bottom left: Weights of singly (C21 )
and doubly (C22 ) excited configurations in the 2Ag wave function and ||γ1Bu −2Ag ||.
Bottom right: Weights of singly (C21 ) and doubly (C22 ) excited configurations in the
1Bu wave function and ||γ1Bu −1Ag ||.
of µ̂ is diagonally dominant with the matrix elements being roughly proportional to the
Cartesian coordinates of the respective atoms).
We note that ||γ|| and ||γ s || behave similarly. ||γ s || is about a factor of 2 smaller
than the norm of unsymmetrized γ for the ||γ s || ≤ ||γ||, by virtue of Eq. (3.8). 1Bu -1Ag
transition, whereas for 1Bu -2Ag , the values of the two norms are close. The trends are
well reproduced by either symmetrized or unsymmetrized γ, since the two quantities
parallel each other.
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The behavior along the twisting coordinate is shown in Fig. 3.2. Twisting lowers
the symmetry (from C2h to C2 ) and the electronic states, strictly speaking, should not
be labeled as Ag /Bu at twisted geometries (but A/B). However, since the state character
changes smoothly (as evidenced by the wave function coefficients), we use these labels
for clarity. As in the example above, the 1Ag and Bu states retains their characters along
the torsional coordinate, whereas the 2Ag state eventually becomes doubly excited (at
θ >80◦ ). The trends in ||γ|| follow the trends in wave function composition — for
1Ag -1Bu , ||γ|| is nearly constant, whereas for 2Ag -1Bu , the value of ||γ|| begins to
decrease at about 60◦ reaching zero at 90◦ . As in the bond stretching example, the
significant changes in µtr follow the trends in ||γ|| (i.e., nearly constant value of µtr
for 1Ag -1Bu and an eventual drop to zero for 2Ag -1Bu ), however, finer details, such as
initial increase for the 2Ag -1Bu transition are due to the changes in ||µ|| and are not
captured by ||γ||. Specifically, the twist leads to the increase of ||µ|| because the extent
of the molecule increases in the dimension perpendicular to the molecular plane (and
because the symmetry is lowered), thus, for small twisting angles when ||γ|| remains
nearly constant, µtr shows initial rise (which is eventually overcome by the decline in
||γ|| at large values of θ).

3.4.2

Butadiene

Our second example is butadiene where we consider OPDMs and interstate properties
computed using the CASSCF wave functions.
We begin by considering the stretching along the central bond. The trends in the
CASSCF wave functions of the 3 states are very similar to the octatetraene example.
Fig. 3.3 shows the weights of single and double amplitudes in the the two excited states,

52

Figure 3.2: Top: Matrix elements of the dipole operator (a.u.) and ||γ|| between
the 2Ag /1Bu (left) and 1Ag /1Bu (right) states in octatetraene along twisting angle θ.
Bottom: Weights of singly (C21 ) and doubly (C22 ) excited configurations in the wave
functions of the 1Bu and 2Ag states.
1Bu and 2Ag (the weights are defined relative to the reference Hartree-Fock determinant). The 1Ag state remains predominantly single-configurational (the weight of the
reference is ≥0.9). As one can see, the 1Bu state remains singly excited with respect to
the reference, whereas 2Ag becomes doubly excited.
These changes in the wave functions result in the following trends in ||γ||: for the
1Ag -1Bu transition, ||γ|| remains constant, whereas for the 1Ag -2Ag and 2Ag -1Bu transitions, ||γ|| decreases from approximately 1 to zero. The respective interstate matrix
elements (µtr and ||N AC|| · ∆E) follow this trend, as illustrated in Fig. 3.4. As in
the octatetraene example, the correlation is not perfect and some fine variations are
not reproduced by ||γ||, however, the overall picture is correct — 1Ag -1Bu properties
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Figure 3.3: Weights of singly and doubly excited configurations in the wave functions of the 1Bu and 2Ag states of butadiene along the bond-stretching coordinate.

do not change along this displacement, whereas interstate properties for the 2Ag -1Bu
and 1Ag -2Ag transitions significantly decrease. Non-monotonic behavior of the actual
matrix elements is due to the variations in the respective matrix representations of the
dipole moment and derivative operators. The changes in the dipole moment matrix along
stretching and twisting coordinates is explained above. The reason behind variations of
the derivative matrix elements, Eq. (3.12), is different; it is analyzed in details in the
next section.
The behavior along twisting coordinate is also similar to octatetraene; the results are
shown in SI for Ref.41.

3.4.3

Ethylene dimer

Motivated by singlet fission, we now proceed to the ethylene dimer,39 a model system
used to investigate the effect of relative chromophore orientation on the electronic couplings.40
The dimer geometry is shown in Fig. 3.5. Fig. 3.6 shows ||γ|| computed by RAS2SF as a function of the displacements along X and Y coordinates defined in Fig. 3.5.
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Figure 3.4: ||γ||, < µ > and NAC·∆E for the 1Ag -1Bu (left), 2Ag -1Bu (middle),
and 1Ag -2Ag (right) transitions along the C2-C3 stretching coordinate in butadiene. Top: All quantities are normalized to their equilibrium (ζ=1) values. Bottom:
Absolute values.
At the displaced geometries (X 6= 0 and Y 6= 0), the symmetry of the system is Ci . We
consider the following states: the ground state, the doubly excited state that is similar
to the 1 ME states in acenes (two local 3 ππ ∗ excitations coupled into a singlet), and two
states derived from local ππ ∗ excitations that are similar to the S1 and S10 states in the
context of singlet fission.20 The ground, ME, and S1 states are gerade; S10 is ungerade.
The RAS-2SF active space orbitals and their symmetries are shown in SI for Ref.41. In
the CASSCF calculations, we analyze both S1 and S10 , however, in RAS-2SF scheme
only the former can be computed reliably (because S10 lies relatively high in energy and
includes significant contributions of hole configurations).
As one can see, the magnitude of ||γ|| at the perfectly stacked geometry (X=Y =0)
is non-zero. The displacement along Y leads to the monotonic decrease, whereas the
trend along X is more complicated — we first observe an increase in ||γ|| that reaches
maximum at about 0.6 Å, which is approximately half of the carbon-carbon bond length
(1.33 Å).
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Figure 3.5: Ethylene dimer at Z=3.5 Å and X=Y =0.
These variation in ||γ|| can be tracked down to varying weights of the chargeresonance (CR) terms in the S1 wave function. The configuration analysis at the selected
geometries is given in SI for Ref.41 and is summarized in Table 3.1 (see also Appendix
C for Ref.41).
We observe that the 5 ME state retains its pure multiexciton character (T T ). The
1

ME state shows small amount (2-4%) of CR at perfectly stacked (X=Y =0) and slightly

displaced (along X) geometries. The character of S1 state varies more considerably. At
strongly displaced geometries (e.g., Y =2, X=0), the S1 state is almost pure excitonic
(the weight of CR is 6%), however, at small displacements, the CR configurations become dominant (∼ 70%). A slight increase in ||γ|| at small displacements along the long
axis (Y =0) clearly correlates with a slight increase of the CR weight in S1 . Interestingly,
this behavior is different from the trends observed in Ref.22, where it was found that favorable couplings in certain polymorph structures arise mostly due to the admixture of
CR configurations into the 1 ME state, while S1 remains purely excitonic.
Fig. 3.7 shows the CASSCF couplings between the ME-S1 and ME-S10 states and
||γ|| along the two cuts (all values are normalized to their respective values at X=Y =0).
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Figure 3.6: ||γ|| for the 1 ME-S1 states as a function of the displacements along the
long (X) and short (Y ) axes.
Table 3.1: Configuration analysis of the RAS-2SF wave functions of the ME and S1
states using localized orbitals within DMO-LCFMO frameworka
State X (Å)
1
ME
0
0.8
0
S1
0
0.8
0
a

Y (Å)
0
0
2
0
0
2

ME
0.98
0.92
1.00
0.00
0.00
0.00

CR
0.02
0.04
0.00
0.66
0.70
0.06

EX
0.00
0.03
0.00
0.26
0.17
0.86

See Ref.20.

For the displacement along the short axis (X=0 cut), we observe a nearly perfect correlation between ||N AC|| · ∆E and ||γ||, however, the behavior along the Y =0 cut is
more complex. ||γ|| shows relatively small variations, and so does NAC. The fine details, however, are not reproduced. For example, for the ME-S1 pair (right panel of Fig.
3.6), NAC shows up to 1.6 times increase at the displaced geometries, whereas ||γ|| remains nearly constant. We note that the difference between the Hellman-Feynman part
and the full NAC is very small, as illustrated for the Y =0 cut in the SI for Ref.41.
To better understand these trends, we consider the individual components of NAC
along the X=0 (Fig. 3.8) and Y =0 (Fig. 3.9) scans. The NAC vector can be described
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Figure 3.7: ||γ|| and interstate properties for the ME-S1 (left) and ME-S10 (right)
transitions computed using CASSCF.

Figure 3.8: Leading components of NAC along the X=0 scan for the ME-S1 (left)
and ME-S10 (right) transitions.
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Figure 3.9: Leading components of NAC along the Y =0 scan for the ME-S1 (left)
and ME-S10 (right) transitions.
as intra and intermolecular carbon-carbon displacements; the leading components are
shown in Figs. 3.8 and 3.9. We observe that for the X=0 scan, intramolecular components of NAC are zero and that the trends in intermolecular components follow the
trends in γ. However, along the Y =0 scan both intra and intermolecular components
are non-zero and the former does not follow ||γ||. For example, for the ME-S10 pair, the
intermolecular NAC components (C1-C3 and C2-C4) follow the trends in ||γ|| closely
showing the initial decrease (in absolute values) up to ≈0.7 Å followed by an increase.
However, intramolecular components (C1-C2 and C3-C4) are exactly zero at the perfectly stacked configuration, but rise sharply and become dominant at large X; they
remain nearly constant after the initial rise. Since the absolute value of NAC, ||N AC||,
is a sum of all components, the trends due to the change in the states characters (that
define intermolecular components) become obscured. The couplings for the ME-S1 pair
(along Y =0) show a similar trend — the intermolecular components are nearly constant
(as are ||γ||), whereas intramolecular ones exhibit a maximum and have larger values.
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Thus, the discrepancy between the trends in ||γ|| and the actual NAC can be attributed
to a more complex behavior of the intramolecular components of NACs.
The difference in behavior of intra and intermolecular components can be rationalized by considering the explicit form of the coupling operator from Eq. (3.11) that is
given by Eq. (3.12). Thus, the contribution to NAC due to displacements of atom A
along xA is:
X ZA · sign(RA − ri )
∂
V̂en = −
∂xA
(RA − ri )2
i

(3.19)

Consequently, for any symmetric vibration of two symmetry-equivalent atoms, such as,
for example, C1C2 bond stretch (in which the two carbons move in opposite directions)
at X=0, the respective terms cancel out. This is further illustrated in Fig. S7 (see SI
for Ref.41) that shows Cartesian components of NAC along the two scans. That is
why C1C2 and C3C4 NAC components are exactly zero along the X=0 scan. We note
that vibrations in which both carbons are moving in the same direction (thus keeping
the CC bond length constant) are expected to cause smaller perturbations in the wave
functions and, consequently, smaller contributions to NACs. However, when the two
carbons become inequivalent (such as at X 6=0, see Fig. S7), the two derivatives do not
cancel out giving rise to non-zero NAC. This explains the observed rise of intramolecular
components of NACs along the Y =0 scan. These observations can be generalized as
follows:
• Intramolecular components of NACs along symmetric vibrations are expected to
be large, provided that the atoms involved have different local environment.
• Dimer calculations may be insufficient to quantify intramolecular components,
e.g., the local environment in a periodic solid might differ from that in the dimer.
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• Intramolecular components depend strongly on relative orientation of the fragments; this dependence is driven by the trends in ∇R V̂en and, therefore, it does
not always follow the trends in ||γ||. For example, they can show large variations
even when ||γ|| ≈ const.
• Intermolecular components follow the trends in ||γ|| very well. Their magnitude
can be as large as that of the intramolecular components.
In the context of SF, an important question is whether intra or intermolecular components are more important for the overall rate of nonadiabatic transitions. To answer this
question, one needs to evaluate the rate. As discussed in the Appendix for Ref.41, the total rate depends on both the coupling and the nuclear momentum. Thus, the components
of Franck-Condon displacements will have a crucial effect on the overall couplings. For
example, if the initially excited state (e.g., S1 in SF) has large displacements along intermolecular coordinates, the rate will be driven by the intermolecular NACs. Thus, in
order to fully understand the effect of morphology on the SF rates, one needs to consider
Franck-Condon displacements, in addition to the NACs, and evaluate rates using models that take both these factors into account (such as in Refs.56, 57 ). We stress, however,
that regardless whether inter or intramolecular couplings play a major role, one needs to
have large ||γ|| in order to have large couplings (that is, large ||γ|| is necessary but not
sufficient).

3.5

Conclusions

In this paper, we investigated the utility of the norms of OPDMs for evaluating the trends
in state and interstate properties. By comparing full calculations of transition dipole moments and NACs with ||γ|| for selected model systems, we illustrate that while variations
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of ||γ|| do contribute systematically to the total matrix elements (e.g., when ||γ||=0, then
the respective matrix element of a one-electron operator is also zero), the finer details
might not be reproduced correctly because the magnitude of the operator might also vary
giving rise to a more complex trend. Analysis of NACs computed for a model SF system, ethylene dimer, reveals that intermolecular components of NACs follow the trends
in ||γ|| well, as they are determined primarily by the characters of the two wave functions, however, intramolecular components depend on the relative orientation of the two
moieties via the dependence in

∂ V̂en
.
∂R

Therefore, intramolecular NACs can exhibit large

variations even when changes in ||γ|| are small. In other words, large values of ||γ||
are necessary but not sufficient for maximizing the couplings. For ethylene dimer, we
observe large NACs at perfectly stacked geometry, contrary to the predictions derived
based on model Hamiltonians.39 However, larger values (by a factor of 1.6) are indeed
observed at slip-stacked (along the long axis) geometries, in agreement with the predictions of Michl and co-workers.39 Larger values of NACs at slip-stacked configurations
are due to the breaking of symmetry of the local environments of the heavy atoms and
not due to the wave function composition. The variations in ||γ|| for ethylene dimer are
due to a varying admixture of the CR configurations to the S1 state, whereas the 1 ME
state retains its pure multi-exciton character. This is different from the trends observed
in Ref.22, where it was found that favorable couplings arise mostly due to the admixture
of CR configurations into the 1 ME state.
In sum, ||γ|| provide a useful tool for analyzing the trends in couplings, however,
for quantitative calculations full derivative coupling is desirable. In order to fully understand the effect of morphology on the rates of nonadiabatic transitions in molecular
solids, one needs to employ models that take into account which nuclear motions are
activated by electronic excitations.
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Chapter 4: Quantifying charge
resonance and multiexciton character
in coupled chromophores by charge
and spin cumulant analysis
4.1

Introduction

To derive physical insight from multi-configurational correlated wave functions, one
needs to be able to condense the information contained in multi-dimensional wave function amplitudes into a compact form, such that the essential features of electronic structure become apparent. This can be achieved, for example, by analyzing reduced density
matrices (DMs).1–4
In the context of excited states, transition DMs or difference of the respective state
DMs can be utilized (see, for example, Refs.5, 6 for recent reviews of various DM-based
approaches). The state DMs are used to compute physical properties, such as observables corresponding to various operators, e.g., dipole moment, spin, spatial extend of the
density.4 The transition DMs are also related to physical observables, such as oscillator
strengths, absorption cross sections, and electronic couplings between the states.4 One
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can also introduce operators that do not correspond to physical observables, but relate to
important chemical concepts, such as atomic charges, local spin, bond orders, resonance
structures, effective number of unpaired electrons, particle-hole distance (exciton delocalization), etc.7–12 The respective expectation values allow one to dissect the character
of underlying wave functions; they provide valuable interpretation tools.
Excited-state character is often assigned by identifying the leading wave function
amplitude, e.g., the largest coefficient in the CIS (configuration interaction singles),
TDDFT (time-dependent density functional theory), ADC (algebraic diagrammatic construction), or EOM-CC (equation-of-motion coupled-cluster) wave function, and analyzing the respective molecular orbitals (MOs).6, 13–15 Unless special steps are taken,
these MOs are, most often, delocalized canonical Hartree-Fock orbitals. Obviously,
such analysis is only limited to the case when the excited state is dominated by a transition of a single electron and neglects correlation effects (such as contributions from
double excitations in EOM-CCSD). The assignment becomes problematic when two or
more configurations appear with comparable weights. For example, a linear combination of just two excitations involving two target MOs of a mixed Rydberg-valence character may give rise to either pure Rydberg, or pure valence, or a mixed Rydberg-valence
state.14 Likewise, the separation of covalent versus charge-resonance (CR) contributions
is not straightforward. Furthermore, such MO-based analysis is not orbital invariant and
may lead to basis-dependent artifacts.
Several overlapping approaches addressing these issues have been introduced,5, 13, 16–22 see Refs.5, 6 for recent reviews. Historically, the first usage of DMs
(i.e., natural orbitals) for the interpretation of excited states has been reported within the
CIS framework.23 Later, transition DMs have been exploited to analyze the localization
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of excited states16 and for quantifying CR.17 Based on these ideas, excited-state structural analysis (ESSA) was developed to compute fragment excitation indexes and charge
transfer (CT) numbers for CIS-like wave functions.16–18 Later, a similar approach has
been reported by Plasser and co-workers.13, 22 Recently, ESSA was extended beyond
the TDA approximation to tackle the RPA and TDDFT/RPA cases.5, 21 In addition to
transition DMs, the differences of the state DMs can be utilized in a similar fashion.16, 18
Physically, the low-lying states often have one-electron excitation character, even
when they involve several interacting electronic configurations. One-electron excitation
character means that no more than one electron is promoted by excitation. Formally, it
means that the norm of the respective transition one-particle DM (OPDM) equals one.24
One-electron character of the excitation does not mean a pure physical character.14, 15
For example, an excited state which is a linear combination of n → π ∗ and π → π ∗
excitations is still a singly excited state.15 Likewise, states of a mixed Rydberg-valence
character are singly excited.14 Plasmonic excitations, that are referred to as “collective
excitations”, are singly excited states; their collective character refers to the fact that
the respective wave functions are linear combination of many singly excited determinants.25–27 Similarly, delocalized excitations in molecular aggregates (such as excitonic
bands in molecular solids and polymers) are singly excited states.28–30
Regardless of the correlation level employed, the analysis of such singly excited
states is straightforward. One simply needs to invoke ESSA (or a similar analysis) of
OPDMs computed using underlying wave functions. Several recent applications of this
technique are given in Refs.31–33 Technically, this approach is exploited in, for example,
Q-Chem34 where the same wave function analysis module based on Refs.6, 22, 31, 35 tackles OPDMs computed from the CIS, TDDFT, ADC,36 and EOM-CC15 wave functions.
This analysis can characterize the degree of CT and CR in excited states, an effective
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number of configurations involved in an excitation, exciton delocalization (in terms of
average particle-hole distance), and so on.
However, such analyses are not applicable to the states of a doubly excited character.
For these states, the initial and final states differ by the states of two electrons. Consequently, for purely doubly excited states, the norm of transition OPDM is zero. Even
when such states have some singly excited character (giving rise to a non-zero norm of
OPDM), the information about doubly excited part of the wave function is not explicitly
present in OPDM. Thus, it is desirable to extend ESSA to quantify the character of doubly excited states. Moreover, in some cases one may wish to describe the character of
a particular state on its own, and not relative to another state. For example, in strongly
correlated systems, such as molecular magnets, the ground state may develop a rather
complicated character and it may be desirable to analyze its wave function in terms
of dominant configurations of various physical types. To achieve these goals, here we
present an extension of ESSA aiming to quantify electronic structure of complex wave
functions based on reduced state DMs rather than transition and difference DMs.
States of doubly excited character are well known in molecules, semiconductors, and
nanostructures. In one-photon spectroscopy, they are optically dark, unless, of course,
they are mixed with singly excited states. They can be accessed by a two-photon excitation or via radiationless relaxation from higher excited states. Our interest in these
states was sparked by singlet fission,37, 38 a process that may improve the efficiency of
solar cells by generating more than two charge carriers per each absorbed photon. This
enhancement is achieved by converting the initially excited bright state (a single singlet exciton) into a dark state that can be described as two singlet-coupled triplet states
(hence, triplet biexciton) localized on two adjacent chromophores. A reverse process,
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triplet-triplet annihilation, is also of interest in the context of non-linear materials for
frequency up-conversion.39
lA A
(a)

|AB>

hA

B

lB
hB

(b) |A*B>, |AB*>

(c) |A+B->, |A-B+>

(d)

|A*B*>

Figure 4.1: Relevant Ms =0 electronic configurations of the AB dimer expressed
using molecular orbitals localized on individual moieties. hA and hB denote the
HOMO localized on A and B, respectively, lA and lB denote the respective LUMOs.
(a) Ground state, S0 (A)S0 (B). (b) Localized singly excited configurations (LE)
giving rise to singlet and triplet excitonic states, c1 S0 (A)S1 (B) + c2 S1 (A)S0 (B) and
c1 S0 (A)T1 (B) + c2 T1 (A)S0 (B). (c) Charge-resonance (CR) configurations, A+ B −
and A− B + . (d) Configurations giving rise to the multiexciton (ME) manifolds,
1,3,5
T1 (A)T1 (B) and 1 S1 (A)S1 (B).
The salient aspects of electronic structure of singlet fission24, 40 and triplet-triplet
annihilation39 are summarized in Fig. 4.1. The initially excited state (i.e., the lowest
bright singlet state) can be described as a linear combination of the local excitations
(LE) of individual fragments plus some CR configurations. Following Refs.,24, 40 we denote these states as S1 (AB) and S10 (AB). Asymptotically, these states correlate to the S1
states of the monomers. The ME states are dominated by doubly excited (with respect to
the closed-shell ground state) configurations. In the ME manifold, 1 ME state of the TT
character (two singlet-coupled triplet states) is the most important one, as it can couple
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to the initially excited singlet state, S1 (AB) or S10 (AB) (note that EX and ME configurations cannot be coupled by a one-electron operator, consequently, it is the admixture of
CR configurations in the adiabatic S1 (AB) and ME states that facilitates the coupling).
As one can see, the key state in singlet fission, the 1 ME state, has dominant doubly
excited character. Consequently, this state cannot be described by standard electronic
structure methods, such as CIS, TDDFT, or even EOM-EE-CCSD. A practical approach
to this sort of electronic structure is based on the spin-flip method.41–43 In particular,
this state (as well as other states from Fig. 4.1) can be described by double spin-flip
ansatz starting from a high-spin quintet reference.44, 45 The RASCI-2SF method has
been successfully employed to model various aspects of singlet fission.40, 46–50
In this paper, we present a new method based on charge and spin cumulants that
allow one to unambiguously identify ME states in weakly coupled chromophores and to
quantify their character, e.g., the mixing of pure ME and CR configurations. The latter
play a crucial role in controlling the magnitude of electronic couplings between the
initially excited bright state and the ME state,24, 40 which facilitates a crucial initial step
in singlet fission. These tools can also be used for molecular magnets.51 The method is
based on state DMs rather than on transition DMs.
The structure of the paper is as follows. The next section describes relevant electronic states of a bichromophore. Section 4.3 introduces charge cumulants characterizing electronic charge correlations. In Section 4.4 charge cumulants are employed to
estimate charge transfer and charge resonance contributions in dimer wave functions.
Section 4.5 presents the spin-cumulant technique and spin-component analysis for doubly excited states. Section 4.6 supplements the analysis by the local excitation indexes,
thus presenting a complete analysis scheme for the correlated dimer states of mixed
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character. Section 7.3 presents numeric examples. Our final remarks are given in Section 4.8. Appendices present derivations of programmable expressions, as well as an
algorithm for computing charge and spin cumulants for general CI wave functions and
an orbital fragment localization algorithm based on Mulliken charges.

4.2

Electronic states of molecular dimers

Our approach is based on super-molecular wave functions. That is, we first calculate
adiabatic wave functions of a dimer and then analyze it in terms of the wave functions (or
properties) of individual chromophores. This should be contrasted to excitonic-model
type of approaches in which the dimer states are constructed from the wave functions of
individual fragments (see, for example, Refs.52–54 ).
Here we describe electronic wave functions of weakly coupled chromophores in
terms of the electronic states of the individual moieties. In this case, the fragment’s
wave functions can be made strongly orthogonal to each other. In the case of molecular dimers, the separation between the two fragments is straightforward. In covalently
linked chromophores, one needs to define a separation between the two units using
physical considerations. In the discussion below, we employ the representation using
orthonormal MOs localized on the individual chromophores. In this representation, the
configurations corresponding to different fragment states are orthogonal. Orbitals can be
localized after the SCF step, prior to correlated calculations. In practical calculations,
delocalized canonical MOs are most commonly used, so the orbitals can be localized
a posteriori and the resulting transformation can be applied to the wave function amplitudes and DMs transforming them into a localized representation. For the methods
such as CIS, TDDFT, ADC, EOM-CC that are invariant with respect to orbital rotations
within either an occupied or virtual subspace (occupied and virtual orbital spaces are
74

defined by the choice of the reference determinant Φ0 ), such transformation does not
affect energies or observables of the respective states.
Fig. 4.1 shows relevant electronic configurations of a molecular dimer in terms of
frontier molecular orbitals (HOMO and LUMO) of the individual monomers, A and B.
The ground-state wave function of the dimer is an antisymmetrized product of the two
ground-state wave functions, S0 (A)S0 (B) ≡ |ABi. In the ground state, the number of
electrons in each fragment is NA and NB , and the total number of electrons in the dimer
is: N = NA + NB . Panel (b) shows localized single excitations (LE) S0 (A)S1 (B) ≡
|AB ∗ i and S1 (A)S0 (B) ≡ |A∗ Bi; they give rise to excitonic states, S1 (AB) and S10 (AB)
using the notations from Refs.40 Collectively, these configurations can be denoted as
|ΨLE i:
|ΨLE i = cA |A∗ Bi + cB |AB ∗ i

(4.1)

In real many-electron adiabatic states, these excitonic configurations mix with chargeresonance (CR) configurations, A+ B − and A− B + shown in panel (c). Note that the
presence of the CR configurations (often misleadingly referred to as charge transfer)
does not imply a permanent charge separation in the dimer; rather, these configurations
describe the ionic character of underlying wave functions. The collective contribution
of the CR configurations can be denoted as |ΨCR i:

|ΨCR i = tAB |A+ B − i + tBA |A− B + i

(4.2)

Finally, panel (d) shows electronic configurations giving rise to multiexciton (ME) states
that can be described as two coupled excited states of the monomers. Here we are
concerned about the state that can be described as two triplets coupled to a singlet state,
1

T1 (A)T1 (B). The same determinants give rise to 1 S1 (A)S1 (B), which, in principle,
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can be coupled with other singlet states including the 1 TT biexciton. The respective
contribution of such configurations to the total wave function can be denoted as |ΨM E i:

|ΨM E i = dAB |A∗ B ∗ i

(4.3)

As evident from Fig. 4.1, the shorthand notations employed here hide multi-determinant
nature of these states which arises due to spin-adaptation. For example, |ΨM E i comprises all 4 determinants from row (d) in Fig. 4.1, with the weights determined by the
spin-coupling rules.
Using the above notations and assuming strong orthogonality between fragments’
MOs, a general adiabatic wave function of the dimer can be written as:

|Ψi ≈ |ΨLE i + |ΨCR i + |ΨM E i =
cA |A∗ Bi + cB |AB ∗ i + tAB |A+ B − i + tBA |A− B + i + dAB |A∗ B ∗ i

(4.4)

Here we neglected the contributions of multiple CR terms (such as |An+ B n− i) and
higher than double excitations. Within this approximation, the respective coefficients
are normalized to 1:

|cA |2 + |cB |2 + |tAB |2 + |tBA |2 + |dAB |2 = 1

(4.5)

such that the respective values can be used to quantify the weights of particular contributions in the total wave function, e.g., |cA |2 + |cB |2 gives the total LE character. In the
case of a non-Hermitian theory such as EOM-CC, the states are bi-orthonormal; thus the
weights should be defined as products of the respective left and right amplitudes.15, 55, 56
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4.3

Charge cumulant indexes

The cumulant of two operators, Û and V̂ , is defined as:

ΠU V ≡ hΨ|Û V̂ |Ψi − hΨ|Û |Ψ|ihΨ|V̂ |Ψi = hÛ V̂ i − hÛ ihV̂ i,

(4.6)

where hV̂ i denotes an expectation value of operator V̂ using a state wave function of
interest, e.g., Eq. (4.4). By rewriting the above equation as follows:

ΠU V = h(Û − hÛ i)(V̂ − hV̂ i)i

(4.7)

it becomes clear that the cumulant is non zero when the fluctuations of Û and V̂ (deviations from the average values) are correlated. For example, the charge cumulants
introduced below describe correlated (in a statistical sense) fluctuations of electrons.
We begin by reviewing the definition and properties of charge cumulants. A special
two-electron charge density had first appeared in the classic work of Ruedenberg57 as
the generalized exchange density πx . Later, the corresponding cumulant indexes (often
called the generalized bond order indexes) have become exploited in the interpretation
and analysis of electronic structure calculations (see details in Refs.58–62 ).
Here we employ a localized orthonormal MO basis set, which can be obtained from
the canonical orbitals using standard localization techniques (occupied and virtual orbitals need to be localized separately, such that the separation between the occupied
and virtual subspaces is preserved;63 this restriction arises only because in our analysis
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we use wave function amplitudes, in addition to DMs). The full basis comprises the
orthogonal MOs localized on fragments A and B:

B
{φr } ≡ {{φA
p }, {φq }}

(4.8)

We note that all definitions below can be formulated using atomic orbitals (AOs),
such as symmetrically orthogonalized AOs that are used in the definition of Löwdin
charges and local spin operators.64 For DM-based calculations, such as spin and charge
cumulants, using orthogonalized AOs is straightforward as the respective indexes are
orbital-invariant. However, for calculations that require explicit wave functions, it is
more convenient to employ localized MOs that preserve the invariance of the wave
function (such as localization in each RAS subspace for RAS-CI or localization within
occupied and virtual subspaces in EOM-CC) since in this case one does not need to
invoke appropriate projectors for the wave function amplitudes.

We now can define the local number operators:

N̂A =

X

N̂B =

X

p+ p

p∈A

p+ p,

(4.9)

p∈B

where p+ and p denote the creation and annihilation operators corresponding to spin
orbital φp . These number operators are just the local charge operators that can be used
to compute the total number of electrons on individual fragments in a given electronic
state:
qA = hN̂A i and qB = hN̂B i.

(4.10)
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We also define NA,B , the number of electrons on the respective fragments in the reference state. The charge operators satisfy the completeness relationship:

N̂A + N̂B =

X

p+ p = N̂

(4.11)

p

Consequently:
NA + NB = qA + qB

(4.12)

Using these quantities, the total change in charge (relative to the reference state) on the
individual fragments:

∆qX = NX − qX ,

X = A, B

(4.13)

∆qA = −∆qB

(4.14)

One can quantify the charge transfer between the fragments by:
NA − NB qA − qB
1
−
= NA − qA ,
∆AB ≡ (∆qA − ∆qB ) =
2
2
2

(4.15)

which will be utilized in section 4.4.
Using the number operators from Eq. (4.9), one can define charge cumulant πAB
(A 6= B) as:
πAB ≡ hN̂A N̂B i − hN̂A ihN̂B i.

(4.16)

As a fluctuation index, πAB was introduced in Ref.58. The definition of the diagonal
cumulant index, πAA is slightly different:
πAA ≡ h(N̂A )2 i − hN̂A i2 − hN̂A i.

(4.17)
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As follows from Eq. (4.7), πAB describes correlated (in a statistical sense) fluctuations of atomic charges. For a pure CR state, πAB =-1. Since in atoms connected by a
covalent bond, the decrease of density on one atom involves the increase of the density
on another one, -πAB can be interpreted as a bond index.58, 62 The physical significance
of such definition becomes clear when one considers an asymptotic behavior of the electrostatic part of the diatomic molecular Hamiltonian — at large interatomic separations,
the attractive interaction between the pair of atoms assumes the following form62 (see
also Ref.57, Eq. (6.41)):

ĤAB ≈

1
ZA ZB
+
(N̂A − qA )(N̂B − qB )
RAB
RAB

(4.18)

Using the above charge cumulant definitions, we can now define full chargecumulant matrix π:





 πAA πAB 

π=


πAB πBB

(4.19)

πAA /πBB and πAB are not independent but:

πAA + πAB = −qA
πBB + πAB = −qB

(4.20)

These sum rules can be easily verified by using Eqns. (4.10) and (4.11). For example,

πAA + πAB = hN̂A (N̂A + N̂B )i − hN̂A i(hN̂A i + hN̂B i) − hN̂A i =
hN̂A N̂ i − hN̂A ihN̂ i − hN̂A i = −hN̂A i = −qA

(4.21)
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where we used N̂ |Ψi = N |Ψi. More general cumulant identities can be found in Ref.61.
In Section 4.4, we show that the charge cumulant matrices can be used to compute the
CT numbers and the weights of CR configurations.
Since N̂A N̂B is a two-electron operator, its calculation requires two-particle DM
(TPDM):
hN̂A N̂B i =

X

hp+ pq + qi =

p∈A,q∈B

X

Γpqpq ,

(4.22)

p∈A,q∈B

where
Γpqrs = hp+ q + sri

(4.23)

In Appendix A for Ref.65, we derive the contributions to this expectation value from
the separable part of TPDM and show that a non-separable part of TPDM is required to
obtain excited-state CR contributions in dimers whose ground state is localized and separable. Appendix B for Ref.65 presents a strategy for calculating the π-matrix without
an explicit evaluation of TPDM (see also Ref.61). The expressions for general CI wave
functions are given in Appendix C for Ref.65.

4.4

Using charge cumulants to quantify charge resonance

Local charge operators can be used to compute the number of electrons on individual
fragments, as specified by Eq. (4.10). In a localized basis, OPDM can be represented as
follows:


γpq



AA
AB
γpq
 γpq



=

BA
BB
γpq
γpq

(4.24)
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Using the normalization condition, T r[γ] = N , one can easily show that for an
asymptotically separated dimer in a state when there is no CR between the fragments,
qA = NA and qB = NB . If the net amount of ∆AB electrons has transferred from A to
B , then:
qA = NA − ∆AB

and

qB = NB + ∆AB

(4.25)

∆AB should be related to the coefficients on the respective configurations from Eq. (4.2).
In the case of symmetric dimers, tAB = ±tBA ; thus, even for a pure CR configuration,
|ΨCR i, ∆AB = 0. Thus, the state OPDM alone is insufficient for quantifying CR. In the
case of perfectly symmetric dimers, this problem can be circumvented by using DMOLCFMO (dimer molecular orbital—linear combination of fragment molecular orbitals)
framework,66 as was done in Ref.40.
A more general approach17, 18 quantifies the CR character in CIS wave functions
by using the so-called CT numbers (see also Ref.21 ). For singly excited states, the CR
numbers can be computed from transition OPDMs.5, 6
Here we define the CT numbers for a general dimer wave functions given by Eq.
(4.4). Instead of transition DMs, we employ state DMs (OPDM and a sub-block of
TPDM).
To do so, let us examine the action of a local charge operators, Eq. (4.9), on |ΨCR i
in which the the coefficients are normalized: |tAB |2 + |tBA |2 = 1. Using:
N̂A |A+ i = (NA − 1)|A+ i

(4.26)
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we obtain:

N̂A ΨCR = (NA − 1)tAB |A+ B − i + (NA + 1)tBA |A− B + i
N̂B ΨCR = (NB + 1)tAB |A+ B − i + (NB − 1)tBA |A− B + i.

(4.27)

From these, the fragments populations are:

qA = (NA − 1)|tAB |2 + (NA + 1)|tBA |2 = NA − |tAB |2 + |tBA |2

(4.28)

Likewise, qB = NB + |tAB |2 − |tBA |2 . We can then compute ∆AB defined by Eq. (4.15)
as:
∆AB = |tAB |2 − |tBA |2

(4.29)

We now employ charge cumulants to quantify the degree of CR, which is given by
the respective weights of CR configurations. Thus, we define CR numbers as:

CR
wA→B
≡ |tAB |2 ,

CR
wB→A
≡ |tBA |2 ,

(4.30)

Using these numbers:
CR
CR
wA→B
− wB→A
= ∆AB

(4.31)

CR
CR
wCR ≡ wA→B
+ wB→A

(4.32)

and the total CR weight is then:

Consequently, the individual CR contributions can be computed as follows:

CR
wA→B

wCR − ∆AB
=
2

and

CR
wB→A

wCR + ∆AB
=
2

(4.33)
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We now introduce the expression for wCR :

wCR = (∆AB )2 − πAB

(4.34)

This important relation follows from Eqns. (4.16), (4.27) and definitions (4.30)-(4.32).
Thus, Eqns. (4.33) and (4.34) provide a direct way for estimating CR weights.
By using the result from Appendix A for Ref.65, we obtain:
X
1
1
wCR = (NA − NB )2 + (qA − qB )(NB − NA − qB ) +
Γ̃ABAB
pqpq ,
4
4
p∈A,q∈B

(4.35)

where Γ̃ denotes a non-separable part of TPDM. For the identical fragments (NA = NB )
we obtain:
X
1
wCR = (qB2 − qA qB ) +
Γ̃ABAB
pqpq
4
p∈A,q∈B

(4.36)

Thus, we can see that for symmetric homodimers (qA = qB ) it is only the contribution
from Γ̃ that gives rise to non-zero CR.
We note that Eqns. (4.33) and (4.15) are valid for a general wave function, Eq. (4.4),
since the LE configurations do not contribute to the CR or CT indexes.
Finally, it is instructive to consider matrices π for the two limiting cases, a pure LE
state and a pure CR state in the case of a symmetric dimer:

N
 −2

π(LE) = 
0



0 


− N2


N
−1 
 −2 +1


π(CR) = 

N
−1
−2 +1

(4.37)

(4.38)

84

Thus, unlike local charges defined by charge operators, the cumulant matrices provide a
clear-cut distinction between these two different types of electronic structure.

4.5

Spin correlators for charge resonance and biexcitons

Further information about the nature of an electronic state is provided by spin cumulants
called spin correlators. Spin correlators for molecules had made their first appearance
in Ref.67 where the Penney-Dirac bond order was introduced. Later, they have been
applied to large conjugated systems and polymers.68 Local spin operators and spin correlators have been used in the context of diradicals and molecular magnets.64, 69, 70 We
will follow the technique described in Appendix C for Ref.65 (see also Refs.71, 72 ).
Spin correlators enable the calculation of the weight of the multiexciton component,
|ΨM E i (more precisely, its TT-contribution to Eq. (4.4)). Here we need to distinguish
between the two spin types of the overall singlet doubly excited state, Eq. (4.3). One set
of configurations may be formed from the monomer excitations producing the double
excitation of an SS-type such that the two monomers are in their singlet excited states.
These configurations would asymptotically correlate with the S1 (A)S1 (B) state; thus,
their energies are expected to be much higher than the contributions of a TT type which
correlates to T1 (A)T1 (B). In the TT configuration, the two monomers are in their triplet
excited states. Thus, we refine Eq. (4.3) as follows:

|ΨM E i = |ΨSS i + |ΨT T i,

(4.39)
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where

∗
∗
|ΨSS i ≡ dSS
AB |AS=0 BS=0 i

(4.40)

∗
T
i
|A∗S=1 BS=1
|ΨT T i ≡ dTAB

(4.41)

As discussed in the Introduction, our interest here is in a |ΨT T i-type of multi-exciton
state.
Since there is no inter-fragment spin coupling in |ΨLE i and |ΨSS i configurations,
we compute inter-fragment spin correlators for the |ΨCR i + |ΨT T i part of the wave
function. Using spin-adaptation rules:

1
−
+ −
|A+ B − i = √ |A+
B
i
−
|A
B
i
↑ ↓
↓ ↑
2

(4.42)


1
∗
∗
∗
S=1
i + |A∗↓↓ B↑↑
|A∗S=1 BS=1
i − |AS=1
i = √ |A∗↑↑ B↓↓
↑↓ B↑↓ i ,
3

(4.43)

and

where the last term denotes the total of four Slater determinants coupled into the Ms = 0
local triplet excitations.
For the dimer singlet states, it is sufficient to define only a z-component of spin
correlator matrix Z Spin :





 ZAA ZAB 

Z Spin = 


ZAB ZBB

(4.44)
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where the individual spin correlators are:

ZAA = h(ŜzA )2 i
ZBB = h(ŜzB )2 i
ZAB = hŜzA ŜzB i

(4.45)

Here ŜzA,B are local spin operators acting on fragments A and B, respectively, e.g.:
ŜzA


 1 α
1X +
β
+
p p↑ − p↓ p ↓ =
=
N̂A − N̂A
2 p∈A ↑
2

(4.46)

In the case of the dimer singlet states, the elementary sum rules are valid,33 e.g., ZAA +
ZAB = 0. Thus, Z Spin has the following form:




 1 −1 

Z Spin = ZAA 


−1 1

(4.47)

We can now compute individual terms from Eq. (4.45) for |ΨCR i + |ΨT T i. We
find that ZAA =

1
4

and

2
3

for |ΨCR i and |ΨT T i, respectively. Thus, for the total wave

function, Eq. (4.4), we have:

ZAA =

T 2
wCR 2|dTAB
|
+
4
3

(4.48)

Let us define the TT weight as:
T 2
wT T ≡ |dTAB
|

(4.49)

Then:
w

TT


=3

ZAA wCR
−
2
8


,

(4.50)
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where wCR is defined by Eq. (4.32). Eq. (4.50) allows us to identify the TT state and to
quantify the weight of the ME configurations in the total wave function.

4.6

Local excitations

We now proceed to estimate the remaining weights. The local excitation weights are
defined as:
LE
wA,B
≡ |cA,B |2

(4.51)

and the weight of double SS configurations is:

SS
2
wAB
= |dSS
AB |

(4.52)

LE
LE
SS
TT
wA
+ wB
+ wAB
= 1 − wCR − wAB

(4.53)

From the normalization condition:

If the weight of SS configurations is small (as expected for the states relevant for singlet
TT
by
fission), then the total LE weight (wA + wB ) can be computed from wCR and wAB

using the normalization requirement, Eq. (4.5).
In a more general case, the total weight of LE configurations can be estimated by
transforming the wave function amplitudes into a localized basis and summing up the
squares of all amplitudes localized on individual fragments. For example, for a wave
function with single and double excitations:

LE
wA
=

X
ia∈A

|ria |2 +

1 X ab 2
|r |
4 ijab∈A ij

(4.54)
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Again, in the case of a non-Hermitian theory, such as EOM-CCSD, products of left and
right amplitudes should be computed.15, 55, 56 Thus, wSS can be computed as:

SS
LE
LE
CR
CR
TT
wAB
= 1 − wA
− wB
− wA→B
− wB→A
− wAB

4.7

(4.55)

Results and discussion

We now have a full set of indexes needed to characterize dimers’ excited states:

LE
LE
CR
CR
SS
TT
{wA
, wB
, wA→B
, wB→A
, wAB
, wAB
}.

Table 4.1 summarizes the equations for calculating these quantities and how they relate
to the coefficients of the wave function, Eqns. (4.4) and (4.39). The calculations of wLE
requires the explicit wave function amplitudes expressed in a fragment-localized basis;
all other indexes can be computed from the reduced state DMs.
In derivations of Eqns. (4.4) and (4.5), it is assumed that the ground-state wave
function, |ABi, is separable and can be represented by an anti-symmetrized product
of general many-electron wave functions of the fragments. Thus, the configurations
in Eq. (4.4) represent local and CR excitations with respect to the separable groundstate wave function. The calculations of quantities defined by DMs do not depend on
the exact structure of the ground-state wave function. However, in calculations using
wave function amplitudes, Eq. (4.54), in the present paper we assume that the ground
state, |ABi, is dominated by a single Slater determinant. When this is not the case
and the ground state wave function features significant correlation effects (such as large
contributions of excited determinants), one also needs to consider the mixing of the
reference determinant into other states (the respective weight can be denoted by w0 ). In
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principle, the calculation can be formulated in a more general way, that is, assuming that
|ABi represent a general separable wave function of the dimer. In the case of EOMEE, such formulation is straightforward — one simply needs to consider only the EOM
amplitudes when computing wLE , however, for RAS-CI or EOM-SF additional steps
are necessary.
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Quantity
LE
wA
LE
wB
∆AB
wCR
CR
wA→B
CR
wB→A
TT
wAB
SS
wAB

Property
Weight of LE on A
Weight of LE on B
Net CT between A and B
Total weight of CR terms
Weight of B → A CR
Weight of A → B CR
Weight of 1 TT ME terms
Weight of 1 SS ME terms
wCR −∆AB
2
wCR +∆AB
2
CR
3( ZAA
− w8 )
2
SS
wAB
= 1 − wLE

TT
− wCR − wAB

How to compute
P
P
1
a 2
ab 2
ia∈A |ri | + 4
ijab∈A |rij |
P
P
1
ab 2
a 2
ijab∈B |rij |
ia∈B |ri | + 4
NA − qA
(∆AB )2 − πAB

Relationship to Eq. (4.4)
|cA |2
|cB |2
|tAB |2 − |tBA |2
|tAB |2 + |tBA |2
|tAB |2
|tBA |2
T 2
|dTAB
|
SS 2
|dAB |

Table 4.1: Expressions for computing weights of local excitation, charge resonance, and biexcitonic contributions.

LE
CR
We note that the LE indexes, wA,B
, and CR numbers, wX→Y
, are similar to the

ESSA excitation indexes, lA,B and the CT numbers, lX→Y . While in the case of CIS,
they give identical answers, they can be computed for any correlated wave functions
SS
TT
and not only for singly excited states. The bi-excitonic indexes, wAB
and wAB
, are

introduced in this work and do not have a counterpart in ESSA. We note that these
indexes cannot be computed for CIS/TDDFT wave function; furthermore, they cannot
be defined from transition OPDM.

Below we illustrate the utility of the extended ESSA scheme by considering lowlying excited states of several model systems, such as H2 -He, sandwich and T-shaped
(H2 )2 structures, ethylene, as well as tetracene, DPH (1,6-diphenyl-1,3,5-hexatriene),
and DPBF (1,3-diphenylisobenzofuran) dimers.

4.7.1

Computational details

The calculations for small dimers were performed using full configuration interaction
(FCI). For other systems, the RAS-CI approach was used. All calculations were performed using production-level RAS-SF code in Q-Chem.34, 73
In H2 -He and (H2 )2 calculations, rHH =0.71144 Å. In H2 -He (C∞v structure), the He
atom is located at 3.33 Å from the HH bond midpoint. In the parallel (H2 )2 structure
(D2h symmetry), the monomers are 3.00 Å apart. In the T-shaped structure (C2v ), the
distance between the bond midpoints of the two monomers is 3.49 Å.
Ethylene dimer calculations were performed using the basis set and the geometries
from Ref.24. We considered a perfectly stacked sandwich (D2h structure) as well as two
displaced (C2h ) structures — one along the CC bond (X-displacement) and one — in a
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perpendicular direction (Y -displacement). We also included a structure with two nonequivalent fragments in which one of the ethylene molecules is rotated along the long
axis by 90◦ (C2v ).
Tetracene dimer calculations were performed using the selected geometries from
Ref.40. DPH and DPBF dimers calculations were performed using the geometries from
Ref.47. The calculations of tetracene, DPH, and DPBF dimers employed a mixed basis
set:40 the cc-pVTZ basis with f-functions removed for C/O and the cc-pVDZ basis for
H.
Fig. 4.2 shows selected structures.

Figure 4.2: Structures of selected dimers. (a) Perfectly stacked ethylene dimer
(D2h ). (b) Tetracene dimer from the X-ray structure. (c) DPH dimer featuring the
largest coupling47 (dimer 1 from the orthorhombic form). (d) DPBF dimer that has
the largest ME-S1 couplings47 (dimer3 from the α form).
The calculations for ethylene, tetracene, DPH, and DPBF were performed with
RAS(4,4)-2SF using a high-spin ROHF quintet reference. We note that due to the lack
of dynamic correlation, RAS-2SF energies of the excitonic singlet dimer states, S1 (AB)
and S10 (AB), are overestimated relative to the ME state. The state ordering can be corrected by using a simple correction, as was done in Refs.40, 46, 47 Here we report raw,
uncorrected RAS-2SF energies. The state composition is not affected by the correction. The RAS wave function was computed using orthogonal fragment orbitals. RAS1,
RAS2 and RAS3 spaces were localized separately by maximizing the Mulliken charges
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on each fragment (see Appendix D for Ref.65). To univocally label the fragment orbitals within the RAS2 space as occupied or virtual, we split the ROHF frontier singly
occupied orbitals defining RAS2 into the two pairs with lower and higher energies and
localize them separately. Core electron excitations and transitions to the highest virtual
orbitals (72, 72, and 84 in tetracene, DPH, and DPBF dimers, respectively) were not included in the RAS-2SF calculations of tetracene, DPH, and DPBF dimers. We note that
for all examples, wCR computed using the charge cumulants as specified by Eq. (4.34)
are within 0.5 % from the values computed from the RAS-SF wave function amplitudes.

4.7.2

Numeric examples

Table 4.2 shows the results for two small model systems, H2 -He and (H2 )2 . For the
latter, we consider two structures, symmetric sandwich and a T-shaped one in which the
two fragments are not equivalent.
As one can see, the two lowest states and the fourth state in H2 -He are the excited
states localized on H2 . The third state corresponds to the He+ →H−
2 charge-transfer
state.
In the T-shaped H2 dimer, we observe three LE states (the lowest one is localized
on the top, and the second and third one — on the handle moiety). The contribution of
CR configurations in these states is low. Because the two monomers are not equivalent,
the two CR states correspond to CT between the two fragments: ∆(A1 )=0.986 and
∆(B2 )=0.983. Consequently, these two states also have large dipole moments — 5.79
a.u. and 6.38 a.u., respectively. The dipole moments in the LE states are much smaller,
i.e., 0.02 a.u. for the two lowest LE states and 0.41 a.u. for the third LE state. Finally,
the two highest states are the ME states. As expected, the TT state is considerably lower
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Table 4.2: Analysis of low-lying singlet excited states in H2 -He and (H2 )2 using
FCI/cc-pVDZ wave functions. Eex and fl denote excitation energy and oscillator
strength, respectively.

System
H2 -Hea

State

Char

Eex , eV (fl )

LE
wA

LE
wB

CR
wA→B

CR
wB→A

SS
wAB

TT
wAB

Σ+
Σ+
Σ+
Σ+

LE
LE
CR
LE

13.96 (0.53)
21.41
24.72
29.41

0.99
0.99
0.00
0.98

0.00
0.00
0.01
0.00

0.00
0.00
0.00
0.01

0.00
0.00
0.99
0.00

0.01
0.01
0.00
0.01

0.00
0.00
0.00
0.00

B2
A1
A1
B2
A1
A1
B1

LE
LE
CR
CR
LE
TT
SS

13.91 (0.51)
13.94 (0.55)
16.83 (0.02)
17.28
21.16
21.42
27.57

0.98
0.00
0.01
0.01
0.01
0.00
0.00

0.00
0.98
0.00
0.00
0.89
0.00
0.00

0.00
0.00
0.98
0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.98
0.08
0.03
0.00

0.02
0.02
0.00
0.00
0.02
0.00
0.98

0.00
0.00
0.00
0.01
0.00
0.97
0.01

(H2 )2 b
T-shaped

(H2 )2
parallel
B1g
LE
13.47
0.45 0.45 0.04
0.04
0.01 0.00
B2u
LE
14.07 (1.00) 0.46 0.46 0.02
0.02
0.02 0.00
B3u
CR
17.02 (0.04) 0.02 0.02 0.48
0.48
0.00 0.00
B1g
CR
17.21
0.04 0.04 0.46
0.46
0.00 0.00
Ag
TT
21.32
0.04 0.04 0.01
0.01
0.00 0.90
Ag
SS
27.55
0.02 0.02 0.15
0.15
0.66 0.01
a
b
Labels A and B correspond to the H2 and He fragments, respectively. Labels A and
B mark the top and the handle monomer, respectively.
in energy (about 7 eV) than the SS state; it also includes 3% of the CR configurations.
The dipole moment of the 1 TT state is 0.11 a.u.
In the symmetric (H2 )2 , the lowest two states are dark and bright excitonic LE pair
with about 4% of CR configurations. Two CR states are considerably higher in energy.
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Due to symmetry, there is no net CT in these states; the total dipole moment in these
states is zero. The upper CR state includes 8% of LE character. Finally, there are two
ME states. The TT state includes 8 % of LE character and 2 % of CR.
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C2v
∆X=0.0 ∆Y =0.0

C2h
∆X=0.0 ∆Y =2.0

C2h
∆X=0.0 ∆Y =0.8

C2h
∆X=0.8 ∆Y =0

Structure
D2h
∆X = ∆Y =0

A1
A1

Ag
Ag

Ag
Ag

LE
ME

LE
ME

LE
ME

LE
ME

LE
ME

B1g
Ag

Ag
Ag

Character

State

9.94 (0.02)
8.67

10.05
8.65

9.50
8.55

9.65
8.50

9.30
8.51

0.35
0.00

0.45
0.00

0.37
0.00

0.37
0.01

0.34
0.00

LE
Eex , eV (fl ) wA

0.58
0.00

0.45
0.00

0.37
0.00

0.37
0.01

0.34
0.00

LE
wB

0.00
0.00

0.03
0.00

0.12
0.01

0.09
0.03

0.14
0.01

CR
wA→B

0.03
0.00

0.03
0.00

0.12
0.01

0.09
0.03

0.14
0.01

CR
wB→A

0.04
0.00

0.04
0.00

0.03
0.00

0.03
0.00

0.03
0.00

SS
wAB

0.00
1.00

0.00
1.00

0.00
0.99

0.05
0.93

0.00
0.98

TT
wAB

Table 4.3: Analysis of the S1 and ME states in ethylene dimer using the RAS(4,4)-2SF/6-31G(d) wave functions. Eex and
fl denote excitation energy and oscillator strength, respectively.

Table 4.3 shows the results for ethylene dimer, a model system used to investigate
the effect of structure on the electronic couplings governing the S1 →1 ME transition24, 74
as well as excitonic interactions.75 These numbers are in a semi-quantitative agreement
(within several %) with those reported in Ref.24 where a more approximate analysis
was conducted. At a perfectly stacked configuration (with the fragments 3.5 Å apart),
the lowest singlet state is of the ME character, with the admixture of 2 % of the CR
configurations. The LE state has about 28% of CR. Such states composition gives rise
to a large value of ||γ|| (norm of transition OPDM) and, consequently, substantial nonadiabatic coupling between S1 and 1 ME.24 In the structure displaced by 0.8 Å along the
molecule axis the ME state acquires 6% of the CR resonance character and 2 % of LE
character, whereas the weight of CR configurations in the LE states drops to 18 %. The
net effect on ||γ|| is small, it remains nearly constant. The displacements perpendicular
to molecular axis result in the ME state developing a pure TT character and in a significant reduction in the CR configurations in the LE state, which is consistent with the
reduced interactions between the two fragments. This leads to the decrease in ||γ|| and
non-adiabatic coupling. The last entry in Table 4.3 corresponds to a structure with two
non-equivalent fragments in which the planes of the two ethylene molecules are perpendicular to each other. In this structure, the fragments are essentially decoupled and the
S1 and 1 ME states have their pure asymptotic character, LE and 1 TT.
Our next example is a tetracene dimer. The results for the S1 /S10 , S2 /S20 , and the ME
states are collected in Table 8.1 (the dimer states notations are as in Refs.24, 40, 46, 47 and
are described in the Introduction). At the perfectly stacked configuration with two fragments 3.7 Å apart, we observe considerable mixing of the LE and CR configurations in
the four excitonic states. The ME state includes 7% of CR. At larger separation (6.0 Å),
all states acquire their pure asymptotic character — LE, CR, and ME. In the structures
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displaced along the long molecular axis, the characters of states change considerably.
In the half-ring displaced structure, the ME state is pure ME, and the lowest excitonic
state is almost pure LE. However, at 1-ring displaced structure, the LE, CR, and ME
configurations become mixed again. In the X-ray structure, the two fragments are not
equivalent. We observe that all four singly excited states share both LE and CR character. The ME state includes 3% of CR. These patterns are consistent with the analysis
of the wave functions and couplings between the states reported in Ref.40; however,
the quantitative measures of the weight of CR is different. For example, the weight of
the CR configuration in the ME state in the X-ray structure computed using the present
scheme is much smaller than estimated in Ref.40. This observation again emphasizes
the importance of using the robust orbital-invariant metrics quantifying the interactions
between many-determinantal adiabatic states (such as ||γ||) rather than relying on simple
proxies such as the diabatic state composition and weights of CR configurations.40
As the next example, we consider selected DPH dimers from Ref.47. The six structures, three representative dimers from the monoclinic (M) and orthorombic (O) forms,
feature very different S1 -ME couplings, as summarized in Table 4.5.
The analysis of the electronic wave functions is given in Tables 4.6 and 4.7. As we
can see, the trends in ||γ|| are consistent with changes in the composition of the ME
TT
state — larger couplings are observed for smaller wAB
, however, the variations in the

wave function appear to be quite small in magnitude.
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Table 4.4: Analysis of the electronic states in tetracene dimer using the RAS(4,4)2SF/(C:cc-pVTZ-f/H:cc-pVDZ) wave functions. Eex and fl denote excitation energy and oscillator strength, respectively.

LE
LE
CR
Structure State
Char Eex , eV (fl ) wA
wB
wA→B
D2h R=3.7 Å
B3g (S1 )
LE
3.11
0.30 0.30 0.19
B1u (S10 ) CR
4.00 (0.34) 0.22 0.22 0.25
B1u (S2 )
CR
4.13 (0.38) 0.23 0.23 0.24
B3g (S20 ) CR
4.64
0.17 0.17 0.31
1
Ag ( ME) TT
3.13
0.00 0.00 0.03
D2h R=6.0 Å
B3g (S1 )
LE
3.82
0.47 0.47 0.00
B1u (S10 ) LE
3.93 (0.73) 0.46 0.46 0.00
B1u (S2 )
CR
4.87
0.00 0.00 0.50
B3g (S20 ) CR
4.87
0.00 0.00 0.50
1
Ag ( ME) TT
3.34
0.00 0.00 0.00
C2h ∆x=0.5 ring
Bg (S1 )
LE
3.82
0.45 0.45 0.02
Au (S10 )
CR
4.09 (0.29) 0.18 0.18 0.30
Bg (S2 )
CR
4.18
0.02 0.02 0.47
Au (S20 )
LE
4.27 (0.41) 0.27 0.27 0.20
Ag (1 ME) TT
3.41
0.00 0.00 0.00
C2h ∆x=1 ring
Bg (S1 )
LE
3.53
0.32 0.32 0.15
Au (S10 )
LE
4.09 (0.59) 0.39 0.39 0.07
Au (S2 )
CR
4.36 (0.12) 0.07 0.07 0.42
Bg (S20 )
CR
4.69
0.14 0.14 0.34
1
Ag ( ME) TT
3.29
0.00 0.00 0.01
a
X-ray
S1
LE
4.04 (0.39) 0.70 0.04 0.02
S10
LE
4.16 (0.20) 0.14 0.65 0.00
S2
CR
4.41 (0.16) 0.06 0.21 0.01
S20
CR
5.09 (0.03) 0.03 0.02 0.94
1
ME
TT
3.74
0.00 0.00 0.00
a
For definition of A and B labels, see the structure from Ref.40.

CR
wB→A

SS
wAB

TT
wAB

0.19
0.25
0.24
0.31
0.03

0.02
0.04
0.04
0.02
0.00

0.00
0.00
0.00
0.00
0.93

0.00
0.00
0.50
0.50
0.00

0.06
0.07
0.00
0.00
0.00

0.00
0.00
0.00
0.00
1.00

0.02
0.30
0.47
0.20
0.00

0.06
0.04
0.00
0.06
0.00

0.00
0.01
0.01
0.00
1.00

0.15
0.07
0.42
0.34
0.01

0.05
0.08
0.01
0.02
0.00

0.00
0.00
0.00
0.00
0.98

0.16
0.13
0.67
0.00
0.04

0.06
0.07
0.02
0.01
0.00

0.01
0.01
0.02
0.01
0.96
100

Table 4.5: S1 -ME ||γ|| for selected DPH dimers.47

Structure
Dimer1
Dimer1
Dimer2
Dimer2
Dimer3
Dimer3

Form
M
O
M
O
M
O

||γ||
0.104
0.018
0.001
0.006
2·10−5
4·10−4

101

102

S0
S1
S10
S2
S20
1
ME

GS
LE
LE
CR
CR
TT

0.00
4.92
4.93 (4.85)
5.85 (0.02)
5.86
5.23

0.07
0.44
0.49
0.00
0.05
0.00

LE
wA

0.08
0.46
0.46
0.00
0.00
0.00

0.85 0.07
0.00 0.46
0.00 0.46
0.00 0.00
0.00 0.00
0.00 0.00

0.85
0.00
0.00
0.00
0.00
0.00

GS
LE
LE
CR
CR
TT

S0
S1
S10
S2
S20
1
ME

0.00
4.72 (0.02)
5.13 (4.72)
5.30 (0.06)
5.93
5.24 (0.01)

Character Eex , eV (fl ) w0

State

S0
GS
0.00
0.83
S1
LE
4.73 (5.52) 0.00
S10
LE
4.84
0.00
S2
CR
6.76
0.00
S20
CR
6.78
0.00
1
ME TT
4.95
0.00
a
For the definition of dimers and labels, see Ref.47.

Dimer3 (A+D)

Dimer2 (A+C)

Structure
Dimer1 (A+B)

0.08
0.46
0.46
0.00
0.00
0.00

0.07
0.46
0.46
0.00
0.00
0.01

0.07
0.48
0.42
0.03
0.02
0.00

LE
wB

0.00
0.00
0.00
0.50
0.50
0.00

0.00
0.00
0.00
0.50
0.49
0.01

0.00
0.00
0.00
0.00
0.93
0.01

CR
wA→B

0.00
0.00
0.00
0.50
0.50
0.00

0.00
0.00
0.00
0.50
0.49
0.00

0.00
0.02
0.02
0.90
0.00
0.06

CR
wB→A

0.01
0.07
0.07
0.00
0.00
0.00

0.01
0.07
0.07
0.00
0.00
0.00

0.01
0.06
0.07
0.00
0.00
0.00

SS
wAB

0.00
0.00
0.00
0.00
0.00
1.00

0.00
0.00
0.00
0.00
0.01
0.99

0.00
0.00
0.00
0.06
0.01
0.94

TT
wAB

Table 4.6: Analysis of the electronic states in DPH dimersa from the monoclinic form using the RAS(4,4)-2SF/(C,O:ccpVTZ-f/H:cc-pVDZ) wave functions.
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S0
S1
S10
S2
S20
1
ME

GS
LE
LE
CR
CR
TT

0.00
4.93 (4.69)
5.13
6.52 (0.01)
6.52
5.41

0.85
0.00
0.00
0.00
0.00
0.00

0.85
0.00
0.00
0.00
0.00
0.00

GS
LE
LE
CR
CR
TT

S0
S1
S10
S2
S20
1
ME

0.00
4.88 (0.02)
5.15 (4.57)
5.53 (0.04)
6.14
5.42

Character Eex , eV (fl ) w0

State

S0
GS
0.00
0.85
S1
LE
4.97 (0.75) 0.00
S10
LE
5.10 (3.96) 0.00
S2
CR
6.61
0.00
S20
CR
6.70
0.00
1
ME TT
5.41
0.00
a
For the definition of dimers and labels, see Ref.47.

Dimer3 (A+D)

Dimer2 (A+C)

Structure
Dimer1 (A+B)

0.07
0.48
0.45
0.00
0.00
0.00

0.07
0.47
0.46
0.00
0.00
0.00

0.07
0.43
0.50
0.00
0.04
0.00

LE
wA

0.07
0.46
0.48
0.00
0.00
0.00

0.07
0.47
0.46
0.00
0.00
0.00

0.07
0.50
0.42
0.02
0.03
0.00

LE
wB

0.00
0.00
0.00
1.00
0.00
0.00

0.00
0.00
0.00
0.50
0.49
0.00

0.00
0.00
0.00
0.00
0.92
0.01

CR
wA→B

0.00
0.00
0.00
0.00
0.99
0.00

0.00
0.00
0.00
0.50
0.49
0.00

0.00
0.01
0.01
0.96
0.00
0.02

CR
wB→A

0.01
0.06
0.07
0.00
0.00
0.00

0.01
0.06
0.07
0.00
0.00
0.00

0.01
0.06
0.07
0.00
0.00
0.00

SS
wAB

0.00
0.00
0.00
0.00
0.01
1.00

0.00
0.00
0.00
0.00
0.01
1.00

0.00
0.00
0.00
0.02
0.01
0.97

TT
wAB

Table 4.7: Analysis of the electronic states in DPH dimersa from the orthorhombic form using the RAS(4,4)-2SF/(C,O:ccpVTZ-f/H:cc-pVDZ) wave functions.

Finally, we consider the DPBF dimers from Ref.47. The calculations47 revealed
that the couplings vary among various structures taken from the X-ray structure of the
two DPBF polymorphs (called α and β forms), which explained the experimentally
observed differences in singlet fission rates and yields. Here we perform the analysis of
the wave functions in order to assess whether the trends in couplings can be explained
by variations in state characters. We considered 3 dimers that contribute the most into
singlet fission rate. Dimer3 from the α form (shown in Fig. 4.2) features the largest
value of ||γ|| (0.014). The same dimer in the β form has practically zero coupling. The
next largest coupling was observed in dimer1 (||γ|| equals 0.006 and 0.005 in the α and
β forms, respectively).
The results for the two forms are collected in Tables 4.8 and 4.9. As one can see,
the 1 ME state in all structures retains its pure 1 TT character. Thus, the observed variations in ||γ|| should be due to changes in the S1 state. However, as Tables 4.8 and 4.9
show, there is no significant CR contributions in the S1 states in any of the dimers; thus,
based on the present analysis, the differences in couplings cannot be attributed to the
mixing of the CR configurations. Interestingly, we do observe large contributions of the
SS configurations in the S1 and S2 state. The presence of these configurations, which
asymptotically correlate with much higher excited state, is due to the correlation effects
in the ground state (the analysis for S0 is also given in the tables). As one can see,
the weight of the reference determinant in the ground state is ∼0.8. Consequently, Φ0
mixes into other states as well. Overall, the weights presented in Tables 4.8 and 4.9 do
not explain the variations in the computed ||γ||, which again highlights the complexity
of the many-electron wave functions and the limitations of a simple diabatic framework
of singlet fission.
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4.8

Conclusion

We presented a formalism for the excited-state analysis of electronic states in bichromophoric systems such as molecular dimers or covalently linked chromophores.
We use super-molecular approach based on the wave function of the dimer. The main
assumption of the analysis is that the coupling between the chromophores is weak and,
consequently, the ground-state wave functions can be effectively factorized. The approach is an extension of ESSA16–18 and is based on state rather than transition DMs.
Specifically, we generalized ESSA indexes quantifying the weights of LE and CR configurations to general correlated wave functions such the definition of these indexes is
not restricted to singly excited states. We also introduced new indexes designed to identify and characterize multi-excitonic states. The weights of the CR and TT excitations
can be computed using charge and spin cumulants. Our approach requires localized
orbitals. For DM-based calculations, such as spin and charge cumulants symmetrically
orthogonlaized AOs can be used, as in the defintion of Löwdin charges and local spin
operators.64 In princicple, Löwdin orbitals can also be used for evaluating the weights
or local excitations by using Eq. (4.54) and appropriate projectors for the wave function
amplitudes. Using localized MOs that preserve the invariance of the wave funcion (such
as localization within each RAS supspace) simplifies the calculations. In the case when
the SS ME contributions can be neglected, the calculations only require reduced DMs,
while in a more general case the information about the wave function amplitudes is also
required. This scheme is general and is applicable to both symmetric and non-symmetric
systems, however, in its present form it is limited to bi-chromoforic systems only. The
utility of the approach is illustrated by calculations on small model dimers (H2 -He and
H2 -H2 ) as well as larger systems (ethylene, tetracene, DPH, and DPBF dimers). The
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caluclaions reveal that, while in some cases variations in couplings can be explained by
various degree of mixing of CR configurations into the S1 and 1 ME states, in other cases
this simple diabatic picture fails to explain the computed trends. This again emphasizes
the importance of using the robust orbital-invariant metrics quantifying the interactions
between many-determinantal adiabatic states (such as ||γ||) rather than relying on simple
proxies such as the diabatic state composition and weights of CR configurations.40
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S0
S1
S10
S2
S20
1
ME

GS
LE
LE
CR
CR
TT

0.00
4.38 (0.52)
4.39 (0.73)
5.19
5.20 (0.01)
3.87

0.84
0.00
0.00
0.00
0.00
0.00

0.84
0.00
0.00
0.00
0.00
0.00

GS
LE
LE
CR
CR
TT

S0
S1
S10
S2
S20
1
ME

0.00
4.36 (0.65)
4.50 (0.74)
5.57 (0.11)
5.57
3.87

Character Eex , eV (fl ) w0

State

S0
GS
0.00
0.84
S1
LE
4.40 (0.69) 0.00
S10
LE
4.41 (0.62) 0.00
S2
CR
6.33
0.00
S20
CR
6.37
0.00
1
ME TT
3.87
0.00
a
For the definition of dimers and labels, see Ref.47.

Dimer3 (A+D)

Dimer2 (A+C)

Structure
Dimer1 (A+B)

0.08
0.15
0.77
0.00
0.00
0.00

0.08
0.90
0.01
0.01
0.01
0.00

0.08
0.46
0.46
0.09
0.00
0.00

LE
wA

0.08
0.77
0.15
0.00
0.00
0.00

0.08
0.01
0.90
0.00
0.01
0.00

0.08
0.46
0.46
0.09
0.00
0.00

LE
wB

0.00
0.00
0.00
0.00
1.00
0.00

0.00
0.01
0.00
0.61
0.37
0.00

0.00
0.00
0.00
0.40
0.50
0.00

CR
wA→B

0.00
0.00
0.00
1.00
0.00
0.00

0.00
0.00
0.01
0.37
0.60
0.00

0.00
0.00
0.00
0.40
0.50
0.00

CR
wB→A

0.11
0.08
0.08
0.00
0.00
0.00

0.00
0.08
0.08
0.00
0.00
0.00

0.00
0.08
0.08
0.02
0.00
0.00

SS
wAB

0.00
0.00
0.00
0.00
0.00
1.00

0.00
0.00
0.00
0.01
0.01
1.00

0.00
0.00
0.00
0.00
0.00
1.00

TT
wAB

Table 4.8: Analysis of the electronic states in DPBF dimersa from α form using the RAS(4,4)-2SF/(C,O:cc-pVTZ-f/H:ccpVDZ) wave functions.
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S0
S1
S10
S2
S20
1
ME

GS
LE
LE
CR
CR
TT

0.00
4.41 (0.55)
4.41 (0.70)
5.22
5.23 (0.01)
3.91

0.84
0.00
0.00
0.00
0.00
0.0

0.84
0.00
0.00
0.00
0.00
0.00

GS
LE
LE
CR
CR
TT

S0
S1
S10
S2
S20
1
ME

0.00
4.38 (0.65)
4.53 (0.73)
5.60 (0.12)
5.61
3.92

Character Eex , eV (fl ) w0

State

S0
GS
0.00
0.84
S1
LE
4.42 (0.61) 0.00
S10
LE
4.43 (0.69) 0.00
S2
CR
6.23
0.00
S20
CR
6.26
0.00
1
ME TT
3.91
0.00
a
For the definition of dimers and labels, see Ref.47.

Dimer3 (A+D)

Dimer2 (A+C)

Structure
Dimer1 (A+B)

0.08
0.78
0.14
0.00
0.00
0.00

0.08
0.00
0.91
0.01
0.01
0.00

0.08
0.46
0.46
0.09
0.02
0.00

LE
wA

0.08
0.14
0.78
0.00
0.00
0.00

0.08
0.91
0.00
0.00
0.01
0.00

0.08
0.46
0.46
0.10
0.01
0.00

LE
wB

0.00
0.00
0.00
0.00
1.00
0.00

0.00
0.00
0.01
0.69
0.28
0.00

0.00
0.00
0.00
0.11
0.76
0.00

CR
wA→B

0.00
0.00
0.00
1.00
0.00
0.00

0.00
0.01
0.00
0.29
0.69
0.00

0.00
0.00
0.00
0.68
0.21
0.00

CR
wB→A

0.00
0.08
0.08
0.00
0.00
0.00

0.00
0.08
0.08
0.00
0.01
0.00

0.02
0.08
0.08
0.02
0.00
0.00

SS
wAB

0.00
0.00
0.00
0.00
0.00
1.00

0.00
0.00
0.00
0.01
0.01
1.00

0.00
0.00
0.00
0.00
0.00
1.00

TT
wAB

Table 4.9: Analysis of the electronic states in DPBF dimersa from β form using the RAS(4,4)-2SF/(C,O:cc-pVTZ-f/H:ccpVDZ) wave functions.
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Chapter 5: A simple kinetic model for
singlet fission: A role of electronic and
entropic contributions to macroscopic
rates
5.1

Introduction

Singlet fission (SF) is a non-adiabatic process in which one singlet excited state splits
into two triplets that ultimately give rise to four charge carriers.1 If this process is harnessed in solar cells, their efficiency can be increased beyond Shockley-Queisser limit
by efficiently utilizing higher-energy photons. Although this phenomenon was discovered a long time ago,2 its mechanistic understanding is incomplete, which hinders the
design of organic photovoltaic materials for solar energy conversion. Recent reviews1, 3
summarize experimental and theoretical work investigating the mechanisms of SF in
molecular solids and model compounds.
The electronic structure aspects of SF have received considerable attention.1, 3–12
The important quantities are energy levels (lowest bright singlet states of individual
chromophores should be about twice higher than T1 ) and electronic couplings between
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an initial excitonic state and a dark multi-exciton state that eventually splits into two
independent triplets. These factors depend strongly on the relative orientations of the
individual molecules,4, 13 which is likely to be responsible for observed effects of morphology on the rates and yields of SF.
One can connect the rates and electronic quantities by modeling complicated nonadiabatic dynamics encompassing several interacting electronic states. Simple estimates can be obtained using Landau-Zener type of approaches.7 Two studies14, 15 presented calculations aiming at complete macroscopic description of SF process from firstprinciples employing approximate electronic structure models. In stark contrast to the
large number of electronic structure studies, only recently a possible role of entropy in
promoting SF has been noted.16
Phenomenological kinetic models of SF and a reverse process, triplet-triplet annihilation, have been developed, with an emphasis on explaining magnetic field effects.17, 18
Kinetic models of varying complexity are often employed in analyzing the experimental
data.16, 19–22
Our motivation is to develop a simple kinetic model that will allow us to connect
electronic structure calculations with the experimental observables. We aim at developing a theoretical framework that will explain the observed trends in SF yield and, more
importantly, enable screening of various structures with respect to their efficiency in
performing SF.
In our previous work,13 we discussed essential features of the underlying electronic
structure and calculations of quantities relevant to SF process. We frame the discussion
in terms of correlated many-electron adiabatic states that are coupled by non-adiabatic
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(derivative) couplings. The electronic states involved are an initially excited bright singlet state (of a mixed excitonic and charge-resonance character), a dark singlet multiexciton (or bi-exciton) state (ME or 1 (TT), two singlet-coupled triplets with a variable
admixture of charge-resonance configurations) coupled to the singlet state by a nonadiabatic coupling, and two independent triplets (T1 +T1 ) that lost their coherence.
The most basic quantity relevant to SF is electronic energy difference between the
initially excited singlet state and twice the energy of separated triplets:

Estt = E[S1 ] − 2 × E[T1 ]

(5.1)

For efficient solar energy conversion, these two states should be approximately isoenergetic, small electronic energy mismatch being compensated by vibrational motion.
In pentacene, Estt >0, and the overall SF process is exoergic, however, in tetracene
2×ET >ES . The rate of electronic transition from the bright singlet state to 1 ME is proportional to non-adiabatic coupling, which is related to the norm of one-electron transition density matrix, ||γ||. The third important quantity is multi-exciton stabilization
(or binding) energy, Eb , that we define as energy difference between the 1 ME and 5 ME
states (the former is stabilized by configuration interaction with other singlet configurations, whereas the latter maintains pure diabatic character of two entangled triplets).
Since fission results in a loss of decoherence yielding two independent triplets, Eb can
be interpreted as a minimal energy required for the separation of two triplets to occur. Although Estt is dominated by the S1 and T1 excitation energies of the isolated
monomers, it is also affected by Davydov’s splitting and, therefore, can be modulated
by local environment. ||γ|| and Eb are also sensitive to the local environment. Thus,
all three quantities can be tuned by structural modifications of the chromophores affecting their packing. Table 5.1 summarizes relevant electronic energies for tetracene,
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pentacene, and hexacene. We note that calculations of Estt involve larger error bars than
calculations of Eb , due to error cancellation (the two ME states have the same character,
thus, the dynamic correlation effects are quite similar and cancel out).
Table 5.1: Electronic energies (eV) in tetracene, pentacene, and hexacenea .
System
Estt (monomerb ) Estt (bulkc ) Estt , exp
Edb
Tetracene -0.342
-0.303
-0.18e
0.028
e
Pentacene 0.281
0.245
0.21
0.038
Hexacene 0.803
0.625
0.74f /0.32g 0.049
a
See Ref.13 for details of computational protocol.
b
SOS-CIS(D) values.
c
Computed for the AB dimer as E[S1 (AB)] − E[5 M E(AB)] by using corrected RAS2SF values.
d
RAS-2SF values for AB dimer computed as E[5 M E] − E[1 M E].
e
From Ref.1.
f
Solution (Ref.23).
g
Film (Ref.24).
While most electronic structure studies have been focusing on characterizing relevant electronic energies and couplings, one needs to operate with Gibbs free energies
in order to understand driving forces in SF process and to compute rates. There is a
thermodynamic driving force if the overall change in the free energy is negative, even if
electronic energy differences are unfavorable (as, for example, in tetracene). Structure
of molecular solids such as different packing can affect the free energies of each state
via entropic contributions. A possible role of entropy has been recently emphasized by
Zhu and co-workers.16 In this paper, we discuss calculations of the entropic contributions using a minimal kinetic model for SF that captures essential physics of the process.
The model explains the observed difference in the SF rate between tetracene, pentacene,
and 5,12-diphenyltetracene (DPT) and makes a prediction about hexacene. Consistently
with experimental observations, the model predicts weak temperature dependence of the
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ME formation rate in tetracene as well as a reduced rate of this step in solutions and in
isolated dimers.
The structure of the paper is as follows. Section 5.2 presents the kinetic model,
Section 5.3 describes calculations of entropic contributions; the discussion is presented
in Section 5.4.

5.2

Kinetic model for SF process

The singlet fission is a complex process encompassing many states. Our goal is not
to take into account all microscopic details, but rather to develop a simple conceptual
picture of the process that would provide a semi-quantitative description of dynamics;
thus, we choose the minimalist kinetic scheme that has only 3 states. It means that many
states are combined into these states.
Fig. 6.1 shows energy diagram for such minimal three-state model (see Table 5.1 for
electronic energies). We assume that the process begins with populating the bright state
(denoted by State 0). The second step is population of the multi-exciton state (State 1);
the rates for the forward and backward reactions are denoted as r1 and r−1 , respectively.
The third step is production of independent triplets (State 2); the forward and backward
rates are r2 and r−2 . We choose to frame our discussion in terms of rates rather than rate
constants (k1 /k−1 and k2 /k−2 ) in order to account for possible concentration effects and
to simplify the calculation of characteristic times for SF. In a single-molecule framework
employed here the rates are identical to the respective rate constants (i.e., one can rewrite
all the equations using k’s instead of r’s), however, the situation in solutions is different
and the rates should include both rate constants and the respective concentrations. Thus,
our formulation is appropriate both for molecular solids and for solutions.
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State 0: S1/S1’

State 1: 1ME
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State 0: S1/S1’
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State 1: 1ME

S1

Sunday, November 10, 2013

Figure 5.1: Three-state model of singlet fission. Top left: free energies of the initially excited bright (S1 , denoted as ’State 0’), multi-exciton singlet (1 ME, denoted
as ’State 1’), and two uncoupled triplets (T1 +T1 , denoted as ’State 2’). Bottom left:
Electronic energy diagram. In pentacene, State 2 is lower than State 0 (Estt >0).
In tetracene, it is slightly above (Estt <0). Thus, E0 =0, E1 =-Estt -Eb , and E2 =-Estt .
Right: Cartoon illustrating the nature of S1 , 1 ME, and T1 +T1 that gives rise to
entropic contributions. State 0 is delocalized
over several chromophores (black
Thursday, January 23, 2014
rectangle). The ME state can be localized on any pair of adjacent molecules (red
rectangle) within the initial exciton. Our model assumes that triplet separation
(second step) occurs when one of the triplet excitons hops to another chromophore
(green rectangle).

Thursday, November 7, 2013

Using a linear free energy arguments,25 the rates are related to the free energies of
the three states (see Fig. 6.1):

G0 = 0

(5.2)

G1 = −Estt − Eb − T S1 = −stt − b

(5.3)

G2 = −Estt − T S2 = −stt

(5.4)
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where electronic energies are computed relative to State 0 and the calculations of respective entropic contributions are described in Section 5.3. stt and b are now free energy
differences that incorporate both electronic and entropic contributions:

stt = Estt + T S2

(5.5)

b = Eb + T S1 − T S2

(5.6)

−stt characterizes overall driving force for SF, whereas b is multi-exciton stabilization
(or binding) free energy. Relevant free energy differences are:

∆G ≡ G2 − G0 = −stt

(5.7)

∆G1 ≡ G1 − G0 = −stt − b

(5.8)

∆G2 ≡ G2 − G1 = b

(5.9)

For the SF process to be thermodynamically possible, the total Gibbs free energy
change, ∆G, should be negative, which means that stt must be positive. As one
can see from Eq. (5.5), negative Estt (endoergic SF) can be surpassed by sufficiently
large entropic gain in State 2. ∆G1 or ∆G2 may, in principle, be positive, provided
that ∆G < 0. However, large positive value of either ∆G1 or ∆G2 would mean
that the respective step is too slow for the overall process to happen on a realistic
time scale, even though the overall reaction is thermodynamically allowed (just like
diamonds-to-graphite transition). For example, positive ME stabilization free energy,
as defined in Eq. (5.6), will slow down the second step. b depends on the difference
of entropic terms for State 1 (bound multi-exciton state) and State 2 (two independent
triplets), negative values mean that the 1 ME state is unbound and the second step is fast.
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The quantity of interest is the total time τ to reach State 2. It can be computed as
first-passage time, a powerful theoretical tool that was widely used in many chemical,
physical and biological processes:26
1
r−1
1
1
1
1
1
1
+ +
=
+ + eq
=
+
τ=
r1 r2 r1 r2
r1 r2 K1 · r2
r1 r2



1
1 + eq
K1

(5.10)

where K1eq is an equilibrium constant for step 1. As one can see, when K1eq >>1, the
total time is just the sum of the inverses of individual rates. However, if K1eq is small,
the relative contribution of step 2 into the total time becomes more pronounced.
Efficient SF will be identified by small τ . Thus, our aim is to investigate the
dependence of τ on Estt , γ, Eb , as well as entropic factors for the three states. We
note that this model aims to describe the efficiency of the initial SF steps and will not
be able to describe long-time (nanosecond) kinetics that involves diffusion, trapping,
and recombination of independent triplet excitons.19 The model is not suitable for
describing magnetic field effects on SF.17 However, this theoretical framework can be
extended to take these processes into account.

The ratios of forward and backward rates are determined by free energy differences
satisfying the detailed balance condition:
r1
= exp[β(G0 − G1 )] = exp[β(stt + b )]
r−1
r2
= exp[β(G1 − G2 )] = exp[β(−b )]
r−2

(5.11)
(5.12)
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where β =

1
.
kB T

Absolute rates depend on respective activation energies and prefactors.

It is convenient to write down the expression for absolute rates as following:

r1 = r1 (0)exp[θβb ]

(5.13)

r−1 = r−1 (0)exp[(θ − 1)βb ]

(5.14)

r2 = r2 (0)exp[−θβb ]

(5.15)

r−2 = r−2 (0)exp[(1 − θ)βb ]

(5.16)

In these equations rates ri (0) (i = 1, −1, 2, −2) correspond to a hypothetical case when
the ME stabilization energy is zero (b =0). This procedure chooses a zero energy, and it
is done for convenience only. Our calculations obviously do not depend on the choice
of the reference state. In addition, parameter 0≤ θ ≤1 describes the relative position of
the transition state along the reaction coordinate (e.g., for θ = 12 ) the transition state is
half-way between the reactants and products). For simplicity, we assumed that θ is the
same for both steps. This approach allows us to analyze the effect of local structure by
focusing on b .
Thus, all information about activation energies and prefactors is now contained in
ri (0). We note that detailed balance condition requires that:
r1 (0)
= exp(βstt )
r−1 (0)

(5.17)

Using Fermi Golden Rule and the analysis in Ref.13, one could argue that rates r1 (0)
and r−1 (0) are proportional to ||γ||2 (or, more precisely, to

||γ||2
)
(Estt +Eb )2

that describes

the coupling between S1 and 1 ME. Strong coupling would correspond to fast rates in
both directions and relatively weak dependence on the temperature, while in the case
of weak coupling these rates are small and strongly temperature-dependent. Transition
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rates r2 (0) and r−2 (0) describe Dexter energy transfer between perfectly iso-energetic
chromophores (b = 0); they fall off quickly with distance (it is generally assumed
that Dexter transfer is operational within 10-20 Å). One can anticipate that r2 (0) and
r−2 (0) would be very similar in homologous compounds that share similar structure
(e.g., crystalline tetracene and pentacene).
The explicit expressions for transition rates allow us to estimate the average times
for SF process:

τ=

exp[−θβb ] exp[θβb ] exp[(θ − 1)βb ]r−1 (0)
+
+
r1 (0)
r2 (0)
r1 (0)r2 (0)

(5.18)

Analysis of Eq. (5.18) suggests that there is an optimal value for b at which the
singlet fission is the fastest. A more positive ME stabilization energy lowers the first and
third terms, while it also increases the second term. Physically it means that for large
and positive b (bound ME state), the first transition (from State 0 to State 1) is faster,
while the second transition (from State 1 to State 2) is getting slower, suggesting that
there is some optimal value of the multi-exciton stabilization energy. Similar arguments
can be made for negative b (unbound ME) — a more negative value would impede the
first step, but speed up the second. The optimal condition for b can be easily obtained
by taking a derivative of τ with respect to the total binding energy. To illustrate this,
let us assume that θ= 12 . Then by minimizing the time for SF with respect to the total
binding energy we obtain:
x2 =

r2 (0) r−1 (0)
+
,
r1 (0)
r1 (0)

(5.19)

where we defined an auxiliary function:

x = exp

βb
2


(5.20)
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Solving Eq. (5.19) yields the prediction for the optimal binding energy in terms of
transition rates ri (0):
∗b






r2 (0) r−1 (0)
r2 (0)
= kB T ln
+
= −stt + kB T ln
r1 (0)
r1 (0)
r1 (0)

(5.21)

We note that, unlike the overall rate, the value of optimal b depends strongly on the
free energy landscape, i.e., the value of parameter θ. By choosing θ=1 instead of 0.5,
the minimization of Eq. (5.18) yields:

x4 =

r2 (0)
r1 (0)

(5.22)

instead of Eq. (5.19) giving rise to the optimal value of b that does not depend on stt :
∗b



kB T
r2 (0)
=
ln
2
r1 (0)

(5.23)

Let us now analyze Eqns. (5.21) and (5.23). The second term in Eq. (5.21) is the
same (up to a factor of two) as Eq. (5.23). When r2 (0) > r1 (0), this term is positive.
Thus, in the case of θ=1 (transition state on the product side), optimal b is positive;
larger r2 (0) mean more positive values. This can be easily rationalized by analyzing
Eq. (5.18): large r2 (0) will reduce the magnitude of the second term, while positive
b will make the first term smaller (the third term is zero for θ=1). Consequently, if
r2 (0) < r1 (0), negative b (unbound ME) is desired. If r1 (0) = r2 (0), then the optimal
value for b is zero — this means that the overall rate for the first step, r1 , should be
equal to r2 to achieve shortest τ .
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In the case of θ=0.5 (transition state between the reactants and products), optimal b
depends on stt . For example, if r2 (0) ≈ r1 (0), then:
∗b ≈ −stt

(5.24)

First, we note that in this case b is negative (unbound multi-exciton). Thus, if overall
thermodynamic driving force for SF is large, then fastest rates are achieved at relatively
large and negative multi-exciton stabilization energies. However, for small stt , b should
be less negative, to make the first step sufficiently fast. The effect of the second term
is exactly as in the case of θ=1 — if r2 (0) >> r1 (0), more positive b is required to
achieve optimal rate by speeding up the first step.
For another limiting case of θ=0, one can show that the optimal ME stabilization
energy must be very large and positive. For all other cases the optimal ME stabilization energy can be understood by interpolating between the three limiting behaviors
explained above.

5.3

Entropy calculations

Below we provide an illustrative calculation of entropic contributions. As will become
evident, the calculation invokes several assumptions; thus, it is of a semi-quantitative
value. To estimate relative entropic contributions, we rely on the following simple reasoning (similar to that of Ref.16). As illustrated in Fig. 6.1, State 0 is delocalized7, 8
(or effectively delocalized owing to the ultra-fast exciton hopping14 ), however, State 1 is
localized on two neighboring chromophores. Thus, to estimate entropy of State 1, one
needs to count by how many ways one can choose a pair of neighboring chromophores
from the initially prepared delocalized exciton. In State 2, two triplets are separated;
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thus, the entropic contribution can be estimated by counting a number of ways in which
a multi-exciton state can separate within the Dexter radius.
In polycrystalline materials, the initial exciton is delocalized, as evidenced by the
noticeable spectral shift (relative to solution) and also supported by electronic structure
calculations.7, 8 The most thorough study of exciton delocalization is presented in Ref.8
where it was found that low-lying singlet excited states exhibit an average electron-hole
distance greater than 6 Å. From the figures visualizing the exciton, the exciton appears
to be delocalized over about 13 molecules (in pentacene). Also, in agreement with
molecular orbital considerations, the delocalization is most prominent in the ab plane.
1ME:

This state is localized on two adjacent monomers, where one of them must be
LQWKHGHORFDOL]HGUHJLRQ)LUVWOHW¶VFRQVLGHUWKH'FDVHZKHUHWKHH[FLWHG
monomer is the black point in the center of the following picture:

In case of 3D, we consider the number of layer (l) to be 1, 3, 5, ..., . If the radius of
delocalized/hopping region is about 15~20Å, I think l=3 is reasonable as shown in
the following picture:

1ME:

This state is localized on two adjacent monomers, where one of them must be
in the shell of delocalized region where the radius is a (points inside the black
hexagon, can be either black or red points). The total number of possible pairs P is
total number of small edges in this picture:

15Å

6Å

layer 2
10Å

a

15Å

layer 1

1
The total number of monomers inside the delocalized region is N, and
Shell the
Totaltotal
# of monomers in delocalized region Radius (Å) # of 1ME pairs Entropy contribution* (eV)Since we only count those pairs that are adjacent, the number of possible ME pairs
1
7
6
30
0.088
number of shell is n. N=7 when n=1.
(P12) between layer 1 and layer 2 is the total number of monomers in delocalized
2
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10
72
0.111
The number of monomer of the ith shell is Ns=6i.
region within one layer as shown in previous page.
3
37
15
132
0.127
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ͳ
n
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~5n
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For one monomer, the total number of possible pair is 6, which is the
number of edges
* T=298K
that connect it. Therefore, 6N is the total number of pairs in which the edges inside
Details of how to calculate the total numbers of pairs and monomers are shown in
the black hexagon is doubly counted. The number of edges that are
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last page.
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Entropy contribution*
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Figure 5.2: Crystal structure of tetracene and pentacene. Molecular arrangement
in the ab plane (left and center) and in perpendicular direction (right).
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Fig. 5.2 shows crystal structure of solid pentacene (tetracene is very similar, except
5

808

0.174

57n2+87n+34 0.026ln(57n2+87n+34)

for inter-layer distance). In the ab plane, each molecule has 6 nearest neighbors. The
1

* T=298K

average distance between the chromophores in the ab plane is similar for tetracene and
2

pentacene and is about 6 Å. The distance between the planes is 15 Å in pentacene (and
is shorter in tetracene).
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We assume that both steps of SF occur in the ab plane. We begin by calculating the
number of chromophore molecules, N , contained in n coordination shells. Since ith
coordination shell adds 6i molecules, then

N = 3n2 + 3n + 1

(5.25)

Based on the distance between the chromophores centers, n can easily be connected
with a spatial extent.
To estimate entropic contribution to State 1, we compute the number of unique adjacent chromophore pairs within n coordination shells. As one can see from Fig. 5.2, the
total number of possible pairs for one molecule is 6 (the number of edges that connect it
to the nearest neighbors). Therefore, 6N is the total number of pairs in which the edges
inside the black hexagon are doubly counted. The number of edges that are outside the
black hexagon is Ps+ = 3 × 6 + 2 × (Ns − 6) = 12n + 6, where we have 6 points that
have 3 outer edges, and the rest (Ns − 6) have 2 outer edges. Ps+ is counted only once,
so the total number of edges P = (6N + Ps+ )/2. Thus, the total number of pairs is:
Ω1 = 9n2 + 15n + 6

(5.26)

To estimate entropy for State 2, we consider a number of possibilities for a triplet
exciton to hop within the area determined by the Dexter radius. Let Nt denote the
number of molecules within the Dexter radius (10-20 Å) that comprises n shells. Then

Ω2 =

Nt (Nt − 1)
× 2 = (3n2 + 3n + 1)(3n2 + 3n)
2

(5.27)
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Here a factor of 2 accounts for the two triplets formed from one ME state. We note
that Ω2 depends quadratically on the number of molecules within the Dexter radius,
whereas Ω1 depends linearly on the number of molecules covered by the singlet exciton
delocalization. This is important because for the second step to be thermodynamically
favorable, Ω2 should be greater than Ω1 (Eb is positive, see Table 5.1). We note that if
the 1 ME state is mobile and can hop, this will contribute towards increasing the effective
radius and, therefore, the increase in Ω2 .
Table 5.2 collects the results of entropic contributions for States 1 and 2 as a function
of the number of coordination shells (we note that, in general, n should be different for
State 1 and State 2 because of differences in the underlying physical processes).
Table 5.2: Entropic contributions as function of the number of coordination shells.
T S1 , eVc T S2 , eVc
n R, Å N
Ωa1 Ωb2
1 6
7
15
42
0.070
0.096
2 10
19 72 342
0.110
0.150
3 15
37 132 1,332 0.125
0.185
4 20
61 210 3,660 0.137
0.211
5 25
91 306 8,190 0.147
0.231
6 30
127 420 16,002 0.155
0.249
a
Using Eq. (5.26).
b
Using Eq. (5.27).
c
kB =8.6173×10−5 eV/K; kB T=0.026 eV at 298 K.

5.4

Discussion

We begin by analyzing the thermodynamic driving force for the overall SF process.
Clearly, the entropic contribution is always beneficial for SF (T S2 >0). We note
that such entropic contributions depend critically on the concentration of chromophore
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molecules; thus, they will not be operational in dilute solutions, which is partially responsible for low SF yields in isolated covalently linked dimers.1, 27 We note that in
a recent study efficient SF has been reported in pentacene solutions;28 the kinetics revealed that the process is diffusion-limited and the yield shows a strong concentration
dependence. Whereas it is not surprising that the overall process occurs on a nanosecond timescale (time required for an excited chromophore to find another one to form an
excimer, a solution analog of State 0), the kinetics of the ME formation (Step 1 in our
model) is 3 orders of magnitude slower than in solid pentacene (Ref.28 reports 400-530
ps).
Based on the results collected in Table 5.2, and taking 10-25 Å as a radius within
which triplet separation may occur, we expect values of ≈ 0.2 eV, which is sufficient
to make SF in tetracene possible. We note that the minimal number of shells required
to make ∆G <0 (in tetracene) is 3 (corresponding to T S2 =0.185 eV). In pentacene,
entropic contributions increase the driving force for SF. We note that possible mobility
of the 1 ME state and/or triplet separation between the planes will further increase this
value.
We note that despite large uncertainties involved in calculations of entropic contributions, only a limited variations in T S1 and T S2 are possible. T S2 has a lower bound
determined by endothermicity of SF in tetracene. ∆G2 or ∆G1 may, in principle be
positive; however, too large positive values would make individual steps too slow for
the process to occur on a realistic time scale. Thus, we first consider the range of T S1
that would result in ∆G2 <0 and ∆G1 <0.
Eq. (5.9) means that the entropic contributions should make the multi-exciton unbound, to promote triplet separation. Using T S2 =0.185 eV, ∆G2 <0, but ∆G1 >0.
Using T S2 =0.211 eV (n=4) or 0.231 eV (n=5), both conditions can be satisfied with
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T S1 =0.155 eV (n=6). The resulting thermodynamic quantities for these two combinations of T S1 and T S2 are summarized in Table 5.3.
To consider the case when ∆G1 >0 (corresponding to a small yield of 1 ME), we
also performed calculations for T S2 =0.211 eV (n=4) and T S1 =0.147 eV (n=5), as well
as T S2 =0.185 eV (n=3) and T S1 =0.147 eV (n=5). The results of these two calculations,
which correspond to smaller efficient delocalization of S1 , are also given in Table 5.3.
Table 5.3: Relevant thermodynamic quantities (eV) in tetracene, pentacene, and
hexacenea at 298 K.
stt

b

∗b (θ=0.5) ∗b (θ=1)

T S1 = 0.155 & T S2 =0.211
Tetracene
0.031 -0.028 0.147
Pentacene
0.421 -0.018 -0.423
Hexacene
0.531 -0.007 -0.571
T S1 = 0.155 & T S2 =0.231
Tetracene
0.052 -0.048 0.126
Pentacene
0.441 -0.038 -0.443
Hexacene
0.551 -0.027 -0.592
T S1 = 0.147 & T S2 =0.211
Tetracene
0.031 -0.036 0.147
Pentacene
0.421 -0.026 -0.423
Hexacene
0.531 -0.015 -0.571
T S1 = 0.147 & T S2 =0.185
Tetracene
0.005 -0.010 0.173
Pentacene
0.395 0.0002 -0.397
Hexacene
0.505 0.011 -0.545
a
Computed using experimental Estt , see Table 5.1.
∗
b is computed using Eqns. (5.21) and (5.23) and the same
calculations.

0.089
0.001
-0.020
0.089
0.001
-0.020
0.089
0.001
-0.020
0.089
0.001
-0.020
parameters as in the rate

Let us now analyze Eq. (5.18) in more detail. As illustrated by Table 5.3, the calculated b are very similar in all three compounds, consequently, the values of exp(0.5βb )
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are also very close. Using b computed with T S1 =0.147 eV and T S2 =0.211 eV, we
arrive at the following:
1.11
2.05
+ t
t
r1 (0) r2 (0)
1.65
0.61
τp = p
+ p
r1 (0) r2 (0)
1.33
0.75
τh = h
+ h
r1 (0) r2 (0)
τt =

(5.28)
(5.29)
(5.30)

A reasonable assumption is that r2 (0) is very similar in all acenes (and is probably
fast compared to r1 (0), at least in tetracene). Thus, three orders of magnitude difference
in the rates of SF in tetracene and pentacene should be due to the respective r1 (0). Using
a linear free energy approach,25 which argues that the activation energy for a process is
proportional to the free energy difference of the reaction, one can write:

r1 (0) ∼ exp(αβstt ),

(5.31)

where α is a coefficient determining the relationship between Ea and ∆G. We note that
within this approach r2 (0) should be the same for the 3 compounds, as it is defined as a
hypothetic rate when b =0. To account for variations in coupling, we multiply r1 (0) by
the respective

||γ||2
(Estt +Eb )2

(||γ||2 equals 0.115, 0.166, and 0.193 for tetracene, pentacene,

and hexacene, respectively). Using α = 0.5 and the computed Estt , Eb , and ||γ||2 , we
obtain:
r1t (0) : r1p (0) : r1h (0) = 1 : 1077 : 4814

(5.32)

Note that since we use the same entropic factors for all three compounds, these ratios
are determined by Estt , Eb , and ||γ||2 alone and, therefore, do not depend on the specific
choices of T S1 and T S2 (but they do depend on T).
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By taking r1t (0) ≈ 1010 s−1 and r2 (0) ≈ 1013 s−1 , one can explain the experimentally
observed difference1, 27 between tetracene and pentacene, and to make a prediction about
hexacene:

τ t ≈ 201 ps

(5.33)

τ p ≈ 214 f s

(5.34)

τ h ≈ 103 f s

(5.35)

The computed times for different choices of T S1 and T S2 are summarized in Table 5.4. As these results demonstrate, the computed times are quite robust within the
reasonable range of variations of T S1 and T S2 . We also note that variations of θ have
negligible effect on computed τ .
Table 5.4: Computed characteristic times for tetracene, pentacene, and hexacene.
T S1 , eV
0.155
0.155
0.147
0.147

T S2 , eV
0.211
0.231
0.211
0.185

τt
τp
τh
171 ps 202 fs 112 fs
256 ps 243 fs 94 fs
201 ps 214 fs 103 fs
121 ps 192 fs 141 fs

These simple calculations suggest that:
• The first step is rate-determining in tetracene; it becomes much faster in pentacene
and hexacene due to increased thermodynamic driving force (stt ) for the SF process.
• One can expect that already in pentacene the rates of Step 1 and Step 2 might
become comparable.
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• Within our simple model, the rate of the first step in hexacene becomes very fast;
thus, we expect that the second state might become rate-limiting.
• We expect that the rate of SF in hexacene will be comparable (yet slightly faster)
to that in pentacene.
• Computed ||γ||2 are very similar in all three compounds, thus, the relative strength
of couplings is unlikely to be responsible for very different rates of SF in tetracene
and in pentacene.
Of course, the presented calculations should be regarded as of a qualitative value,
owing to the simplicity of the model and numerous assumptions. Yet, they present a
framework for analyzing the growing data on the kinetics and yields of SF in various systems. Moreover, they highlight relative significance of different factors (singlet-triplet
energy gaps, entropic factors, and couplings) for the overall rate of SF.
Using the above values of r1 (0) and r2 (0) we compare the computed b with the
optimal values, as predicted by Eq. (5.21). The results for θ = 0.5 and θ = 1 are
summarized in Table 5.3. We note that in tetracene optimal b is positive, consistently
with a very slow first step owing to small thermodynamic drive due to small stt . One
can easily see that while the calculations of rates are relatively insensitive to the value
of parameter θ that characterizes the free energy landscape, the optimal value of b is
strongly θ-dependent. When using θ=0.5, ∗b are 1-2 orders of magnitude larger than the
actual b . When using θ=1 (transition state at the product side), the computed optimal
multi-exciton stabilization energies [using Eq. (5.23)] are 0.089 eV, 0.001 eV, and 0.020 eV for tetracene, pentacene, and hexacene, respectively; these values are much
closer to the actual b . Without more detailed knowledge of the free energy surface, it is
unclear whether these systems are close to the optimal state.
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To further test our model, we estimated the rate of SF in DPT; this material shows
very efficient SF, with the fast and slow rate components of 1.3 ps and 105 ps, respectively.19 We employ T S1 =0.147 eV and T S2 =0.211 eV. Admittedly, this is a very crude
estimate, as one may expect that the entropic contributions in an amorphous solid could
be rather different. While the physical nature of excitons in amorphous solids is different from crystalline materials, simple estimates suggest that their effective radius of
delocalization (for the purpose of counting microstates in entropy calculations) may be
similar. The spectra of solid DPT and DPT in solutions are identical,19 indicating the
localized nature of the initial exciton. However, as shown by the ab initio molecular
dynamics simulations,14 the initially excited state in DPT hops frequently around (about
once per 100 fs) giving rise to effective delocalization (for the purpose of calculating
entropic contributions), i.e., in the course of 1 ps the exciton will cover a sphere of the
radius of about 20 Å, which is indeed very close to the exciton size in tetracene and
pentacene.
Using experimental Estt =0.08 eV and computed (using the same protocol) Eb =0.022
eV and ||γ||2 =0.140, we arrive at τ DP T =0.6 ps, which is in a semi-quantitative agreement with the experimental trend. Based on our model, efficient SF in DPT can be
attributed to an improved energy gap (Estt ) which increases thermodynamic drive and
also increases the coupling.

Using our estimates of the entropic terms, we evaluate anticipated differences in the
rate of the first step, r1 , for covalently linked dimers or in solutions (assuming that an
excimer-like dimer is already formed). Assuming that all electronic factors (Estt , Eb ,
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and ||γ||2 ) are the same in the dimers as in the respective solids (which is of course rather
a crude approximation), the ratio is (using linear free energy approach and α=0.5):

r1dimer : r1solid = exp[−0.5β(T S1 )] ≈ 0.03 − 0.05

(5.36)

Thus, due to the entropic factors alone, the dimers (either covalently linked or excimers
formed in solutions) are expected to exhibit S1 →ME rates that are about 20-30 times
slower than in respective pristine solids. Of course, to evaluate the actual rates, one
should also take into account changes in the electronic factors. When applied to covalently linked dimers from Ref.27, our model reproduces the observed three orders
of magnitude drop in SF rates; the analysis of different components reveals that both
electronic (couplings, variations in energies) and entropic factors are important.
As a final remark, our model predicts a very weak temperature dependence of the
first step, S1 →ME, in tetracene. Using the same parameters as in the rates calculations
above (and Ω1 =306 and Ω2 =3,660, see Table 5.2), the model predicts that the characteristic time of the first step in tetracene will increase only by a factor of 2 when the
temperature is lowered by 100 K. The second step, however, is more sensitive and the
respective time will increase by a factor of 15. These results are in a qualitative agreement with recent experimental observations.29, 30 The week dependence can be easily
rationalized by writing the rate as:

r ∼ exp(−

∆S
∆E
α∆G
) = exp(α
) · exp(−α
)
kB T
kB
kB T

(5.37)

Thus, when electronically a reaction is nearly isoergic (∆E ≈ 0), the relative importance
of the temperature-dependent second term is small. In our calculation, we assumed that
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exciton delocalization is not affected by temperature. However, at low temperatures, superradiant emission from tetracene has been reported by Bardeen and coworkers31 and
attributed to an increase in the coherence length. Thus, one may expect an increase of
exciton delocalization that will enhance the relative importance of the entropic contribution. This would result in reducing the temperature dependence even further.

5.5

Conclusions

We employed a simple three-state model for the SF process to interrogate the relative
significance of different factors. By considering series of three acenes (tetracene, pentacene, and hexacene), we (i) explained the experimentally observed three orders of
magnitude difference in the rate of SF in tetracene and pentacene; (ii) predicted that the
rate of SF in hexacene will be slightly faster than in pentacene. This trend is driven by
the increased thermodynamic drive for SF (Gibbs free energy difference of the initial
excitonic state and two separated triplets). The important role of entropy was discussed;
the anticipated magnitude of entropic contributions was illustrated by simple calculations. The entropy is crucially important; it allows to overcome an unfavorable electronic energy difference in tetracene. Entropy also facilitates the separation of the two
bound triplets (multi-exciton state, 1 ME) into two independent triplets. The entropy increases both in the first (S1 →1 ME) and in the second (1 ME→2T1 ) steps. In the former,
the entropy increase is due to a delocalized nature of the initial exciton and a localized
nature of a multi-exciton state (there are multiple ways in which one can chose a dimer
from the delocalized exciton). We note that although completely different in underlying
physics, either delocalization of an excited state in an ordered polycrystalline solid or
a high mobility of a localized exciton in disordered solids that enables sampling a certain volume during exciton’s lifetime lead to the same final result in terms of counting
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microstates in entropy calculations. In the second step, the entropy increases due to
multiple possible ways in which the ME state can separate into two triplets. We note
that the leading factor in computing these entropic contributions is due to the structure
of the respective solids.
We anticipate that in dilute solutions the entropic drive for the first step will not
be operational resulting in a slower kinetics (at least 20-30 times slower) and reduced
yields. Thus, in compounds in which SF is endoergic, such as tetracene, SF is expected
to be significantly impeded. Pentacene, in which SF is exoergic and does not require
additional entropic drive, does exhibit SF in solutions,28 however, the rate of the multiexciton formation from an excimer-like dimer is three orders of magnitude slower than
in solid pentacene. We predict that SF is likely to be slow and inefficient in isolated
covalently bound dimers of tetracene derivatives, even if the coupling elements are optimized, unless of course the substituents or solvent change the electronic energies of the
S1 and ME states such that the ME state drops below S1 . Low yields (3-5%) and three
orders of magnitude slower SF rates have been reported for covalently linked tetracene
dimers;27 our model reproduces this trend in the rate.
Another important conclusion is that for an efficient SF, the two thermodynamic
quantities, b and stt , may need to be balanced; furthermore, r1 (0) : r2 (0) ratio also
affects optimal b . We illustrate that under certain conditions there is an optimal relationship between b and stt . For example, for large b the first transition (from State 0 to
State 1) is faster, while the second transition (from State 1 to State 2) is getting slower,
suggesting that there is some optimal value of the multi-exciton stabilization energy for
a given stt .
Estimates of optimal ME stabilization energies in the three acenes suggest that their
b might be too small; thus, the rates of SF in these compounds can be further optimized
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by designing materials with larger multi-exciton stabilization energies. We note that b
values can be tuned by either electronic or entropic contributions.
Our estimate of SF rate in DPT is in semi-quantitative agreement with the experimental trend; the calculations suggest that the increased efficiency of DPT relative to
tetracene is due to the reduced energy gap (Estt ).
The model also explains weak temperature dependence29, 30 of the S1 →ME step in
tetracene; this is a consequence of a significant entropic drive of this step.

140

Chapter 5 references

[1] M. B. Smith and J. Michl. Singlet fission. Chem. Rev., 110:6891–6936, 2010.
[2] S. Singh, W.J. Jones, W. Siebrand, B.P. Stoicheff, and W.G. Schneider. Laser
generation of excitons and fluorescence in anthracene crystals. J. Chem. Phys.,
42:330–342, 1965.
[3] M.B. Smith and J. Michl. Recent advances in singlet fission. Annu. Rev. Phys.
Chem., 64:361–368, 2013.
[4] J.C Johnson, A.J. Nozik, and J. Michl. The role of chromophore coupling in singlet
fission. Acc. Chem. Res., 46:1290–1299, 2013.
[5] P.M. Zimmerman, C.B. Musgrave, and M. Head-Gordon. A correlated electron
view of singlet fission. Acc. Chem. Res., 46:1339–1347, 2012.
[6] T.S. Kuhlman, J. Kongsted, K.V. Mikkelsen, K.B. Møller, and T.I. Sølling. Interpretation of the ultrafast photoinduced processes in pentacene thin films. J. Am.
Chem. Soc., 132:3431–3439, 201o.
[7] P.M. Zimmerman, F. Bell, D. Casanova, and M. Head-Gordon. Mechanism for
singlet fission in pentacene and tetracene: From single exciton to two triplets. J.
Am. Chem. Soc., 133:19944–19952, 2011.
[8] S. Sharifzadeh, P. Darancet, L. Kronik, and J.B. Neaton. Low-energy chargetransfer excitons in organic solids from first-principles: The case of pentacene. J.
Phys. Chem. Lett., 4:2917–2201, 2013.
[9] R.W.A. Havenith, H.D. de Gier, and R. Broer. Explorative computational study of
the singlet fission process. Mol. Phys., 110:2445–2454, 2012.
[10] D.N. Congreve, J. Lee, N.J. Thompson, E. Hontz, S.R. Yost, P.D. Reusswig, M.E.
Bahlke, S. Reineke, T. Van Voorhis, and M.A. Baldo. External quantum efficiency
above 100% in a singlet-exciton-fissionbased organic photovoltaic cell. Science,
340:334–337, 2013.
[11] P.J. Vallett, J.L. Snyder, and N.H. Damrauer. Tunable electronic coupling and
driving force in structurally well defined tetracene dimers for molecular singlet
fission: A computational exploration using density functional theory. J. Phys.
Chem. A, 117:10824–10838, 2013.

141

[12] D. Casanova. Electronic structure study of singlet-fission in tetracene derivatives.
J. Chem. Theory Comput., 10:324–334, 2014.
[13] X. Feng, A.V. Luzanov, and A.I. Krylov. Fission of entangled spins: An electronic
structure perspective. J. Phys. Chem. Lett., 4:3845–3852, 2013.
[14] W. Mou, S. Hattori, P. Rajak, F. Shimojo, and A. Nakano. Nanoscopic mechanisms
of singlet fission in amorphous molecular solid. Appl. Phys. Lett., 102:173301,
2013.
[15] T.C. Berkelbach, M.S. Hybertsen, and D.R. Reichman. Microscopic theory of
singlet exciton fission. I. General formulation. J. Chem. Phys., 138:114102, 2012.
[16] W-L. Chan, M. Ligges, and X-Y. Zhu. The energy barrier in singlet fission can be
overcome through coherent coupling and entropic gain. Nat. Chem., 4:840–845,
2012.
[17] A. Suna. Kinematics of exciton-exciton annihilation in molecular crystals. Phys.
Rev. B, 1:1716–1739, 1970.
[18] R.C. Johnson and R.E. Merrifield. Effects of magnetic fields on the mutual annihilation of triplet excitons in anthracene crystals. Phys. Rev. B, 1:896–902, 1970.
[19] S.T. Roberts, R.E. McAnally, J.N. Mastron, D.H. Webber, M.T. Whited, R.L.
Brutchey, M.E. Thompson, and S.E. Bradforth. Efficient singlet fission found in a
disordered acene film. J. Am. Chem. Soc., 134:6388–6400, 2012.
[20] G.B. Piland, J.J. Burdett, D. Kurunthu, and C.J. Bardeen. Magnetic field effects
on singlet fission and fluorescence decay dynamics in amorphous rubrene. J. Phys.
Chem. C, 117:1224–1236, 2013.
[21] W.B. Whitten and S. Arnold. Pressure modulation of exciton fission in tetracene.
Phys. Stat. Sol., 74:401–407, 1976.
[22] J. Lee, P. Jadhav, P.D. Reusswig, S.R. Yost, N.J. Thompson, D.N. Congreve,
E. Hontz, T. Van Voorhis, and M.A. Baldo. Singlet exciton fission photovoltaics.
Acc. Chem. Res., 46:1300–1311, 2013.
[23] H. Angliker, E. Rommel, and J. Wirz. Electronic spectra of hexacene in solution.
Chem. Phys. Lett., 87:208–212, 1982.
[24] M. Watanabe, Y. Chang., S. Liu, T. Chao, K. Goto, M.M. Islam, C. Yuan, Y. Tao,
T. Shinmyozu, and T.J. Chow. The synthesis, crystal structure and chargetransport
properties of hexacene. Nat. Chem., 4:574–578, 2012.

142

[25] E.V. Anslyn and D.A. Dougherty. Modern Physical Organic Chemistry. University
Science Books, 2006. Chapter 8.
[26] N.G. van Kampen. Stochastic Processes in Physics and Chemistry. Elsevier, 2
edition, 2001.
[27] J.J. Burdett and C.J. Bardeen. The dynamics of singlet fission in crystalline
tetracene and covalent analogs. Acc. Chem. Res., 46:1312–1320, 2013.
[28] B.J. Walker, A.J. Musser, D. Beljonne, and R.H. Friend. Singlet exciton fission in
solution. Nature Chem., 5:1019–1024, 2013.
[29] J.J. Burdett, D. Gosztola, and C.J. Bardeen. The dependence of singlet exciton
relaxation on excitation density and temperature in polycrystalline tetracene thin
films: Kinetic evidence for a dark intermediate state and implications for singlet
fission. J. Chem. Phys., 135:214508, 2011.
[30] M.W.B. Wilson, A. Rao, K. Johnson, S. Gélinas, R. di Pietro, J. Clark, and R.H.
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Chapter 6: Dissecting the Effect of
Morphology on the Rates of Singlet
Fission: Insights from Theory
6.1

Introduction

Singlet fission (SF), a process in which one singlet excited state is converted into two
coupled triplet states, is of interest in the context of organic solar cell technology.1, 2 Although the phenomenon is known for quite some time,3 the mechanistic details are still
unclear. Thus, despite vigorous research,1, 2 the design principles for materials capable
of efficient SF remain elusive.
Many theoretical studies of SF interrogated electronic structure aspects of the problem1, 2, 4–14 focusing on energies of the relevant states and estimating electronic couplings using diabatization schemes or one-electron approximations. Several studies attempted to estimate the rates of SF by using simple Landau-Zener type of approaches7
or more sophisticated dynamics simulations.15–17 Recently, we introduced a theoretical framework18, 19 that combines high-level ab initio calculations of electronic factors
with a simple 3-state kinetic model of SF process. Our approach is based on correlated adiabatic wave functions and the respective transition density matrices that give
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rise to non-adiabatic couplings. The model was used to explain the observed trends in
SF rates in acenes and to interrogate the relative importance of electronic and entropic
contributions.19 A kinetic model for the the first step of singlet fission, a generation
of the multi-exciton state, has been developed by Van Voorhis and co-workers;20 their
approach is based on a Marcus-like rate expression and employs constrained DFT21 for
calculations of the diabatic and adiabatc states and the couplings.
Several factors are contributing to the efficiency of SF. First, the individual chromophores should have properly aligned energy levels, such that E(S1 ) ≈ 2×E(T1 ). Second, the interaction between the chromophores in a molecular solid is also critically
important. The arrangement of the molecules in a solid affects the energy levels, exciton delocalization, and the electronic couplings between the relevant states. While the
significance of each of these factors for the SF process is obvious, it is not clear what
exactly is the best arrangement. Several recent experimental studies have illustrated
the significance of the morphology on the rates and yields of SF.4, 22–28 For example,
covalently linked dimers of tetracene show significantly decreased rates and yields.22
Likewise, SF in solution is much slower than in the bulk.29 While these observations
can be explained by unfavorable couplings and entropic contributions,19 the reported
differences in the yields of SF in different forms of the same molecular solid25–28 are
more puzzling. Several examples are listed below. Efficient SF has been reported in
amorphous 5,12-diphenyltetracene (DPT), however, the crystalline form shows no fission.23 Bardeen and coworkers reported 1.5 difference in SF rates in the two polymorphs of 1,6-diphenyl-1,3,5-hexatriene (DPH). Finally, recent studies by Michl and
coworkers25–27 presented strikingly different yields (and rates) in the two forms of 1,3diphenylisobenzofuran (DPBF): while the so-called α form shows 125% yield of triplet
excitons (at 300 K), the second form, β, shows less than 10%. The difference becomes
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even more pronounced at low temperature. The structural, spectroscopic, and physical properties of the two forms are similar; the calculations reported in Ref.26 further
confirmed that the electronic structure of the two polymorphs is indeed very similar.
In this work, we investigate three systems, DPBF, DPH, and DPT. We explain the
observed differences in the SF efficiency in DPBF and DPH by using our recently developed theoretical framework.18, 19 We also make predictions about SF rates in the two
crystalline forms of DPT.23, 30

6.2

S1’
S1

Theoretical framework

Ed
ESTT
1ME

Eb

Figure 6.1: Three-state model of singlet fission. ’State 0’ denotes an initially excited
delocalized state, ’State 1’ is a multi-exciton state, 1 T1 (A)T1 (B), and ’State 2’ corresponds to two independent triplets. Relevant electronic energies are Estt =E[S1 ]2×E[T1 ], multi-exciton stabilization energy, Eb =E[5 ME]-E[1 ME], and Davydov’s
splitting Ed =E[S10 ]-E[S1 ].
Fig. 6.1 summarizes relevant electronic states and salient features of our model (see
Wednesday, April 23, 2014

Refs.18, 19 for details). SF is initiated by the absorption of a photon producing initially
excited delocalized singlet state. In a dimer, its wave function can be described as a
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linear combination of the excitonic (S1 (A)S0 (B) and S0 (A)S1 (B)) and charge-resonance
(A− B + and A+ B − ) configurations:

c1 S1 (A)S0 (B) + c2 S0 (A)S1 (B) + c3 A− B + + c4 A+ B −

(6.1)

The oscillator strength is spread over several such excitonic states (two in the dimer,
denoted by S1 (AB) and S10 (AB), following the notations from Ref.18); their energies
differ by the so-called Davydov splitting, Ed . We assume that the initially excited state
relaxes to the lowest excitonic singlet state prior to SF; thus, in our calculations we
use energy and electronic coupling of the lowest excitonic state of a dimer, whether it
happens to be bright or dark. In the case when the Davydov splitting is small giving rise
to substantial thermal populations of the higher states, we include the respective rates
into the total rate calculation using Boltzmann’s weights:

BF ≡ P (S1 ) : P (S10 ) = eβEd

(6.2)

State 1 is the multi-exciton state (1 ME); it can be described as two triplet states localized
on the adjacent individual chromophores coupled into a singlet state, 1 T(A)T(B). State
2 is two uncoupled triplets.
Recently, we introduced a simple three-state model for the rate of SF process.19
Electronic energy diagram is shown in Fig. 6.1. The relevant energies are: Estt
(the difference between the initial singlet state and two independent triplets, Estt =
E[S1 ] − 2 × E[T1 ]) and Eb (multi-exciton stabilization energy, 5 ME-1 ME). The rates
of the first (State 0→ State 1) and the second (State 1→ State 2) steps are denoted by
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r1 /r−1 and r2 /r−2 (note that these notations differ from the Merrifield triplet recombination model31 ). This minimalist model of SF can be further extended by including
decay channel (characterized by rate rd ), as discussed below.
Using a linear free energy approach,32, 33 which argues that the activation energy for
a process is proportional to the free energy difference of the reaction, one can connect
the rates and the free energies of the three states:

G0 = 0

(6.3)

G1 = −Estt − Eb − T S1

(6.4)

G2 = −Estt − T S2

(6.5)

where T S1 and T S2 denote entropic contributions (relative to State 0) to the Gibbs free
energies of States 1 and 2. This model is, admittedly, very simple and relies on numerous
approximations; its validity will be judged by a careful comparison against the experimental trends. We note that linear free energy approach has been successfully utilized to
rationalize and predict trends in a large variety of processes in organic chemistry giving
rise to such important relationships as Hammett, Taft, Grunwald-Winstein, Swain-Scott,
and Bronsted scales.32, 33 Recently, the assumptions behind linear free energy relationships have been analyzed and justified by first-principle calculations for series of SN 2
reactions.34 Linear free energy approach works the best when applied to series of sufficiently similar compounds/processes. Since the polymorphs of molecular solids have
very similar structural and physical properties, this is a good case for applying a linear
free energy relationship.
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The entropy is crucially important for singlet fission;19, 35 for example, it allows to
overcome an unfavorable electronic energy difference in tetracene. Entropy also facilitates the separation of the two bound triplets (multi-exciton state, 1 ME) into two independent triplets. In solids, the entropy increases both in the first (S1 →1 ME) and in the
second (1 ME→2T1 ) steps.19 In our previous work,19 we estimated the entropic contributions for crystalline acenes. The calculation depends on the degree of the delocalization
of State 0; thus, the magnitude of entropic contribution depends on the morphology.
However, when comparing rates in homologically similar compounds (such as acenes)
or polymorphs of the same compound, it is reasonable to assume that the entropic contributions are similar because: (i) the number of the nearest neighbors is the same for
the polymorphs considered in the present paper; (ii) the lattice parameters and, consequently, the average separation between the chromophores are very close; and (iii) the
spectroscopic properties of different forms are very similar suggesting a similar degree
of delocalization of the initial exciton. Under this assumption, the relative rates are
determined by the electronic energy differences alone (and, of course, the couplings).
In the present study we focus on estimating the rate of the first step, S1 (AB)→1 ME
and S10 (AB)→1 ME:
2
||γ||
eαβ(Estt +Eb )
r1 [S1 (AB) → M E] ∼
Estt + Eb

2
||γ 0 ||
1
r1 [S10 (AB) → M E] ∼
eαβ(Estt +Eb +Ed )
Estt + Eb + Ed
1



(6.6)
(6.7)

where α is a proportionality coefficient (we use 0.5, as in the previous study19 ) and
1
β= kT
. ||γ|| and ||γ 0 || are the norms of symmetrized one-particle transition density ma-

trices between 1 ME-S1 and 1 ME-S10 , respectively.

||γ||
∆E

is a proxy for a non-adiabatic
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matrix coupling element (see Refs.18, 36 for details and benchmarks); the rate is proportional to its square, as follows from the Fermi Golden Rule expression for rates of
non-adiabatic transitions. The overall rate is computed as Boltzmann-averaged r1 and
r10 :
r=

BF · r1 [S1 →1 M E] + r1 [S10 →1 M E]
BF + 1

(6.8)

where BF is defined by Eq. (6.2).
We note that ||γ|| is not equivalent to the coupling; thus, it cannot be used to compute absolute rates of non-adiabatic transitions. However, it contains information about
state interactions (e.g., mixing of CR configurations into the S1 and ME states) and the
changes in ||γ|| along different displacements correlate well with the magnitude of the
full non-adiabatic coupling, as illustrated by a recent benchmark study.36
Finally, we note that the rates are computed for fixed geometries of dimers taken
from the crystal structures; thus, the effect of nuclear motions is not included. While it
may be important for absolute rate calculations, we expect that the frequencies of the
promoting modes are relatively similar in the polymorphs leading to the cancellation of
the Golden Rule like prefactors in the rates expressions. This limitation can be lifted by
including classical or quantum estimates of Franck-Condon factors.37–39

In Ref.19, this 3-state model was used to to compute the first-passage time,40 τ :
1
r−1
1
1
1
+ +
=
+
τ=
r1 r2 r1 r2
r1 r2



1
1 + eq
K1

(6.9)

Note that this minimalist model focuses on the rates alone and does not describe yields.
Efficient SF can be identified by small τ that reduces the losses due to the competing
channels (radiationless or radiative relaxation, exciton trapping, etc). In order to make
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more quantitative connection between the rates and the experimental yields, we extend
the model by introducing decay channels (from State 0 and State 1) characterized by
rate rd . For simplicity, we assume the same yields (Y2 = Y1 ) for Step 1 and Step 2:
2



Y = Y1 Y2 = (Y1 ) =

r1
r1 + rd

2


=

1
1+x

2
(6.10)

where
x=

rd
r1

(6.11)

describes the competition between the decay and SF rates: when rd  r1 , Y1 ≈ 1. The
effective rate of the first step is also affected by the decay, since the residence time in
State 0 is now equal to:
τ1 =

1
r1 + rd

(6.12)

Thus, the rate of the first step that takes into account the decay channel, r1d , can be
written as:
r1d = r1 (1 + x)

(6.13)

Note that while lowering the yield, the decay accelerates the effective rate out of State
0. In Section 6.4.1, we use experimental data on the yields of SF in DPBF to evaluate
x. We then use x to evaluate r1d . The assumptions of equal yields is, of course, very
crude and is used here only to illustrate the overall effect of the decay channel. It can
be relaxed and refined when more detailed experimental data becomes available.
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6.3

Computational details

We use RAS-2SF method41, 42 that is capable of describing both the excitonic and multiexciton states in the same framework. Following the protocol developed in Ref.19, we
employ the cc-pVTZ basis43 from which f-functions were removed, cc-pVTZ(-f). RAS2SF calculations are performed using ROHF quintet reference and use 4-electrons-in-4orbitals active space.
The structures of different forms of crystalline DPBF, DPH, and DPT are taken from
Refs.23, 26, 28, 30 From these structures, we selected monomers and dimers for electronic
structure calculations, as described in the respective sections below. We also performed
geometry optimizations for the monomers at the RI-MP2/cc-pVTZ level of theory; at
these structures RAS-SF vertical excitation energies were computed and compared with
the experimental data in solutions. All relevant Cartesian geometries are given in SI for
Ref.44.
All calculations are performed using Q-Chem electronic structure package.45, 46
The computed adiabatic wave functions are used to calculate one-particle density
matrices and, consequently, to estimate non-adiabatic coupling elements, as described
in Ref.18. While RAS-2SF produces qualitatively correct wave functions, the absolute
excitation energies are not sufficiently accurate, due to the lack of dynamic correlation.
Consequently, energies of the excitonic states are overestimated; thus, S1 -1 ME gaps are
of a poor quality. However, energy differences such as Davydov splittings and multiexciton stabilization energy are reproduced much better due to error cancellation, as
confirmed by comparisons with higher-level methods, such as SOS-CIS(D) (see SI of
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Ref.18). To obtain better estimates of the S1 -1 ME gaps, we use an empirical correction
based on the experimental excitation energies of the individual chromophores:

comp
corr
Estt
= Estt
+ (∆E[S1 ] − 2 × ∆E[T1 ])

(6.14)

∆E[S1 ] = E exp [S1 ] − E comp [S1 ]

(6.15)

∆E[T1 ] = E exp [T1 ] − E comp [T1 ]

(6.16)

Note that while these energy gaps are crucially important for absolute rates or when
comparing the rates in different compounds, in the calculations of the relative rates of
the polymorphs of the same compound, the correction (almost) entirely cancels out, as
one can see from Eq. (8.1).
When calculating couplings from ||γ|| and ∆E, it is more appropriate to use an
unshifted value of Estt , as it is consistent with the Hamiltonian that defines non-adiabatic
coupling. All calculations presented in the main manuscript use unshifted Estt in the
couplings calculations. In this case, the energy corrections exactly cancels out from
the relative rate calculations, that is, relative rates do not depend on the absolute values
of Estt , but only on their differences. We expect that the differences in Estt between
different dimer structures of the same compound are reproduced much better than the
respective absolute values. In the SI for Ref.44, we also present values computed with
couplings with the shifted gap (this leads to a small change in the relative rates).
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Figure 6.2: Structure of DPBF. Unit cells of the α (top left: view along b-axis; top
right: view along c-axis) and β (bottom left: view along a-axis; bottom right: view
along c-axis) polymorphs. Dimers considered in rate calculations: dimer1 (A+C),
dimer2 (A+B), dimer3 (A+D), dimer4 (B+C), dimer5 (B+D).

6.4
6.4.1

Results and Discussion
1,3-diphenylisobenzofuran (DPBF)

Fig. 6.2 shows the structure of DPBF. The main structural differences between the α
and β forms are the length of the c-axis (20.271 Å and 19.423 Å in the α and β forms,
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respectively) and angle β (106.215◦ and 93.534◦ ) of the unit cell, as shown in Fig. 6.2.
In our calculations, we consider five different dimers: dimer1 is A+C, dimer2 is A+B,
dimer3 is A+D, dimer4 is B+C, dimer5 is B+D. There is the same number of dimers
of type 1, 2, and 3; and twice as many dimers of type 4 and 5 (dimers are counted by
considering different types of nearest neighbors for each molecule in the unit cell).
Table 6.1 summarizes relevant electronic factors, Estt (corrected), Eb , Ed , ||γ|| and
||γ 0 ||, the respective raw energies are given in SI (Table S1) for Ref.44.
Table 6.1: Relevant electronic energies (eV) and ||γ||2 in several DPBF dimers.
Structure
Dimer 1 α
β
Dimer 2 α
β
Dimer 3 α
β
Dimer 4 α
β
Dimer 5 α
β

Estt
-0.494
-0.518
-0.506
-0.533
-0.462
-0.485
-0.467
-0.492
-0.474
-0.493

Eb
0.006
0.005
0.003
0.003
0.000
0.000
0.000
0.000
0.000
0.000

Ed
||γ||2
0.002 0.008
0.002 0.008
0.141 0.003
0.144 0.003
0.008 0.018
0.011 8.5×10−6
0.016 4.7×10−5
0.017 4.0×10−5
0.032 1.7×10−6
0.020 1.1×10−6

||γ 0 ||2
0.006
0.005
8.3×10−4
7.2×10−4
0.014
8.5×10−6
4.7×10−5
4.0×10−5
7.8×10−7
1.2×10−6

We observe that in all dimers, SF is more endothermic (by about 0.02 eV) in the
β form. In agreement with calculations from Ref.26, we observe the largest Davydov
splitting in dimer2. Both in dimer1 and dimer2, the couplings are larger for the S1 state
than for S10 . The magnitude of the couplings in the two forms of dimer1 and dimer2 is
similar. Interestingly, dimer3 (whose structure is neither stacked nor herring-bone like)
shows the largest difference between the two polymorphs as well as the largest coupling
(for the α form). Dimer4 and dimer5 feature smaller couplings (dimer5 is excluded
from the rate calculations below). Note that the trends in Davydov splitting and Eb do
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not follow the trends in ||γ||, e.g., Eb is zero for dimer3 that has the largest coupling.
This observation further illustrates the importance of computing the coupling, rather
than using energy differences as a proxy.
Based on Davydov’s splittings, for dimer1 and dimer3 both singlet states should
be included in the rate calculations at room temperature (Boltzmann factors are 1-1.5),
whereas for dimer2 only the lowest excitonic state should be considered. At lower temperatures, however, the contributions from the higher excitonic states become insignificant.
Table 6.2 summarizes the results for rate calculations and the respective Boltzmann
factors. First, for each form, we compute the rates relative to the dimer2 rate. Then
for each dimer, we compute the relative rates for the α and β forms. As one can see,
dimer3 shows the fastest rate in the α form for both S1 and S10 . In β, dimer1 and dimer2
contribute the most. At lower temperature, the differences are significantly enhanced
due to the difference in Estt between the two forms.
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Form
T=298 K
α
β
α:β
α:β
α:β
α:β
α:β
T=77 K
α
β
α:β
α:β
α:β
α:β
α:β
3.37:1:11.5:0.028
3.47:1:0.06:0.024
1.48:1
1.52:1
3048:1
1.76:1
5.34:1

1:2:3:4
1:2:3:4
1
2
3
4
all

1:2:3:4 7.94:1:119:0.217
1:2:3:4 9.15:1:0.074:0.210
1
6.15:1
2
7.09:1
3
11300:1
4
7.34:1
all
81.3:1

S1 →1 ME rate

Dimer
1.1/247/1.4/1.9
1.1/277/1.5/1.9

Boltzmann factor

2.99:1:10.8:0.03
2.86:1:0.006.8:0.03
1.59:1
1.52:1
2702:1
1.76:1
5.77:1

Total rate

1:1201:24:0.102
1.4/2.4×109 /3.4/11.6 7:49:1:129:0.256
1:1320:0.025:0.110 1.4/3.8×109 /5.4/13.5 8.07:1:0.089:0.246
7.39:1
6.58:1
6.73:1
7.09:1
7118:1
10400:1
6.82:1
7.38:1
6.71:1
96.8:1

0.98:1:3.81:0.014
0.95:1:0.003:0.013
1.77:1
1.71:1
2274:1
1.73:1
5.03:1

S10 →1 ME rate

Table 6.2: Relative rates computed for different dimers from α and β forms. 1:2:3:4 denotes relative rates in dimers 1-4
(see Fig. 6.2 for definition of the dimers).

To compute relative rates, we add the rates for each type of dimers (multiplied by
the number of the dimers of each type) for the α and β forms and then scale the result
by the α:β ratio for dimer2 (the rates for each form are computed relative to dimer2).
At 298 K, this yields:

r1 (α) : r1 (β) = (2.99+1+10.8+0.03×2)×1.52 : (2.86+1+0.006+0.026×2) = 5.8 : 1
(6.17)
which is in a semiquantitative agreement with the experimental ratio, 2.7 in bulk crystals
and 3.4 in films.25, 26 We note that using Boltzmann averaging leads to a small but
noticeable difference, e.g., the ratios computed only for the S1 and S10 states are 5.3:1
and 5.0:1, respectively. At 77 K, the computed ratio is much larger: r1 (α) : r1 (β)=97;
this is because SF in the β form is more endothermic than in α. The experimental rates
at lower temperature have not been reported, however, our result is in agreement with
the observed increased difference in the SF efficiency, e.g., at 300 K, the yield of triplets
is 125% and 10% for the α and β forms, respectively, whereas at 77 K, the yield for the
α form increases up to 200%. The yield of triplets for the β form at 15 K is less than
5%.
Using the extension of the model described in Section 6.2, Eqns. (6.10)-(6.13),
the experimental total yields of triplets, Y, result in the following yields for step one:
Y1 (α)=0.84 and Y1 (β)=0.22 at 298 K, and Y1 (α)=1 and Y1 (β)=0.15 at 77 K. Note that
the difference in yields Y1 for the two forms (as well as differences at two different
temperatures) are less pronounced than in the total triplet yields. Using these yields,
we estimate the values of parameter x for the two forms by Eq. (6.11). At 298 K,
x(α)=0.27 and x(β)=3.5, and at 77 K — x(α)=0 and x(β)=5.7. Now we can use these
values of x derived from the experimental yields to correct the rates of the first step (or,
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more precisely, the rates out of State 0) to take into account the decay channel using Eq.
(6.13). At 298 K, we obtain r1d (α):r1d (β)=2.1:1 which is in a better agreement with the
experiment than the r1 values presented above. At 77 K, our calculations predict the
following ratio: r1d (α):r1d (β)=14.5:1.
We emphasize that explicit values for the rates ratios depend on the yield in each
step. However, for all conditions we expect that the decay processes will modify the
rate for the α form much less than that of the β form because of the higher yield of the
former.
In summary, our calculations explain the observed difference in rates and efficiency
of SF in the two polymorphs of DPBF. The calculations also explain larger difference
at lower temperature. The analysis of different components attributes the difference to
a particularly favorable chromophore arrangement in dimer3 of the α form, in contrast
to the β form. The difference in rates of the two forms of dimer3 is dominated by the
couplings and can be explained by more extensive orbital delocalization in the α form
(see Fig. 6.3); however, the energetic contribution is also important (SF is about 0.02
eV less endothermic in the α form). The next significant contribution to the rate comes
from dimer1; in this case, the α form is also more efficient than the β form, however,
the difference is much smaller (1.5:1). In this case, the couplings are similar and the
difference in rates is mostly due to different Estt . This finding is in agreement with the
conclusions from Ref.20 that emphasized the importance of the overall thermodynamic
drive (i.e., Estt ) for the fast singlet fission.
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HOMO

LUMO

LUMO+1

Figure 6.3: Active-space molecular orbitals from RAS-2SF calculations of dimer3 in the two polymorphs. Top: α-DPBF;
Bottom: β-DPBF. From left to right: HOMO-1, HOMO, LUMO, LUMO+1; contour value: 0.02.

β-DPBF

α-DPBF

HOMO-1

To better understand the nature of coupling, we analyzed the RAS-2SF wave functions of dimer1 and dimer3 following the same strategy as in Ref.18. Leading electronic
configurations of the 1 ME, 5 ME, and S1 states are given in SI (Tables S5-S8) for Ref.44.
As one can see, in both forms 5 ME state is of purely multi-exciton character and does
not include CR contributions. However, in dimer3 the 1 ME state has ∼30% of CR character in the α form, and no CR character in the β form. The S1 state of dimer3 shows
small admixture (2 %) of CR configurations in the α form. Interestingly, dimer1’s states
show no CR character in either form, which is consistent with smaller magnitude of the
couplings. Thus, the α form of dimer3 has largest couplings because of efficient mixture
of CR configurations into the 1 ME state.

6.4.2

1,6-diphenyl-1,3,5,-hexatriene (DPH)

Figure 6.4: Structure of DPH. Top: monoclinic form (M-DPH). Bottom: orthorhombic form (O-DPH).
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Figure 6.5: Four monomers from the crystal structure of DPH used in dimers’
calculations. Four different dimers are considered: dimer1: A+B (left), dimer2:
A+C (left), dimer3: A+D (middle: M form, right: O form).
Fig. 6.4 shows the structure of the two polymorphs of DPH, monoclinic form and
orthorhombic form; Fig. 6.5 shows the individual chromophores used to construct different dimers. We considered three types of dimers: dimer1 is A+B (herring-bone like
structure, as in acenes), dimer2 is A+C (stacked structure), and dimer3 is A+D (in-plane
non-stacked structure). There are four dimer1, two dimer2, and two dimer3, which will
be taken into account in the overall rate calculation. As explained above, the dimers
are counted by considering different types of nearest neighbors for each molecule in the
unit cell.
Table 6.3: Relevant electronic energies (eV) and ||γ||2 in several DPH dimers.
Structure Form
Dimer 1 M
O
Dimer 2 M
O
Dimer 3 M
O

Estt
Eb
Ed
||γ||2
-0.108 0.015 0.443 0.104
-0.106 0.008 0.192 0.018
0.044 0.006 0.145 0.001
-0.082 0.009 0.197 0.006
0.102 0.000 0.117 2.3×10−5
-0.040 0.000 0.123 4.0×10−4

Table 6.3 summarizes relevant energies (the raw values are given in SI, Table S9, for
Ref.44). In this case, Davydov’s splitting is sufficiently large for all three dimers, such
that only the S1 →1 ME rate needs to be considered. The results of rate calculations
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are given in Table 6.4. We note that dimer1 (whose structure is similar to the herringbone structure of dimers from acenes) provides dominant contributions in both M and
O at 298 K. Dimer2 (stacked structure) follows dimer1 closely (at 298 K). Dimer3
shows small contributions at room temperature. In dimer1, Estt is nearly the same in
both forms, thus, the difference in rates is dominated by the coupling. The situation is
different in dimer2 and dimer3 where SF is exothermic in M and endothermic in O.
Differences in couplings in dimer1 from the M and O crystals can be rationalized
based on the results of Ref.18, where the effects of orientation were investigated for
model acenes structures. Fig. 6.6 shows the S1 -1 ME coupling along the inter-fragment
slipping coordinate (D, the displacement along the long molecular axis). As observed in
Ref.18, γ varies strongly along this coordinate. As clearly seen from Fig. 6.6, γ drops
by a factor of 2 as D varies from 2.1 Å (its value in M-DPH) to 4.4 Å (the value of D
in O-DPH). Thus, it is the difference in the slipping coordinate of the two forms, rather
than the distance between the planes of the chromophores that controls the coupling.
The MOs of the two forms are shown in SI (Fig. S1) for Ref.44; M-DPH shows larger
delocalization. The wave function analysis of the ME and S1 states of dimer1 (see
SI, Tables S11-S12, for Ref.44) reveals that the weights of CR configurations are almost
twice higher in the M form, i.e., the 1 ME and S1 states have 21% and 9% of CR character
in M, whereas in the O form the CR weights in these states are only 12% and 4%. Thus,
as in the case of dimer3 of DPBF, larger couplings in dimer1 of M-DPH are due to a
noticeable mixing of the CR configurations into the 1 ME state.
Using the same algorithm and assuming that all dimers are equal, we obtain
r1 (M ):r1 (O)=6.1:1 (at 298 K), which is in a semiquantitative agreement with the experimental ratio of 1.5:1. As seen from Table 6.4, all dimers exhibit a similar trend,
but for different reasons: in dimer1, couplings are responsible for faster rate in the M
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Figure 6.6: ||γ||2 for dimer1 of M-DPH as a function of displacement D along the
long molecular axis. D=2.079 Å in M-DPH and 4.367 Å in O-DPH (see Fig. 6.4).
form, whereas in dimer2 and dimer3, Estt drive the difference. At lower temperatures,
we observe the change in the relative contributions of dimer1, dimer2, and dimer3. Our
calculations predict an increased difference in rates between the two forms at low temperature.

6.4.3

5,12-diphenyltetracene (DPT)

Figure 6.7: The crystal structure of DPT. Left: Three dimers from DPT crystal
grown by vacuum sublimation (V); Right: three dimers from DPT crystal grown
from xylene solvent (X).

164

Table 6.4: Relative rates computed for different dimers from M and O forms of
DPH. 1:2:3 denotes relative rates in dimers 1-3 (see Fig. 6.5 for definition of different dimers).
Form
298 K
M
O
M:O
M:O
M:O
M:O
200 K
M
O
M:O
M:O
M:O
M:O
100 K
M
O
M:O
M:O
M:O
M:O

Dimer

S1 →1 ME rate

1:2:3
1:2:3
1
2
3
all

1.98:1:0.111
1.53:1:0.153
6.56:1
5.07:1
3.67:1
6.10:1

1:2:3
1:2:3
1
2
3
all

0.50:1:0.18
1.20:1:0.21
6.88:1
16.5:1
14.3:1
9.96:1

1:2:3
1:2:3
1
2
3
all

0.008:1:0.83
0.58:1:0.55
7.96:1
590:1
892:1
401:1

DPT is a promising SF system. Interestingly, an amorphous DPT film shows a high
triplet quantum yield of 122% (Ref.23), whereas a vapor-grown DPT crystal shows
almost no SF (Bradforth, private communication).
Two different crystal structures of DPT have been reported: a crystal grown by vacuum sublimation23 and from xylene solvent.30 Fig. 6.7 shows representative dimer
structures taken from the two X-ray structures (V and X, respectively) and the three
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dimers used in the rate calculations. The relevant electronic properties are collected in
Table 6.5; raw energies are given in the SI (Table S14) for Ref.44. Dimer1 and dimer2
are slip-stacked, dimer3 is not. There is an equal number of the dimers of type 1 and 2,
and 4 times as many of dimer3. Note that in dimer1 and dimer2 in V, the DPT moieties
are offset by 0.5 and 1.5 rings, whereas in X the chromophores are offset by 0.25 and
2 rings. As observed for all acenes in Ref.18, half-integer ring offset structures feature
small ||γ|| and large ||γ 0 ||, whereas structures offset by the integer number of rings have
large ||γ|| and small ||γ 0 ||. The results for dimer1 and dimer2 in Table 6.5 follow this
trend. The small magnitude of couplings (between the 1 ME-S1 pair) in all V dimers
explains the lack of efficient SF in vapor-grown crystals of DPT. Thus, based on the
couplings alone, one would expect that S1 →1 ME rates will be larger in X. For dimer1,
Estt also favors the X form, however, in dimer2 SF is more exothermic in the V form (by
about 0.06 eV). However, dimer3 has several orders of magnitude larger couplings (for
both S1 and S01 ) in the V form. Thus, dimer3 will only contribute towards the total rate
in V; however, its contribution is expected to be less that those of dimer1 and dimer2.
The relative rates are summarized in Table 6.6. As expected from the observed trends
in couplings, the X form shows 50 times faster r1 for the S1 →1 ME transition than the
V form. Interestingly, the S10 →1 ME rate is also faster in X. However, the Boltzmannaveraged rates become nearly equal in the both forms, slightly favoring V. This reversal
of the trend is due to large differences in Ed in dimer2. Whereas Ed in dimer2 from the V
form is very small (as expected for half-integer ring offset structures), it is significant for
the X form. Thus, it makes the contribution of the S10 →1 ME transition significant in V,
but not in X. This, combined with contributions from dimer3, reverses the ratio. Thus,
although electronic couplings are clearly more favorable in X, the overall rates appear
to be close in both forms. We note that this result depends strongly on the computed
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Davydov’s splitting. Unlike DPBF, our model predicts that the temperature dependence
of the V:X rates ratio is weak. To summarize, our calculations predict small difference
in SF rates in the two forms of DPT at all temperatures. However, given the uncertainties
in the computed values and the strong effect of Ed on the ratio, the X form may show
faster SF rate than the V form, owing to more favorable couplings in the former. Note
that given inefficient SF in V, it is unlikely that the SF rate in X would become as fast
as in the amorphous DPT.23 It would be extremely interesting to measure SF rates in
the two forms experimentally; such measurements will aid further development of the
theoretical framework.
Table 6.5: Relevant electronic energies (eV) and couplings in several DPT dimers.
Structure Form
Dimer 1 V
X
Dimer 2 V
X
Dimer 3 V
X

6.5

Estt
Eb
Ed
||γ||
0.590 0.004 0.202 0.001
0.615 0.014 0.374 0.118
0.711 0.025 0.004 0.001
0.639 0.022 0.285 0.140
0.680 0.000 0.048 0.018
0.816 0.000 0.047 2.9×10−5

||γ 0 ||
0.093
0.029
0.139
0.098
0.014
2.4×10−7

Conclusions

We investigate SF process in three different compounds, DPBF, DPH, and DPT. Each
compound forms two different types of molecular crystals. Although the polymorphs
exhibit very similar structural, physical, and spectroscopic properties, the efficiency of
SF is different, as illustrated by the experimental studies25, 26, 28 of DPBF and DPH. We
conducted electronic structure calculations of relevant electronic factors and estimated
relative rates of the first step of SF using a simple kinetic model.19 The computed
ratios are in a good agreement with the experimental results for DPBF and DPH, which
167

Table 6.6: Relative rates computed for different dimers from V and X structures
at different temperatures.
Form
T=298 K
V
X
V:X
V:X
V:X
V:X
T=77 K
V
X
V:X
V:X
V:X
V:X

Dimer

S1 →1 ME rate

S10 →1 ME rate

Total rate

1:2:3
1:2:3
1
2
3
all

1:14.3:1.77
1:2:0.006
1:368
1:51.3
1:1.16
1:49.5

1:0.58:0.006
1:1.27:7.28×10−7
1:11.1
1:24.2
1:0.001
1:15.7

1:459:1.86
1:2:0.005
1:133
1:0.58
1:0.35
1:0.86

1:2:3
1:2:3
1
2
3
all

1:4.11×104 :220
1:12:199
1:2617
1:0.77
1:2366
1:50.5

7858:197:1
1:0.052:2.84×10−10
1:1.21×106
1:2.51×106
1:2.71
1:1.25×106

1:3.48×106 :255
1:12:199
1:2617
1:0.009
1:2042
1:0.61

further validates our theoretical framework.18, 19 The analysis of the calculations reveals
that: (i) there is more than one pair of adjacent chromophores that contribute to SF;
(ii) not only slip-stacked configurations show efficient fission; (iii) larger couplings in
can be explained by orbital delocalization and efficient mixing of the CR configurations
into the 1 ME state (and, to a smaller extent, to S1 ); (iv) both electronic couplings and
energies are responsible for different rates. Notably, the recent study of Van Voorhis and
coworkers20 has arrived to the same conclusion, that the thermodynamic drive (overall
exothermicity of the singlet fission) plays a crucial role in determining the rates of the
process.
The calculations also explain the increased difference of the rates in the DPBF polymorphs at low temperature; this is due to the difference in electronic energy gaps between the singlet and triplet states in the two crystal forms. In DPH, both couplings and
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Estt contribute to the difference; the model predicts similar temperature dependence as
in DPBF. For DPT, our model predicts similar rates for the two forms, although the X
form features much more favorable electronic couplings. We note that relatively small
changes in Ed for DPT may change this conclusion in favor of faster SF in the X form.
The combination of calculations and experimental measurements of rates and yields in
various polymorphs at different temperatures will help to further understand the relative
importance of different factors contributing to the efficiency of SF.
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Chapter 7: On couplings and excimers:
Lessons from studies of singlet fission
in covalently linked tetracene dimers
7.1

Introduction

Singlet fission (SF), a process in which one singlet excited state is converted into two
triplet states, is of interest in the context of organic photovoltaic technology.1, 2 By
converting one absorbed high-energy photon into two lower-energy triplet excitons, the
efficiency of a solar cell can be improved by reducing losses in the blue part of the solar
spectrum. The reverse process, triplet-triplet annihilation producing an emitting singlet
state, is exploited in frequency-upconversion materials that can harvest the lower-energy
part of the solar spectrum.3, 4 Owing to its technological significance, the mechanism of
SF has been vigorously investigated.1, 2 Yet, the design principles for materials capable
of efficient SF remain elusive.
As illustrated in Fig. 7.1, SF involves at least two steps, conversion of the initially
excited singlet state (S1 and S10 ) into a multi-exciton state (1 ME) followed by the decoupling and spatial separation of the two triplets. Initial singlet state is derived from the
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1[T (A)T (B)]
1
1

S1(A)S0(B)

T1(A) + T1(B)

r2

r1

Eb
ESF

Ed

State 2: 1ME

+
State 3: T1+T1

State 1: S1/S1’
Figure 7.1: Three-state model of singlet fission. ’State 1’ denotes an initially excited
state derived from excitonic configurations, S1 (A)S0 (B) and S0 (A)S1 (B), with a possible admixture of charge resonance, A+ B− and A− B+ ; ’State 2’ is a multi-exciton
state, 1 (T1 (A)T1 (B)), and ’State 3’ corresponds to two independent triplets. Relevant electronic energies are Esf =E[1 ME]-E[S1 ], multi-exciton stabilization energy,
Eb =E[5 ME]-E[1 ME], and Davydov’s splitting Ed =E[S10 ]-E[S1 ].
bright singlet state of individual chromophores, S1 (A)S0 (B) and S0 (A)S1 (B); depending on the structure, it can be either localized on one chromophore or delocalized over
several neighboring molecules. The electronic configuration of the 1 ME state can be described as two triplet excitations residing on the nearby chromophores and coupled into
a singlet state. From a quantum mechanical point of view, these two steps entail coupled
electron-nuclear dynamics in a system comprising several (at least two) chromophores.
Several other processes can compete with these two steps: radiationless relaxation from
the initially excited or the ME state restoring the ground-state chromophore, annihilation of the triplets forming a singlet excitonic state, formation of charge-transfer states.
In addition to these electronic processes, adiabatic nuclear dynamics can be important,
e.g., the formation of excimers on the S1 surface or structural relaxation of the ME state
can lead to significant changes in energies and couplings thus affecting the rates.
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SF rates are controlled by energetics and couplings.5, 6 To make SF thermodynamically feasible, the energy of the S1 state of the individual chromophore should be approximately double the energy of the T1 state. This criterion is satisfied in large conjugated molecules such as acenes (starting from tetracene), carotenoids, etc.1, 2 Michl and
coworkers noted the connection between the energetic drive for SF and diradical character, i.e., that triplet states can be lowered by increasing diradical character.7 This design
principle8, 9 has been used to engineer new systems capable of SF;10–14 other suggested
molecules await experimental validation.8, 9
Electronically endoergic SF (Esf >0) is possible due to the entropic factor.5, 15 Note
that the energies of the states can be affected by interactions between the chromophores
in a molecular solid (e.g., Davydov’s splitting lowers the energy of the S1 state) as well
as excited-state structural relaxation (e.g., excimer formation). Electronic couplings,
which facilitate non-adiabatic transitions between the states, depend on the underlying
wave functions and are strongly affected by morphology.1, 2, 16–18 The necessary condition to have a non-zero coupling is some degree of the overlap between the frontier
orbitals. However, the non-zero overlap alone is not sufficient. Owing to the oneelectron nature of the derivative operator,18 the coupling between pure excitonic and
the ME configurations is zero, however, mixing the charge-resonance(CR) configurations into the respective adiabatic wave functions leads to non-zero couplings.1, 2, 17 Not
all structures with large overlap have large mixing of CR configurations. A simple 4electron-in-4-orbitals model1 predicts zero couplings at perfectly stacked configuration
and suggests that parallel-displaced structures are optimal for SF.1, 2 However, calculations of non-adiabatic couplings (NACs) in a model system showed that although the
largest couplings are observed at the slip-stacked arrangement, the couplings are also
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quite large at perfectly stacked geometries.17, 18 The role of other configurations (beyond the HOMO-LUMO active space) may also be important. As a recent example
illustrating the complexity of the electronic structure, consider dimers from the crystals
of the 1,3-diphenylisobenzofuran (DPBF) polymorphs.10–12 The calculations revealed,
unexpectedly, that the largest couplings are exhibited by non-stacked (i.e., coplanar)
dimers.19 In the case of the covalently linked dimers, the contribution of the linker to
the couplings needs to be considered. Even if the arrangement of the chromophores
that maximizes the couplings can be found, it does not necessarily translate into fast SF
rates, because such a configuration may have poor energetics. Furthermore, the competing channels may be adversely affected by structural variations. Additional complexity
arises due to the multi-step nature of the process. For example, lowering the energy of
the ME state, which can be achieved by increasing Eb , speeds up the first step, but slows
down the second (see Fig. 7.1).
In order to connect the electronic factors with macroscopic rates, we introduced
a simple 3-state kinetic model5 based on Fermi’s Golden Rule and linear free energy
approach,20, 21 which argues that the activation energy for a process is proportional to
the free energy difference of the reaction. The essential details of the model are outlined
in Fig. 7.1 (here and in Ref.22 we redefined some of the quantities relative to Ref.5,
to follow the standard convention of the signs of chemical reactions and to improve
the clarity; however, the model itself is unchanged). The relevant electronic quantities
are: Esf , Ed , Eb , and parameters ||γ|| and ||γ 0 ||, which are proportional to the NACs
between the S1 /S10 and the 1 ME state. The protocol for computing these quantities
is described in Sec. 7.2. Esf , the energy difference between the lowest S1 state and
1

ME, determines the energetic drive for the formation of the multi-exciton state. Energy

splitting between the excitonic pair, S1 and S10 (Davydov’s splitting, Ed ), determines
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Boltzmann’s populations of the states from the initially excited singlet manifold (if the
population of S10 is significant, then the contribution of this state to SF should be also
included). Energy difference between the ME state and two uncoupled triplets (multiexciton stabilization energy, Eb ) arises due to the stabilization of the 1 ME state relative
to the two independent triplets through the configuration interaction with other singlet
states. Eb is a minimal energy that needs to be overcome for the ME state to acquire a
pure (T1 T1 ) character, before the two triplets can separate. While large positive Eb is
beneficial for the 1 ME state formation (step 1) because they lower Esf , it constitutes a
penalty for the triplet separation step (step 2).
The rates for the first step, S1 (AB)→1 ME and S10 (AB)→1 ME, are:
1



r1 ≡ r[S1 (AB) → M E] ∼

||γ 0 ||
1
r10 ≡ r[S10 (AB) → M E] ∼
∆E + Ed
where β =

1
kb T

2
||γ||
e−αβEsf ,
∆E
2
e−αβ(Esf −Ed ) ,

(7.1)
(7.2)

and α is a parameter from the free energy relationship and ∆E is the

energy difference between the raw (uncorrected) RAS-SF energies of the S1 and 1 ME
states.19 The rate for the second step, 1 ME→2T1 , is:
r2 ≡ r[1 M E → T1 + T1 ] ∼ e−αβEb .

(7.3)

As in the previous studies,5, 19 we use α=0.5.
The quantity of interest is the total time τ to reach State 3, which can be computed
as first-passage time:23

τ=

1
1
r−1
1
1
1
+ +
=
+ + eq
,
r1 r2 r1 r2
r1 r2 K1 · r2

(7.4)
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where K1eq is an equilibrium constant for step 1. When K1eq >>1, the total time is just
the sum of the inverses of individual rates:

τ≈

1
1
+ .
r1 r2

(7.5)

Efficient SF is identified by small τ . Thus, we investigate variations of r1 and r2 in different tetracene dimers. Our model does not attempt to compute absolute rates. Instead,
we compute rates relative to a reference system, so that the exact expressions for the
prefactors in Eqns. (7.2)-(7.3) are not required. This strategy also takes advantage of
error cancellation, i.e., one may expect that the errors of an electronic structure method
applied to homologically similar compounds are systematic and, therefore, cancel out in
the relative rate calculations. We note that the essential features of our model, the exponential dependence on energy differences and the quadratic dependence on the coupling,
are also present in the kinetic model developed by Van Voorhis and co-workers.6 One
difference between our model and that of Van Voorhis (or Marcus rate expression24 ) is
that we do not account for the kinetics in the inverted region that may occur for strongly
exoergic processes. Thus, our model, in its current formulation, is only valid for endoergic and weakly exoergic SF. The physical foundations behind such phenomenological
rate theories, the limits of their applicability, and their utility in understanding general
trends and interpreting the experimental observations are reviewed in Ref.25.
Our strategy is as follows. We first compute relevant energies (Esf , Eb , Ed ) and
couplings (||γ|| and ||γ 0 ||) for the dimers. The details of the electronic structure protocol
are given in Sec. 7.2. We then compute the rates relative to the reference system (in this
paper, two tetracenes in the orientation taken from the crystal structure). Since faster
rates reduce the competition with parasitic processes, we equate faster rates with larger
yields.
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In the above variant, the model neglects triplet-triplet annihilation, radiationless
relaxation to the ground state, geometric relaxation, and contributions to SF beyond
dimers. As discussed below, some of these effects can be accounted for. For example,
the effect of structural relaxation can be evaluated by computing relevant electronic parameters at the relaxed structures. The variations in the rates of radiationless relaxation
leading to S0 can be investigated by analyzing the respective couplings.
The utility of this approach has been illustrated by applications to several SF systems.5, 19 The model has explained the relative rates in tetracene and pentacene and
attributed three orders of magnitude difference to more favorable energetics (the couplings are very similar).5 The model predicted that the rate of SF in hexacene will be
comparable to that in pentacene. A later experimental study26 reported 5-6 times slower
rate of the S1 population decay relative to pentacene. Although our model did not predict
slower kinetics, the predicted rate (91-141 fs) was in qualitative agreement with the experimentally determined one (530 fs). The model has also explained19 the differences in
the SF rates in the polymorphs of DPBF11 and DPH (1,6-diphenyl-1,3,5-hexatriene).27
The focus of this work is on covalently linked tetracene dimers. Tetracene is a particularly interesting system because of slight endoergicity of SF. In the context of solar
energy harvesting, small Esf is desirable because it minimizes efficiency losses due to
the energy-levels mismatch. Since the rates are very sensitive to Esf , small variations in
states’ energies and the couplings due to the interactions between the chromophores may
lead to a significant effect. Thus, understanding the relative rates in various tetracenebased systems presents a stringent test for a theoretical approach.
Early experimental studies of tetracene dimers were conducted by Bardeen and coworkers28 who reported low yields (3-5%) and three orders of magnitude slower SF
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rates (relative to tetracene) for the structures shown in Fig. 7.2. This finding can be rationalized by a small overlap between the individual chromophores, which are coplanar.
This group also investigated a face-to-face tetracene dimer in which the two moieties
are attached to a xanthene bridge29 and observed no evidence of SF, despite the strong
electronic coupling between the fragments. The lack of SF was attributed to the formation of an excimer state lying too low in energy thus impeding the endoergicity of the
generation of free triplets.29 Formation of excimers on a picosecond timescale has also
been observed in face-to-face and slip-stacked dimers of perylene.30–32 Interestingly,
increasing the offset between the chromophores impeded the excimer formation, but did
not result in SF.31 From the theoretical perspective, a possible role of excimers in SF
and their energetics have been discussed by Zimmerman et al.33
Contrary to the findings in covalently linked dimers, excimer formation in dilute solutions of pentacene and tetracene does not block the SF channel but rather serves as an
intermediate step.34, 35 The formation of excimer-like structure, described as frustrated
photodimerization, has been invoked to explain the apparent lack of temperature dependence of the first SF step in tetracene and strong temperature dependence of the second
SF step.36
Recently, efficient SF has been observed in covalently linked pentacene dimers;37
this study suggested that the through-bond coupling between the linked chromophores
might be important.
Dimers in which the tetracene moieties are not coplanar were recently synthesized
at USC.22 Fig. 7.3 shows the structures of the two cofacial alkynyltetracene dimers
called BET-B and BET-X. As one can see, the tetracene moieties are staggered, which
suggests larger overlap than in the structures from Fig. 7.2. In BET-X, which is very
similar to the face-to-face dimer from Ref.29, the rings are almost parallel, whereas in
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Figure 7.2: Covalently linked tetracene dimers from Ref.28.

Figure 7.3: Covalently linked cofacial alkynyltetracene dimers from Ref.22.
BET-B they are not. The experiments have shown that in neat film BET-B undergoes
efficient SF within 1 ps with 154%±10% efficiency. Interestingly, similar rates of the
1

ME state appearance were observed in neat films, solution, PMMA, and in BET-B

doped DPT (diphenyltetracene) film.22 For the second step, the separation of triplets,
possible triplet acceptors are needed. Thus, in PMMA where the dimers are isolated
and immobilized, the 1 ME state simply decays to the ground state. However, in neat
films and in the doped DPT films the 1 ME state can break into two independent triplets.
The rates of the second step were 0.23±0.05 ps−1 and 150±1 ps−1 for BET-B in neat
film and in doped DPT film, respectively. BET-X was found to be photochemically
unstable in neat films and DPT;22 in solution, the initially excited singlet state in
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BET-X is shorter lived than the experiment time resolution (200 fs). The earliest-time
transient-absorption spectra in BET-X were found to be similar to those observed in
BET-B and assigned to the 1 ME state, suggesting similar initial dynamics, but with
faster formation of the 1 ME state.22

The calculations below analyze the electronic factors in these dimers and provide
explanations to the observed trends. The structure of the paper is as follows. Section
7.2 outlines the computational protocols. The results of calculations are presented and
discussed in Section 7.3. Specifically, we discuss relevant structures in the ground and
excited states and analyze energetics and the couplings on the SF rates. The effect of
the covalent linker is also investigated. Our concluding remarks are given in Sec. 7.4.

7.2

Theoretical methods and computational details

We employ the same protocol as in Refs.5, 17, 19 For the sake of clarity, we rewrote the
rate expressions, Eqns. (8.1)-(7.3), using slightly different quantities; however, the essential features of the model are unchanged. As shown in Fig. 7.1, we focus on the
following states: initially excited excitonic pair, S1 and S10 , the 1 ME state of a predominant 1 (T1 T1 ) character, and separated triplets, T1 +T1 . The gap between S1 and
S10 (Davydov’s splitting) disappears when the two fragments are not interacting (e.g.,
at infinite separations between the fragments); in such a case, these states are just the
S1 states of the monomers. We use an adiabatic framework17 and compute all relevant states using the RAS-2SF (restricted-active-space double spin-flip) configuration
interaction method.38, 39 In this approach, different types of configurations (excitonic,
charge-resonance, multi-excitonic) can mix and interact leading to complex adiabatic
wave functions. To characterize the couplings between the resulting adiabatic states,
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we use density-matrix based formalism17, 18 in which the NAC between the two states is
proportional to the norm of the respective transition-density matrix, ||γ||:

γpq = hΨi |p+ q|Ψf i,
sX
2 .
γpq
||γ|| =

(7.6)
(7.7)

pq

The RASCI-2SF method has been successfully employed to model various aspects of
SF.5, 17, 19, 40–43
Following the protocol developed in Ref.5, we employ the cc-pVTZ basis44 from
which f-functions are removed, cc-pVTZ(-f). The RAS-2SF calculations were performed using the ROHF quintet references and the 4-electrons-in-4-orbitals active space.
The key electronic energies, Esf , Eb , and Ed , were computed as follows:
Esf = E(1 M E) − E(S1 ),

(7.8)

Ed = E(S10 ) − E(S1 ),

(7.9)

Eb = E(5 M E) − E(1 M E).

(7.10)

To account for dynamical correlation, the raw RAS-2SF Esf energies were corrected
by a simple energy-difference correction17, 19 (note that in relative rate calculations of
tetracene dimers, the correction cancels out exactly).
The rates were computed using Eqns. (8.1)-(7.3) relative to the tetracene A-C dimer
structure.17 In the tables below, logarithmic relative rates are reported. In this paper, we
neglect entropic contributions and focus exclusively on the electronic factors.
The dimer structures in Figs. 7.2 and 7.3 were optimized by ωB97X-D with the
cc-pVDZ basis set. The crystalline BET-B/X structures (denoted as ’cry’) are based
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on the X-ray structures from Ref.22 for which the CH bonds were optimized using the
same level of theory. The excimer structures for BET-B and BET-X were optimized by
TDDFT with ωB97X-D/cc-pVDZ following the S1 and T1 states. The structure of the
5

ME state was optimized by ωB97X-D/cc-pVDZ.
The degree of overlap between the frontier orbitals of tetracenes in various struc-

tures was computed as follows. First, fragment’s molecular orbitals were computed
by the explicit polarization (XPOL) method,45, 46 where each tetracene moiety in a
dimer (Tc) or a linked dimer (BET-B/X) is treated as one fragment (the linkers are
removed in these calculations), with electrostatic inter-fragment interaction described
by the Löwdin charges. Then the orbital overlap between the relevant MOs of the two
tetracene units is calculated as hHA |HB i and hLA |LB i, where HA,B and LA,B are the
HOMO and the LUMO of fragments A and B, respectively.
To analyze the effect of the covalent linker, we prepared additional model structures
as follows. Starting from the above BET-X and BET-B structures, we replaced the
linkers (benzene or xanthene) by the hydrogen atoms (the CH bonds were optimized
with ωB97X-D/cc-pVDZ). These structures are denoted ‘TcCC-BET-B/X’. Similarly,
we prepared the structures in which the benzene/xanthene moiety and the two ethynyl
groups were replaced by hydrogens; these structures are denoted ‘Tc-BET-B/X’. These
model structures are shown in Fig. S2 in SI of Ref.47.
All calculations were performed with the Q-Chem electronic structure program.48, 49
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7.3
7.3.1

Results and discussion
Structures

The most important difference between the structures from Figs. 7.2 and 7.3 is that in
the former the tetracene rings are coplanar, whereas in the latter they are staggered.
We considered several model structures of BET-B and BET-X (see section 7.2 for
details). The first set was taken from the crystal structures of BET-B and BET-X (which
has two types of crystals, BET-X1 and BET-X2 ). In the discussion below, these structures are denoted by ‘cry’. The second set, denoted by ‘i’, consists of the fully optimized
structures (for BET-B, we considered 3 conformers). The main difference between the
two sets of structures is the distance and the angle between the tetracene rings. Interestingly, in BET-B fully optimized dimers the tetracene moieties are closer to each other
and more parallel, relative to the crystal structure. This is accompanied by a slight bending of the CC linkers. The reason for this becomes apparent when analyzing the crystal
structure of BET-B shown in Fig. 7.4 — as one can see, the molecules are packed such
that the tetracene rings from the neighboring dimers form a nearly perfect π-stacked
motif. Thus, in the crystal, the inter-dimer dispersion interaction, which favors more
open dimer structures, compensates intra-dimer dispersion favoring structures with bent
linkers and shorter intra-dimer tetracene distances.
The dimer structures derived from the crystal structure are representative of the neat
film, whereas the fully optimized structures provide realistic models for dimers in solutions, PMMA, and DPT. In addition to the ground-state structures, we also considered
excited-state optimized geometries for the S1 , T1 , and 5 ME states, which are representative of excimers.
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Figure 7.4: The arrangement of two BET-B molecules in the crystal structure of
BET-B.22
Table 7.1 summarizes the key features of the ground-state and excited-state structures. Specifically, we consider the distance between the tetracene moieties (d), the
angle between their long axes (α), the bent angle of the ethynyl linkers (β), and the deformation of the xanthene bridge (γ); see SI of Ref.47 for the exact definitions of these
parameters. We note that twist angle α has a large effect on the electronic couplings.17
The differences between the structures are subtle. The distance between the tetracene
planes decreases slightly in the isolated ground state and excimer structures of BET-B
relative to the crystal structure. We also note a large change in α between the crystal
structure of BET-B and the S1 excimer — the tetracene units become better aligned. In
the 5 ME excimer, the angle increases again.

7.3.2

Energetics, couplings, and rates

Table 7.2 presents the results for the structures shown in Fig. 7.2. As one can see, all
structures show the decrease in r1 for up to three orders of magnitude. The analysis
of the individual components shows that energetics in these linked dimers is more favorable than in tetracene (Esf is less endoergic), however, the couplings are more than
30 times smaller. We also note that Davydov’s splittings are rather large, which, once
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Table 7.1: Comparison of the equilibrium structures of the ground and excited
states in BET-X and BET-B. See SI of Ref.47 for the definition of the structural
parameters.
System
d, Å
Tc
2.73
BET-B(cry)
3.34
BET-B(i)
3.29
BET-B(S1 )
3.30
BET-B(5 ME) 3.28
BET-B(T1 )
3.23
BET-X(cry1) 3.14
BET-X(cry2) 3.66
BET-X(i)
3.21
BET-X(S1 )
3.17
BET-X(5 ME) 3.42
BET-X(T1 )
3.28

α
3
45
22
22
33
22
9
1
32
36
28
35

β
γ
N/A NA
5
NA
14 NA
14 NA
8
NA
15 NA
8
180
8
179
8
177
10 175
8
158
9
162

again, illustrates that strong electronic interactions between the chromophores do not
imply favorable S1 /1 ME couplings. Experimentally, three orders of magnitude slower
rates for dimers I-III relative to tetracene were observed.28 The calculations based on
electronic factors alone reproduce this trend, but show a smaller effect. We note that including the entropic effect will result in additional slowdown (the entropy contribution is
proportional to the exciton delocalization and the number of possible triplet acceptors5 ).
Table 7.3 presents the results for BET-B and BET-X structures from Ref.22 We
consider the structures of the dimer from the X-ray (denoted by ‘cry’) and of fully
optimized isolated dimers (denoted by ‘i’). The former are representative of the neat film
structures, whereas the latter provide realistic models for dimers in solutions, PMMA,
or DPT.
The calculations reveal that the couplings are favorable in all dimer structures. Couplings are larger in fully optimized dimer structures relative to the ones from the crystal
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Table 7.2: Relevant electronic factors and relative rates of the S1 →1 ME step in
dimers from Ref.28. All energies are in eV.
h
i
r1
2
System
Esf
Eb
Ed
||γ||
log r1 (T c)
Tc
0.396 0.021 0.140
0.084
0
−4
cis-I
0.136 0.001 0.098 5.2×10
-0.72
−4
trans-I
0.134 0.001 0.093 3.8×10
-0.84
cis-II
0.141 0.005 0.121 1.7×10−3
-0.23
−4
trans-II 0.159 0.001 0.122 7.3×10
-0.72
−7
cis-III
0.102 0.000 0.029 5.8×10
-3.44
trans-III 0.098 0.000 0.027 1.4×10−3
-0.04
Ground-state energy differences (ωB97X-D/cc-pVDZ): E(trans-I) - E(cis-I) = 0.36
kcal/mol; E(cis-II) - E(trans-II) = 0.20 kcal/mol; E(cis-III) - E(trans-III) = 0.37 kcal/mol.
Table 7.3: Relevant electronic factors and relative rates of the S1 →1 ME and
1
ME→2T1 steps in BET-B and BET-X dimers from Ref.22. All energies are in
eV.
i
h
i
h
r2
r1
log
System
Esf
Eb
Ed
||γ||2 log r1 (T
c)
r2 (T c)
Tc
BET-B(cry)
BET-B(i)
BET-X(cry1)
BET-X(cry2)
BET-X(i)

0.396
0.035
0.315
0.447
0.364
0.020

0.021
0.152
0.098
0.069
0.043
0.312

0.140
0.313
0.323
0.553
0.356
0.226

0.084
0.044
0.087
0.172
0.121
0.195

0
1.90
0.41
0.13
0.31
0.96

0
-1.11
-0.65
-0.38
-0.77
-2.47

structures because of better overlap between the rings. The analysis of the couplings
shows that the presence of the linker is important (more on this below).
Esf is more favorable in BET-X(i) > BET-B(cry) > BET-B(i) > BET-X(cry2) >
Tc > BET-X(cry(1). Better energetics in BET-B relative to Tc are mostly due to the
lowering triplet energy and, consequently, the 1 ME state (this can be seen from the raw
energies shown in SI of Ref.47). For example, relative to Tc, in BET-B(cry) the S1 state
is lower by 0.14 eV, whereas 1 ME is lowered by 0.5 eV. As one can see, a more parallel
arrangement of the tetracene moieties in BET-B(i) leads to a larger Davydov splitting,
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and, consequently, preferential stabilization of S1 and less favorable Esf . Likewise, the
BET-X structures show large Ed and less favorable Esf . The trends in couplings and
energetics often oppose each other, since the couplings often increase when the overlap
between the tetracenes increases. For example, BET-B(i) and BET-X(cry) exhibit larger
couplings and less favorable energetics than BET-B(cry). Likewise, the couplings in all
three BET-X structures are larger than in the reference tetracene system.
The rate of the first step of intra-dimer SF in BET-B(cry) is faster by almost two orders of magnitude than in tetracene suggesting that SF occurs on pico to sub-picosecond
timescale, in agreement with the experimental observations.22 We note that for such
fast process one may need to consider the contribution to fission from the initially excited state, S10 . Due to more favorable energetics, these rates are even faster (see SI of
Ref.47). We note that the intra-dimer rate of SF is somewhat higher (up to 10 times) in
BET-B(cry) than in BET-B(i), suggesting that one may expect faster rates in neat films.
However, to make unambiguous comparison between the neat film and isolated dimer,
the contributions from inter-dimer fission should be considered. We will address this
question in future work.
On the basis of the data from Table 7.3, both crystal structures of BET-X are expected to have r1 that are more than an order of magnitude slower than in BET-B(cry),
but slightly faster than in neat tetracene. Thus, one would expect that BET-X may also
undergo SF. Experimentally, BET-X crystals were found to be photochemically unstable,22 suggesting that additional photochemical channels are operational. Thus, in the
discussion below we focus on the structures of isolated dimers and experimental results
for PMMA and solution.
As discussed above, transient absorption of BET-B reveals the formation of the 1 ME
state with ∼2 ps time constant in PMMA and in DPT.22 In the latter, independent triplets
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were also detected. In BET-X, it was found that the initially excited singlet state is
shorter lived than the experiment time resolution (200 fs). The earliest-time transientabsorption spectra in BET-X were found to be similar to those observed in BET-B and
assigned to the 1 ME state, suggesting faster formation of the 1 ME state. Below we
analyze whether triplets could, in principle, be harvested from BET-X and conclude that
this system is not favorable for SF due to possible trapping in an excimer-type structure,
which slows down the second step (r2 ) and facilitates radiationless relaxation to the
ground state.
We first analyze the rates of the second step in BET-B(i) and BET-X(i) at the FranckCondon geometries. Owing to relatively large multi-exciton stabilization energy, the
second step is impeded in both BET-B and BET-X (note that in this calculation, we
only consider energy factor; thus, the direct comparison of the rate relative to tetracene
is not possible). In isolated dimers, r2 in BET-X(i) is 10 times slower than in BETB(i). A slower second step suggests reduced yields due to the competing processes, TT
annihilation and radiationless relaxation to the ground state.
In order to assess relative rates of the radiationless relaxation to the ground state, we
computed ||γ||2 for the 1 ME→S0 transition for BET-B(i) and BET-X(i). The respective
values are 0.076 and 0.160; thus, one may expect twice higher rates of the 1 ME→S0
transition in BET-X(i). Thus, a combination of slower r2 and higher rates for the radiationless relaxation to the ground state might be responsible for a fast excited-state decay
in BET-X.
Finally, we consider the effect of excimer formation on SF rates. We computed optimized geometries on the S1 surface for BET-B and BET-X (see Table 7.1). As expected,
both structures are characterized by shorter distances between the tetracene moieties
relative to the respective crystal structures. BET-X shows larger relaxation relative to
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BET-B (the structures in Table 7.1 suggest that a larger geometric relaxation in BET-X
is mostly due to a more flexible bridging moiety). Table 7.4 collects relevant electronic
factors and rates. As expected, excimer formation leads to the increase in Ed and lowering of the S1 state. Unexpectedly, we found that Esf actually becomes more favorable,
because of the considerable relaxation of the 1 ME state along this displacement. In
order to validate the RAS-2SF results, we also computed relaxation of the T1 state at
the excimer structure by TDDFT. We found that the computed energy drop of the ME
state is indeed roughly equal to twice the value for the triplet. We found that at the
S1 -excimer structure, the rates of the first step, the ME formation, are comparable to or
faster than the rates computed at the Franck-Condon geometries. However, the rates of
the second step, triplet separation, are considerably impeded, due to the ME stabilization and the increase in Eb . Thus, the excimer serves a trap of the transient 1 ME state.
Again, we observe that the decrease in r2 is two orders of magnitude larger in BETX(S1 ) than in BET-B(S1 ). The analysis of the couplings (see Table 7.4) suggests that
the excimer formation leads to the faster rate of radiationless relaxation and the effect
is more pronounced in BET-X(S1 ). Thus, the calculations suggest that triplet harvesting
from BET-X would be hampered by faster rates of radiationless relaxation and slower
rates of the triplet separation step relative to BET-B. Both effects are enhanced by the
excimer formation.
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BET-B(S1 )
BET-X(S1 )

S1 -1 ME
0.439 0.229 0.771 0.195
-0.070 0.475 0.757 0.191

1

ME-S0
0.014
0.172

S1 -S0
0.224
0.222

0.21
3.28

-1.77
-3.85

Table 7.4: Relevant electronic factors and relative rates of the S1 →1 ME and 1 ME → 2T1 steps in BET-B and BET-X
dimers at the S1 -optimized structures. All energies are in eV.
h
i
h
i
r1
r2
2
2
2
System
Esf
Eb
Ed
||γ||
||γ||
||γ|| log r1 (T c)
log r2 (T c)

An interesting question is what is the impact of the geometric relaxation of the 1 ME
state. As one can see from Table 7.4, the 1 ME state is considerably stabilized at the S1 excimer geometry. We expect that it may relax even further. This geometric relaxation
of the 1 ME state will increase energetic penalty for the separation of triplets. We were
not able to optimize the structure of the 1 ME state because the analytic gradients are
not available for the RAS-2SF method. Instead, we optimized the geometry of the 5 ME
state by using ωB97X-D/cc-pVDZ. This structure corresponds to a pure 1 T1 T1 state (we
note that it is very similar to the C-DFT optimized structure of T1 T1 ), but it does not
capture the effect of other electronic configurations, which are present in the adiabatic
1

ME state. The energy diagram in Fig. 7.5 shows energies of the S1 , 1 ME, and 5 ME

states relative to S0 (at its equilibrium geometry) at the Frank-Condon geometry and
the optimized geometries of the S1 and 5 ME states. As one can see, the relaxation of
the ME state can be quite substantial, up to 0.85 eV (BET-B), which likely will impede
the separation of the triplets. Thus, if the lifetime of the ME state is sufficiently long
and if the structure is conductive of excimers’ formation, the ME state can be trapped
in an excimer-like structure. Another observation is that the structures of the S1 and
ME excimers are apparently rather different, leading to different energy ordering of the
relevant states. For example, in the S1 -excimer structure, the ME state is stabilized
more in BET-X relative to BET-B, whereas the ME excimer is lower in BET-B. The
comparison of the optimized geometries of the 5 ME state (see Table 7.1) reveals that the
distance between the tetracene moieties is slightly larger in BET-X and BET-B and that
the xanthene bridge is strongly bent.
We note that our results also lend an indirect support to the mechanistic hypotheses put forward by Schmidt and coworkers.36 They posited that in solid tetracene a
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Figure 7.5: Excitation energies of the S1 , 1 ME, and 5 ME states relative to S0 (at its
equilibrium geometry) at the Franck-Condon (FC) geometry and at the optimized
geometries of the S1 and 5 ME states. Left: BET-B. Right: BET-X.
multi-exciton state relaxes, forming an excimer-like structure and acquiring small oscillator strength via intensity borrowing from S1 . The structural relaxation, which they
described as frustrated photodimerization, lowers the energy of the ME state below vertical S1 energy making the first SF step temperature independent and resulting in strong
temperature dependence of the second step. As discussed below, at the excimer-like
structures, both BET-X and BET-B show non-zero oscillator strength, 0.001, for the
S0 ↔1 ME transition. As one can see from Fig. 7.5, unconstrained optimization on the
5

ME surface (using DFT) results in the 1 ME state dropping by 0.53 eV below the verti-

cal energy S1 state in BET-B. In solid tetracene, the relaxation of the ME state is likely
to be incomplete. Based on the computed energetics for a model Tc dimer (see Table
7.3), relaxation of 0.4 eV would be sufficient to support Schmidt’s hypothesis.

7.3.3

The role of covalent linker in BET-B

In this section, we further analyze the effect of the structure on the energetics and couplings. In particular, we compare the trends in couplings with those in orbital overlaps
and also consider the role of the covalent linkers. To extend the set of representative
structures, we consider three optimized structures shown in Fig. 7.6, in addition to the
crystal structure of BET-B. The structures differ by the degree of the overlap between
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the tetracene moieties. We denote them as 33, 22, and 23. The lowest-energy one is
BET-B(33); it is the same structure as BET-B(i) in the discussion above. It is most similar to the BET-B(cry). In addition, we included the S1 -optimized excimer structures in
the analysis (denoted as ‘ex’).
Orbital overlaps for these structures are given in Table S2 in SI of Ref.47. As expected, the excimer structure features the largest overlap between the frontier orbitals.
Conversely, the X-ray structure in which the rings are less parallel, has smaller overlap
than 33. However, the differences between the three optimized structures, 33, 23, and
22, are less obvious. For example, BET-B(33) has smaller overlap than 22 and 23, due
to the interplay between different types of displacements and nodal structures of the
MOs.17
Fig. 7.7 shows the correlation of the computed overlaps with the couplings. As
one can see, the correlation is not perfect. The differences in overlaps between the two
limiting cases, such as the X-ray and excimer structures, correlate with the differences
in the couplings. However, for other structures the trends in couplings differ from the
computed overlaps. Thus, the orbital overlaps alone should not be taken as a reliable
proxy for the electronic couplings.

Figure 7.6: Optimized structures of the three isomers of BET-B. BET-B(33, left)
is the lowest energy one. BET-B(23, middle) and BET-B(22, right) are 3.6 and 8.6
kcal/mol higher in energy (ωB97X-D/cc-pVDZ).
Fig. 7.8 shows the couplings and rates computed for model structures in which the
covalent linker is removed (see section 7.2). The top panel shows the couplings, whereas
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Figure 7.7: The orbital overlap versus coupling. |hHA |HB i| + |hLA |LB i| is the sum
of the overlaps between the individual fragments, i.e., the HOMO of fragment A
with the HOMO of fragment B and the overlap between the LUMO of fragment A
with the LUMO of fragment B.
the middle and bottom panels show rates relative to the tetracene dimer from the crystal
structure (log[r1 /r1 (T c)]). As one can see, the couplings are larger in the presence of the
linker. The effect is most pronounced in the structure with the smallest overlap, BETB(cry). For this structure, we also observe that both the benzene ring and the -CC- part
of the linker are significant. Our results on the role of the covalent linker are in line with
the experimental findings for pentacene dimers,37 which showed that the through-bond
interaction is important. Such through-bond interactions are turned off when the linkers
are removed and the couplings are driven by the overlaps.
The effect of the linker on the rate is more complex, because of its effect on
energetics. The energy contribution from the linker disfavors SF, as one can see from
the middle panel of Fig. 7.8, which shows the energy contribution to the relative rates.
The overall rate (Fig. 7.8, bottom panel) shows that the linker slows down SF relative
to the unlinked tetracenes at the identical geometric arrangement.
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Finally, we would like to discuss the nature of the 1 ME state in BET-B and BET-X
in crystal and excimer-like structures. In contrast to the 5 ME state, only asymptotically 1 ME can be described as pure 1 (T1 T1 ). At typical chromophore orientations, the
adiabatic wave function of 1 ME contains small contributions (4-6%) from other singlet
configurations, such as CR and excitonic configurations.17, 43 Indirectly, the wave function composition can be inferred from variations in Eb (larger values are indicative of
an increased mixing of other singlet configurations into the 1 ME state), ||γ|| (admixture of CR configurations leads to increase in ||γ||), and transition dipole moments (the
oscillator strength of the S0 ↔1 ME transition is zero for the pure 1 (T1 T1 ) state). We
observe relatively large Eb in BET-X and BET-B, especially at the excimer-like structures. We also found that at the x-ray structure, the oscillator strength is 0.0004 and
0.0007 for BET-B and BET-X, respectively. At the S1 excimer geometries, the oscillator
strength increases to ∼0.001 for both species. This small oscillator strength acquired by
the 1 ME state is likely responsible for weak steady-state emission observed in BET-X
in rigid media.22 The wave function analysis43, 50 shows that the weight of the 1 (T1 T1 )
configuration in the multi-exciton state is roughly 80% (at the crystal structure). Thus,
the weight of other singlet configurations is indeed larger than observed in unlinked
pairs of chromophores (4-6%).17, 43 Such large mixture of other configurations explains
why in BET-B, the transient absorption of the 1 ME state is noticeably different from the
absorption of a pure triplet state.22

7.4

Conclusion

We presented electronic structure calculations of electronic factors controlling SF rates
in several covalently linked tetracene dimers. In the dimers with coplanar moieties,
the calculations predict slower rates relative to neat tetracene, in qualitative agreement
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with experimental findings.28 In contrast, the BET-X and BET-B dimers in which the
tetracene rings are staggered,22 the electronic factors are favorable for SF. The calculations predict faster (relative to neat tetracene) intra-fragment SF (i.e., formation of the
1

ME state) in both BET-X and BET-B. Relative to the coplanar dimers,28 the computed

rate of SF in BET-B is faster by more than 3 orders of magnitude. Fast SF in BET-B
is confirmed by the recent experimental study.22 Early excited-state dynamics in BETX is similar to that in BET-B. The calculations reveal that the second step of SF, the
separation of the 1 ME state into independent triplets, is significantly impeded in BETX. Furthermore, almost perfect sandwich-like arrangement of the tetracene moieties in
BET-X leads to the increased couplings with the ground state. In addition, the excimer
formation, which is more favorable in BET-X, enhances both effects. Thus, the calculations suggest that the BET-X type of structures, which are more conductive to excimers
formation, lead to a slower rate of the second step and more efficient radiationless relaxation (to S0 ).
We also analyzed the effect of the fragments orbital overlaps and covalent linkers on
the couplings and rates of SF. We found a limited correlation between the overlaps and
couplings. In all considered structures, the presence of the linker leads to larger couplings, however, the effect on the overall rate is less obvious, since the linkers generally
result in less favorable energetics. This complex behavior once again illustrates the importance of integrative approaches5, 6 that evaluate the overall rate, rather than focusing
on specific electronic factors, such as energies or couplings. Using such kinetic models is important because couplings and energies are affected by morphology in different
ways.
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Figure 7.8: The effect of the covalent linker on couplings and rates. Top: Couplings in various BET-B structures with and without the linker. Center: Relative
r1 computed without couplings (energy contribution only). Bottom: Relative r1
for different model structures. Rates are computed relative to the tetracene dimer
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from the crystal structure, log[r1 /r1 (T c)].
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Chapter 8: Intra- vs. Inter-Molecular
singlet fission in covalently linked
dimer
8.1

Introduction

Singlet fission (SF), a process in which one singlet excited state is converted into two
coupled triplet states, is of interest in the context of organic photovoltaic technology.1, 2
Although design principles for materials capable of efficient SF remain elusive, it is
clear that morphology of a molecular solid is an important factor affecting the two steps
in the SF photophysical mechanism, that is, the formation of an intermediate state of
multiexcitonic character and its splitting into two non-interacting triplets.
Due to the inherent difficulties with controlling morphology in molecular solids,
the idea of using covalently linked dimers, in which the relative orientation of the two
chromophore moieties can be tuned up at will by the rational design of the linker,
shows much promise in the search for efficient SF materials.3–13 Among different chromophores capable of SF, tetracene is an interesting system because of slight endoergicity
of SF: close level matching is more attractive from the efficiency point of view.
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Recently, dimers with staggered tetracene moieties have shown promising SF ability. In particular, ortho-bis(5-ethynyltetracenyl)benzene (BET-B) was found to exhibit
efficient SF on the time scale of 1-10 ps in neat films, in solution, and when doped into
DPT;8 these rates are an order of magnitude faster than the SF rate measured in neat
tetracene. Fig. 8.1 shows the structure of BET-B. On the basis of calculations,9 fast
SF rates were attributed to the improved energetics and couplings relative to the neat
tetracene. The analysis of electronic states illuminated the role of the covalent linker: it
facilitates through-bond interactions between the tetracene moieties leading to the noticeable changes in the wave-function composition of the relevant states relative to the
unlinked tetracenes at the same configuration. This system demonstrated that by using the linked dimers scaffold, one can control both through-space and through-bond
interactions between the chromophores. Thus, one may be able to tune the electronic
properties of the individual chromophores dimers to maximize SF rates.

Figure 8.1: Two different views of the structure of the two BET-B molecules taken
form crystal structure. The distance between the covalently linked tetracene rings
(units A and B) is 3.34 Å; the distance between A and A0 is 3.40 Å. A and B rings
are staggered (the angle between their long axes is 45◦ ), whereas A and A0 are
parallel (zero angle) but shifted along the long axis by 1.5 Å (about 0.6 of benzene’s
ring width).
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One interesting aspect of BET-B revealed by calculations9 is that the distance
and the overlap between the rings depends strongly on the competition between inter
and intra-molecular dispersion interactions between the π-systems on the tetracene
moieties. For example, geometry optimization of isolated BET-B results in the structure
in which the two ethynyl units in the linker are slightly bent and the two rings are more
parallel than in the X-ray structure (Fig. 8.1). The driving force for this distortion is
intra-molecular dispersion interaction. Interestingly, in the X-ray structure the distance
between the tetracene moieties from the adjacent BET-B molecules (A and A0 ) is
nearly the same as between the rings from the same BET-B molecule (A and B). Also,
the adjacent tetracene moieties from the two different BET-B molecules are more
parallel than the intra-molecular pair. These structural features of (BET-B)2 lead to an
important mechanistic question: whether SF in the neat film of BET-B involves intraor inter-molecular fission, or both. While intra-molecular SF has been characterized in
several systems,10–14 the competition between intra- and inter-molecular pathways in
dimers’ aggregates has not been investigated.

In this paper, we analyze the electronic structure of the two BET-B molecules and
assess the relative importance of intra- versus inter-molecular SF. As in our previous
work,9, 15–17 we employ adiabatic framework for calculating relevant states and their
couplings. In the context of SF, relevant electronic states of a system comprising two
chromophores (A and B) are derived from excitonic (EX, or local excitations, LE),
charge-resonances (CR), and multiexciton (ME) configurations.15 We analyze the character of many-electron adiabatic states in terms of EX, CR, and ME configurations using
wave-function analysis scheme based on localized orbitals and spin-correlators.18, 19
We address the following questions:
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• What is the degree of delocalization of the relevant electronic states and what
impact it has on the SF properties?
• How electronic states of the single BET-B molecule are affected by intermolecular interactions? We consider energies, couplings, and the characters of
the states.
• How do the SF mechanism and rates in the dimer compare to those in isolated
BET-B?

8.2

Theoretical methods and computational details

The structures of BET-B and (BET-B)2 were taken from the crystal structure and positions of all hydrogens were optimized by ωB97X-D. BET-B has C2 symmetry, whereas
the dimer has Ci symmetry. The Cartesian geometries of all structures are given in
supplemental information (SI) of Ref.20.
We employ adiabatic framework for calculating all relevant states by using
the restricted-active-space spin-flip configuration interaction (RASCI-SF or RAS-SF)
method21–23 with single, double, and quadrupole spin-flip. In the systems with two
chromophores (such as tetracene dimer and BET-B molecule), we use RAS-2SF and a
quintet reference state. In the system with four teracenes, (BET-B)2 , we use RAS-4SF
and a high-spin reference state with eight unpaired electrons. We quantify the electronic
couplings between the states by using respective one-particle transition density matrices.15, 24 We then analyze the characters of the adiabatic states in terms of EX, CR, and
ME configurations using wave-function analysis tool based on localized orbitals and
spin correlators.18, 19 The weights of different configurations in RAS-SF calculations
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are used to compute state-specific energy corrections,18, 25 as described below (section
8.2.1).
As in our previous studies of SF,9, 17 we estimate the effects of changes in electronic
structure on the SF rates by using a simple kinetic model.16 The rate of 1 ME state formation is given by the following expression derived by using linear free energy approach
and Fermi Golden Rule:

1

r1 ≡ r[S1 (AB) → M E] ∼

where β =

1
kb T



||γ||
∆E

2

e−αβEsf ,

(8.1)

and α is a parameter from the free energy relationship and ∆E is

the energy difference between the raw (uncorrected) RAS-SF energies of the S1 and
1

ME states.17 The rates are computed relative to the reference system, a single BET-B

molecule. When several target 1 ME states are available (as it happens in (BET-B)2 where
the two lowest 1 ME states are degenerate), the respective rates are summed. When the
gap between the lowest excitonic pair (EX1 and EX2 ) is comparable with kT, the rates
from the both states are computed and averaged using Boltzmann’s populations.
The cc-pVDZ basis was used in all calculations reported here. We note that this is a
smaller basis than in Refs. 8, 9, where we employed a mixed basis (cc-pVTZ-f on carbons and cc-pVDZ on hydrogens). Core electrons were frozen in RAS-SF calculations.
All calculations were performed using the Q-Chem electronic structure program.26, 27

8.2.1

Raw RAS-SF energies and energy correction

The RAS-SF configuration expansion contains all important determinants needed to describe EX/LE, CR, and ME configurations; thus, it provides a balanced description of
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electronic states relevant to SF. Although RAS-SF wave-functions are of good quality, the dynamic correlation is largely missing. Consequently, the absolute excitation
energies are not sufficiently accurate. In our previous work,9, 15–17 we used simple empirical correction to account for missing dynamical correlation. Here we employ a more
rigorous energy correction scheme based on state-specific wave-function composition.
The wave-function analysis scheme for multi-chromophore assemblies18 allows one to
decompose the total adiabatic wave-function in terms of EX/LE, CR, and ME configurations.
The energy correction scheme in terms of wave-function composition was described
in detail in Refs. 18, 25. The expression for the corrected energies is:

E[Ψ] = E0 [Ψ] +

X

ω X EC [ΨX ],

(8.2)

X

where X corresponds to a specific type of excitation contribution and EC [ΨX ] are correction energies associated with each X contribution with ω X weight. The different
types of excitations considered here are: EX/LE, CR, and the ME configurations.
Corrected energies for BET-B
For a bi-chromophore system, the weights of different configurations are given by18 :
CR
CR
LE indices ωALE and ωBLE , CR numbers ωAB
and ωBA
, and ME indices ω T T (triplet-

triplet) and ω SS (singlet-singlet). We note that in BET-B the two tetracene moieties are
equivalent by symmetry; thus, the weights of LE and CR configurations are symmetric
and it is sufficient to consider their sums, ω LE and ω CR . For low-lying excited singlet
states of a bichromophoric system, Eq. (8.2) assumes the following form:

E[Ψ] = E0 [Ψ] + ω LE EC [LE] + ω T T EC [T T ] + ω SS EC [SS] + ω CR EC [CR]

(8.3)
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Based on our previous studies,18, 19 the SS contributions in the decomposition of lowlying states are usually rather small. Here we approximate the correction to these contributions (EC [SS]) as twice the correction of singlet local excitons (EC [SS] = 2EC [LE]).
Higher contributions like QQ (quintet-quintet) are not considered. Hence:

E[Ψ] = E0 [Ψ] + (ω LE + 2ω SS )EC [LE] + ω T T EC [T T ] + ω CR EC [CR]

(8.4)

To obtain the correction energy to the CR contributions, we compare the energies of
RAS-2SF CR diabatic states (computed as described in our previous work25 ) to the excitation energy of the CT state computed with constrained DFT (C-DFT) with ωB97XD. The C-DFT state corresponds to the A+ B− configuration, while the RAS-2SF CR
diabatic states for symmetric dimers correspond to “+” and “−” linear combinations of
the A+ B− and A− B+ configurations. Therefore, in order to compare C-DFT with the
RAS-2SF energies, we take the average of the two lowest RAS-2SF CR diabatic states:

ωB97X−D
EC [CR] = ECT
−


1
RAS−2SF
RAS−2SF
ECR1
+ ECR2
= −1.693 eV
2

(8.5)

The correction energies to the TT contributions are obtained from the energies of the
lowest quintet state (Q1 ) of BET-B as:
− EQRAS−2SF
= −0.462 eV
EC [T T ] = EQωB97X−D
1
1

(8.6)
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Finally, the energy correction to LE contributions is obtained by enforcing the RAS-2SF
corrected energy for the lowest EX singlet state of BET-B to be equal to the excitation
energy of the lowest excited singlet computed with ωB97X-D:

EC [LE] =

ESωB97X−D
− (ESRAS−2SF
+ ωST2T EC [T T ] + ωSCR
EC [CR])
2
1
2
= −0.939 eV(8.7)
LE
SS
ωS2 + 2ωS2

where ESωB97X−D
is the excitation energy of the lowest excited singlet of the BET-B
1
molecule computed with ωB97X-D, and the S2 label corresponds to the lowest EX singlet of BET-B obtained with RAS-2SF (see Table S1).
Corrected energies for (BET-B)2
The expression of corrected energies for (BET-B)2 is:
0

E[Ψ] = E0 [Ψ] + (ω LE + 2ω SS )EC [LE] + ω T T EC [T T ] + ω CR EC [CR] + ω CR EC [CR0 ]
(8.8)
where CR0 corresponds to charge resonances between the two BET-B molecules and
EC [CR0 ] is obtained as:
ESωB97X−D
− (ESRAS−4SF
+ (ωSLE
+ 2ωSSS
)EC [LE] + ωST7T EC [T T ] + ωSCR
EC [CR])
7
7
7
1
7
EC [CR ] =
CR0
ωS7
0

= −1.522 eV
(8.9)
where here ESωB97X−D
is the excitation energy of the lowest excited singlet of (BET1
B)2 computed with ωB97X-D, and the S7 label corresponds to the lowest EX singlet of
(BET-B)2 obtained with RAS-4SF (see Table S1). Higher configurations with the TTS
form have been included in the ω T T weights.
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8.2.2

Comparison of energies and anticipated error bars

Here we discuss anticipated error bars of the corrected energies. Let us revisit tertacene, to illustrate the origin of the problem. Table 8.1 shows excitation energies for
tetracene. As one can see, RAS-SF considerably overestimates experimental energies
and the errors are different for the singlet and triplet states: they are 0.88 eV and 0.28
eV, respectively, in cc-pVDZ basis (1.41 eV and 0.53 eV, in a triple-zeta quality basis).
Thus, the errors in relative energies of the singlet and multiexciton states in dimers (and
larger aggregates) will be significant, as illustrated by E[S1 ]-2×E[T1 ] given in the last
row of Table 8.1.
In our previous work,9, 15–17 we used simple empirical correction following the idea
from Ref. 28: raw RAS-SF energies of S1 and S10 states were shifted down by 1 eV,
energies of the triplets were shifted down by 0.2 eV, and energies of the ME states were
shifted down by 0.4 eV (twice the value for the triplet). Since we always compute
rates relative to the reference tetracene system, the correction was canceling out exactly.
That is, the relative rates computed using the old fixed-value correction are identical to
the rates computed using raw RAS-SF energies. In this approach, the effects of possible
contributions of CR configurations and mixing of LE and TT configurations were not accounted for. The new energy correction scheme is based on wave-function compositions
of the adiabatic states and, therefore, accounts for these effects. However, the correction
relies on the reference values. We choose to use ωB97X-D/cc-pVDZ as our reference
method because we could not find a more reliable approach, which is still affordable.
Thus, our corrected RAS-SF energies are going to be as good as ωB97X-D/cc-pVDZ is.
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State
ωB97X-D/DZb ωB97X-D/TZc RAS-SF/DZb
S1
3.198
3.144
4.078
T1
1.629
1.691
1.894
E[S1 ]-2×E[T1 ]
-0.06
-0.24
0.29
a
: Structure optimized with ωB97X-D/cc-pVDZ.
b
: DZ: cc-pVDZ.
c
: TZ: cc-pVTZ-f on heavy atoms and cc-pVDZ on hydrogens.

RAS-SF/TZc
3.989
1.878
0.23

exp
2.58329
1.3530
-0.12

Table 8.1: S1 and T1 vertical excitation energies (eV) for tetracenea .

As one can see from Table 8.1, the errors of ωB97X-D/cc-pVDZ against the experiment are 0.615 eV and 0.279 eV, respectively. These values give an estimate of the
error bars in the absolute excitation energies computed using our scheme: 0.62 eV for
S1 /S10 , 0.28 eV for T1 /T10 , and 0.56 eV for ME. The errors in the S1 −1 ME gap are much
smaller, about 0.06 eV. To evaluate the accuracy of absolute excitation energies, we can
compare the computed corrected value of S1 of 2.61 eV with the experimental excitation
energies of BET-B in solution (2.42 eV) and in neat film (2.32 eV). Thus, the computed
S1 state is blue shifted by about 0.2 eV. The agreement could be improved by using
higher-quality reference data for computing energy correction.

8.3

Results and discussion

In the context of SF, relevant electronic states of a system comprising two chromophores
(A and B) are EX, CR, and ME states.15 The former can be described as linear combination of locally excited states (S1 ) of the individual fragments (c1 S1 (A)S0 (B) +
c2 S0 (A)S1 (B)); these states carry oscillator strength of the transition giving rise to the
initially excited bright state (the distribution of the oscillator strength and the energy
splitting between these states depends on the relative orientation of the chromophores).
Because EX states are derived from the excited states of the individual chromophores,
they are often referred to as LE states. At small inter-chromophore distances, adiabatic wave-functions of the excitonic states also include CR configurations (A+ B − and
A− B + ). The ME states are derived from the simultaneously excited triplet states of the
individual chromophores (T1 (A)T1 (B)), which can be coupled into the overall singlet,
triplet, or quintet state. The quintet state usually has pure multi-excitonic character,
whereas the 1 ME state can mix with other singlet configurations (EX and CR), which
lowers its energy and affects the electronic couplings with other singlet states.15, 18, 19 At
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large inter-chromophore separation, the energy of the EX states equals the energy of the
S1 state of the individual chromophore and the energy of the ME states equals twice the
energy of T1 . The first step of SF entails a non-adiabatic transition from the EX to the
1

ME manifold. Once 1 ME is formed, two triplets can, in principle, separate by Dexter

energy transfer,16, 31 provided that possible triplet acceptors are available.8 The energy
splitting between 1 ME and 5 ME arises due to stabilization of the 1 ME state by configuration interaction; it represents the energy penalty that needs to be overcome for two
triplets to separate. This quantity is called multiexciton binding energy.15
This relatively simple picture becomes increasingly complex for larger chromophore
aggregates. The number of the EX states increases proportionally to the number of the
chromophores and the excitonic band develops.32, 33 Importantly, these states are quite
delocalized;28, 34 the calculations in tetracene derivatives35 and pentacene34 show delocalization over more than 10 molecules and an average electron-hole distance greater
than 6 Å. The ME states, on the other hand, are more localized.18 Thus, many computational studies of SF focus on model dimers whose structures are taken from the available
X-ray structures.
Here we compute the manifold of low-lying excited states in BET-B and (BET-B)2
and describe their characters in terms of the LE, ME and CR configurations. Figure 8.1
shows labels marking the individual chromophores used throughout this study. In BETB, A and B refer to the two tetracene rings. In (BET-B)2 , states localized on one of the
BET-B molecules are denoted by either A/B or A0 /B0 , whereas the inter-chromophore
states are marked by mixed labels, i.e., A/B0 , A0 /B, etc.
In the case of the BET-B molecule, we consider two lowest excitonic states (S1 (AB)
and S10 (AB), using the notations from our previous work9, 15–17 ) as well as the singlet and
quintet ME states. Table 8.2 shows energies and properties of these states. The energies
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were computed from the raw RAS-SF energies by using the energy correction computed
by Eq. (8.4),18 which accounts for dynamical correlation. As one can see, both excitonic
states include some CR contributions. Noticeably, the 1 ME state has quite substantial
contribution from the CR configurations (20%), which is responsible for non-vanishing
oscillator strength and for significant coupling with the excitonic states, evaluated in
terms of the squared norm of the symmetrized one-particle transition-density matrix
(||γ||2 ).8, 9 The multiexciton binding energy for BET-B is 0.41 eV.
Table 8.2: Electronic properties of BET-B.
State
Eex , eV
fl
ω LE ω CR
S1 (AB)
2.69
0.307 0.80 0.14
S10 (AB)
3.09
0.932 0.88 0.02
1
ME
2.49
<0.001 0.00 0.20
5
ME
2.90
0.00 0.00
1
||γ|| denotes coupling with the ME state.

ω T T ω SS ||γ||2
0.00 0.06 0.056
0.01 0.09 0.092
0.79 0.00
1.00 0.00
-

The (BET-B)2 dimer has Ci symmetry. Consequently, the canonical MOs are delocalized over both BET-B molecules and even qualitative assignment of state characters
of the computed adiabatic states cannot be easily performed by analyzing the wavefunction amplitudes. However, the state characters can be unambiguously determined
and quantified using a recently introduced approach based on localized MOs and spincorrelators.18 Frontier fragment orbitals for the (BET-B)2 system within the RAS2 space
in RAS-4SF calculations mainly correspond to the HOMOs and LUMOs of the four
tetracene moieties with small delocalization towards the covalent bridge (Figure 8.2).
Qualitatively, the manifold of the low-lying singlet adiabatic excited states in the system with four chromophore units is derived from the 16 diabatic configurations: four
EX states, six ME states, and six CR states. We computed the lowest 16 singlet adiabatic states of (BET-B)2 and assigned their character using our wave-function analysis
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scheme.18 We also computed the six lowest high-spin 5 ME states. The results for all
1

ME and 5 ME states, and for the lowest seven EX/CR states are collected in Table 8.3.

These states constitute the lowest-energy manifold (the next singlet state appears at 3.22
eV).

Figure 8.2: Frontier fragment orbital diagram of (BET-B)2 . The left and right
panels correspond to the orbitals localized on the top and bottom BET-B molecules,
respectively. Orbital occupations correspond to the leading configuration of the
ground-state wave function.
All computed 1 ME/5 ME states can be described as singlet- and quintet-coupled pairs
of triplet states residing on two tetracene fragments. As one can see, the two lowest 1 ME
states, which are degenerate, are of intra-molecular type. They are energetically separated from the next four 1 ME states, which are of the inter-molecular type, by a gap
of ∼0.3 eV. The intra-molecular 1 ME states have considerably larger mixing of the CR
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configurations, which is responsible for their energy lowering and also larger couplings
with the EX states. This behavior can be explained by through-bond interactions within
each BET-B molecule, which lowers the energy and increases the intra-molecular couplings. The two lowest EX/CR states are located at 2.61 eV and 2.64 eV; EX1 is dark
and EX2 is bright. We note that both states are delocalized and feature noticeable interand intra-molecular CR. The two singlet states at 2.73 eV and 2.82 eV (i.e., CR1 and
EX3 in Table 8.3) are derived from a mixture of LE and CR on the two outer tetracene
units (B and B0 ), whereas the two highest computed states are predominantly of CR
character.
There are six quintet ME states, which are nearly degenerate (2.79-2.84 eV). Similarly to BET-B, their wave-functions are dominated by the TT configurations. The absence of other configurations in these states explains small splittings of the energies, in
contrast to the 1 ME manifold. Thus, through-bond interaction has much less of an effect
on the 5 ME states relative to the 1 ME ones. We observe that five out of six 5 ME states
have mixed intra- and inter-molecular character. The highest 5 ME state is almost pure
TT0 (inter-molecular) state. The multi-exciton binding energy of the lowest 1 ME state
is 0.34-0.39 eV, which is very close to the value obtained for BET-B. In contrast, the
four highest inter-molecular 1 ME states are practically degenerate with the 5 ME band,
leading to the vanishing multiexciton binding energies.
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0

ωBLE ωBLE0 ω CR ω CR ω T T ω T T ||γ||2 ||γ 0 ||2
State
Eex (fl ), eV ωALE ωALE
0
ME1 (1 TT) 2.44
0
0
0
0
0.17
0
0.81
0
0.024 0.030
1
ME2 ( TT) 2.44
0
0
0
0
0.17
0
0.81
0
0.024 0.031
1
0
ME3 ( TT ) 2.77
0
0
0
0
0
0
0
0.98 0.009 0.019
1
0
ME4 ( TT ) 2.78
0
0
0
0
0.02
0
0
0.97 0.001 0.003
1
0
ME5 ( TT ) 2.78
0
0
0
0
0.01
0
0
0.98 0.021 0.042
ME6 (1 TT0 ) 2.79
0
0
0
0
0.02
0
0
0.97 0.014 0.027
5
ME1
2.79
0
0
0
0
0
0
0.20 0.78
5
ME2
2.80
0
0
0
0
0
0
0.42 0.55
5
ME3
2.81
0
0
0
0
0
0
0.38 0.61
5
ME4
2.82
0
0
0
0
0
0
0.20 0.79
5
ME5
2.82
0
0
0
0
0
0
0.40 0.59
5
ME6
2.84
0
0
0
0
0
0
0.05 0.93
EX1
2.61
0.25 0.25 0.05 0.05 0.09 0.14
0
0.02
EX2
2.64 (0.486) 0.12 0.12 0.13 0.13 0.13 0.21
0
0.01
EX3
2.82
0.01 0.01 0.22 0.21 0.10 0.29
0
0.02
CR1
2.73 (0.473) 0
0
0.11 0.12 0.07 0.60
0
0.01
CR2
2.90
0.10 0.10 0.06 0.06 0.01 0.56
0
0.01
CR3
2.90 (0.170) 0
0
0.07 0.07 0.72 0.01 0.07
0
CR4
2.89
0
0
0.05 0.05 0.75 0.01 0.08
0
0
||γ|| and ||γ || denote couplings with the two lowest EX states (EX1 and EX2 ), respectively.

0

Table 8.3: Electronic properties of (BET-B)2 .

Figure 8.3 shows the energy diagram for BET-B and (BET-B)2 . As one can see,
in (BET-B)2 , the transition to the lowest two 1 ME states from the lowest EX pair is
exoergic by 0.17 eV, whereas the four inter-molecular 1 ME states are higher in energy
(by 0.16 eV). Thus, most likely, SF in BET-B aggregates proceeds via intra-molecular
1

ME states, as in the isolated covalent dimer. Although we anticipate that our com-

puted absolute excitation energies might have substantial errors, we estimate the errors
in the S1 −1 ME gap to be about 0.06 eV (see section 8.2.2 for discussion). Thus, we
believe that the relative ordering of the lowest EX states relative to the 1 ME manifold is
described correctly by the present calculations.

Figure 8.3: Energy levels of BET-B (left) and (BET-B)2 (right). Bright states are
marked in red; quintet ME states are marked in blue; all other states are marked
in black.
The interaction between the two BET-B molecules lowers the excitation energies
of the lowest 1 ME and EX states in (BET-B)2 with respect to the transition energies in
BET-B by 0.05 eV and 0.08 eV, respectively. The larger effect for the excitonic state is
consistent with its delocalized character. Thus, the overall driving force for SF is slightly
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reduced in the dimer with respect to the BET-B monomer (by 0.03 eV). The couplings
are also slightly reduced, probably because of the delocalized character of the excitonic
states. Nevertheless, these changes are rather small to significantly affect the rates. The
computed rates for the transition from the EX1 /EX2 pair to the two lowest ME states in
(BET-B)2 are almost the same as in BET-B: log(r1 (BET-B)2 /r1 (BET-B))=-0.4. We also
estimated the rate of transitions to the inter-molecular 1 ME states; as expected, the rate
is considerably lower (by about 3 orders of magnitude) relative to the rate to the lowest
(intra-molecular) 1 ME states. An intriguing thought is that if these states are populated,
either via transitions from the lowest EX state or from higher excited states, one might
expect more efficient separation of the triplets due to vanishing multiexciton binding
energies.
Thus, our calculations suggest that SF in neat films of BET-B is predominantly
intra-molecular and is similar to that in the isolated dimer. These results explain and
rationalize why the SF rates in BET-B are virtually the same in solution, neat film
and when doped in DPT.8 Although electronic structure of the dimers (and larger
aggregates) of BET-B is rather complex and features many more states, the energies
and character of the relevant states, the lowest excitonic and ME states, are similar to
those of the isolated dimer. The manifold of the inter-molecular ME states lies higher
in energy; also, because inter-molecular 1 ME states have less of CR character, they
feature smaller electronic couplings.

We note that relatively weak couplings for the inter-molecular 1 ME states in (BETB)2 might be not only because there is no through-bond interaction, which is stronger
than the through-space one,9 but also because the A and A0 tetracene moieties are shifted
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by about 0.6 benzene rings (Fig. 8.1), which is unfavorable for couplings.15 In order to test how the interplay between through-space and through-bond inter- and intramolecular interactions can be affected by different packing of dimers in a molecular
solid or aggregate, we analyzed electronic states of (BET-B)2 in three additional model
structures varying by the offset between the A and A0 chromophores. In the first structure, the two middle tetracenes are perfectly stacked; this structure is 0.22 eV higher than
the dimer form the crystal structure. In the second structure, the two BET-B molecules
are shifted such that the two tetracenes are offset by exactly half of the benzene ring
(this structure is similar to the crystal structure; its energy is only 0.02 eV higher). In
the third structure, the tetracenes are offset by one benzene ring (this structure is 0.09
eV above the original X-ray structure).
Fig. 8.4 shows the energies of the ME and EX/CR manifolds in the three structures;
the detailed analysis of the state characters and energies is given in the SI of Ref.20.
The first observation is that the electronic properties of the half-ring offset structure are
rather similar to the model X-ray dimer. In the structures with zero and full-ring offset tetracenes, the state ordering changes significantly. The most striking observation is
broadening of the ME band and strong stabilization of the lowest excitonic state (in the
structure with stacked tetracenes, this state develops significant (46%) CR character).
These EX/CR states drop significantly below the ME band, which is conducive to exciton trapping in the excimer-like states. Based on the recent study of two different linked
tetracene dimers,8, 9 we expect that such type of molecular packing will be detrimental
to SF. Interestingly, strong perturbation to the state ordering and the EX/CR band does
not affect the wave-function composition of the lowest 1 ME states — they retain their
pure intra-molecular character. We conclude that small variations in molecular packing of BET-B-like dimers, which feature strong through-bond coupling between the two

224

linked tetracenes, will not change the balance between intra- versus inter-molecular couplings, that is, we expect that the lowest ME states are likely to be localized on individual dimers, despite relatively good overlap between the π-systems of the tetracenes from
different molecules. This is a characteristic feature of BET-B deriving from the strong
through-bond coupling between the chromophores. Since the strength of the throughbond interactions can be turned on and off by structural variations, as was illustrated
in a recent study of pentacene dimers,10 other isomers of BET-B with weak coupling
might feature a different pattern. The calculations on different model structures suggest
that the design of the SF materials based on covalently linked chromophores can indeed
focus on the electronic properties of the individual molecules and electronic couplings
facilitated by the linker, rather than on molecular solid morphology.
Excited-state nuclear relaxation might play an important role in the SF of crystalline
BET-B, by affecting state energies and electronic couplings and, ultimately, SF rates.9
Although these effects have not been considered in the present study, the results obtained
for different intermolecular displacements suggest that excited-state structural relaxation
could drive the excited system into a trap state, hindering the SF process. On the other
hand, as discussed above, these trap states correspond to inter-molecular excimers, while
the lowest ME states are of intra-molecular nature. Hence, relaxation within the ME
manifold following the initial photo-excitation might favor SF over the formation of
low-energy excimers. We expect that the competition of different deactivation pathways
will be strongly dependent on the activation of specific vibrational modes.

8.4

Conclusion

In this paper we investigated electronic properties of the two BET-B molecules, each
consisting of the two covalently linked tetracene chromophores. The analysis of the
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Figure 8.4: Excitation energies of (BET-B)2 in model structures differing by the
overlap between the middle tetracene moieties (A and A0 , see Fig. 8.1). Left: The
tetracene rings are perfectly stacked (shift of 0.00 Å). Middle: The tetracenes are
shifted along the long axis by half of benzene ring (shift of 1.23 Å); this structure is
similar to crystal structure. Right: The tetracenes are offset by one benzene ring
along the long axis (shift of 2.46 Å).
electronic states reveals that the lowest 1 ME states, which are well separated in energy
from the higher ME states, are of local, intra-molecular character, due to strong throughbond interactions. In contrast, the excitonic states are more delocalized. The 1 ME states
in which two triplets excitons reside on different molecules are not readily accessible
from the lowest excitonic state (although, they might be populated from higher-excited
excitonic states). The important practical implications are: (i) the electronic structure
of the individual covalently linked dimer is the most essential factor for the design of
efficient SF materials; (ii) the theoretical modeling of SF using small dimer systems is
reasonably justified. Our calculations and wave-function analysis also provide valuable
reference data for the development of excitonic models for multi-chromophore assemblies.36–43
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Chapter 9: Cholesky representation of
electron-repulsion integrals within
coupled-cluster and
equation-of-motion methods
9.1

Introduction

Theoretical model chemistries1 based on wave function methods provide the most reliable approach to electron correlation. Among different ab initio-based techniques,2
coupled-cluster (CC) theory holds a pre-eminent position.3 The single-reference CC
hierarchy of approximations allows one to compute highly accurate molecular structures, reaction energies, and other properties for ground-state species.2 The equationof-motion (EOM), or linear response, approach4–6 extends the CC formalism to a variety of multi-configurational wave functions encountered in electronically excited states
and various open-shell species. Unfortunately, similarly to other wave function based
methods, the computational cost and hardware requirements (disk and memory) of CC
and EOM-CC scale quite steeply with the number of electrons and the size of the oneelectron basis set, i.e., the number of occupied (O) and unoccupied, or virtual (V ),
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orbitals. For example, the scaling of a CCSD (coupled-cluster with single and double
substitutions) calculation is O2 V 4 , and for CCSDT (CCSD plus explicit triple excitations) it is O3 V 5 . The disk usage in CC and EOM-CC calculations depends on the
implementation specifics and can reach O(V 4 ); integral-direct algorithms could be employed to reduce storage requirements.
The high cost of electronic structure calculations originates in the two-electron part
of the molecular Hamiltonian that describes electron-electron repulsion. The representation of the electron-repulsion integrals (ERIs) in an atomic orbital (AO) basis gives
rise to a four-index tensor:
Z
(µν|λσ) =

χµ (~r1 )χν (~r1 )

1
χλ (~r2 )χσ (~r2 )d~r1 d~r2
|~r1 − ~r2 |

The size of this object scales as N 4 where N is the number of basis functions χi (~r).
For accurate results the size of the AO basis needs to be sufficiently large, for example a
popular cc-pVTZ basis defines 30 contracted Gaussian functions per second-row atom.
All electronic structure methods include contractions of ERIs with various tensors,
such as reduced density matrices, wave functions amplitudes, etc. Thus, the large size
of ERIs propagates through the electron structure calculations from self-consistent field
up to correlated methods.
Fortunately, the structure of the ERI matrix is sparse, which can be exploited in efficient computer implementations. It was recognized a long time ago that representing the
“densities” by a linear expansion over the products of particular one-electron functions,
such as χµ (~r1 )χν (~r1 ), includes linear dependencies and could be rewritten in a more
compact form using a new set of basis functions.
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There are two alternative approaches to achieve this goal, the density fitting,
or resolution-of-the-identity (RI),7–13 approximation and the Cholesky decomposition
(CD).14–20 In both approaches, the decomposed ERI matrix is represented as:

(µν|λσ) ≈

M
X

P
P
Bµν
Bλσ
,

(9.1)

P =1

where M is the rank of the decomposition, which depends on the target accuracy. The
algorithm for determining B is different in RI and CD approaches: RI uses a predetermined auxiliary basis set that corresponds to the primary one-electron basis, whereas
Cholesky vectors are obtained by performing the Cholesky decomposition of the actual
ERI matrix. CD is thus a more general approach that can work with any primary basis
and is free from externally optimized auxiliary basis sets. The Cholesky approach can
be viewed as system-specific density fitting.17–19
Decomposition shown in Eq. (10.1) produces a more compact representation of ERIs
compared with the full ERI matrix, thus enabling memory and disk savings. In addition, it allows one to achieve improved parallel performance of calculations involving
ERI through reduced disk input-output (I/O) penalties and better CPU utilization. For
example, the AO-MO integral transformation has a computational cost of O(N 5 ) when
using the canonical procedure, now only involves the transformation of the RI/Cholesky
vectors and therefore requires only O(N 3 M ) steps. The transformed B-matrices can be
used to assemble hpq||rsi integrals as needed in integral-direct implementations. However, to realize the maximum potential of the method, programmable equations that
involve contractions of ERIs with the amplitudes and density matrices need to be rewritten.
The RI/Cholesky representation by itself does not lead to a scaling reduction in
CCSD and EOM equations unless special care is taken about exchange-like terms. A
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number of strategies have been pursued to this end,19, 21, 22 including using Cholesky
decomposed wave function amplitudes23, 24 and local correlation schemes (see, for example, Ref. 25, 26 and references therein). However, even without these more advanced algorithms, computational savings due to a straightforward implementation of
RI/Cholesky representations are very useful, especially in view of improved parallel
scaling.
We present our implementation of RI/Cholesky within the CCSD and EOM-CCSD
suite of methods in the Q-Chem electronic structure package.27, 28 The implementation
eliminates the storage of the most expensive four-index integrals and intermediates. As
described below, in the EOM-CCSD implementation we choose to keep two smallest
four-index intermediates, OOOO and OOOV.
While CCSD implementations have been reported before,29 the EOM-CCSD methods have not been reimplemented using RI/CD. Below we briefly describe the algorithms used to produce Cholesky and RI vectors (Sections 9.2.1 and 9.2.2) and explain
its implementation within CCSD and EOM-CCSD (Section 9.3). The following EOM
methods have been implemented: EE/SF, IP, and EA. We discuss the performance of the
new implementation in Section 9.4.

9.2
9.2.1

Algorithms
Cholesky algorithm

The idea of Cholesky decomposition (CD) of ERI14, 15, 17, 30 was proposed over 30 years
ago by Beebe and Linderberg.14 The ERI matrix in the AO basis, which is a positivesemidefinite14 matrix, can be represented in the Cholesky-decomposed form as given by
Eq. (10.1). The rank of the decomposition, M , is typically 3–10 times the number of
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basis functions N .17 It depends on the decomposition threshold δ and is considerably
smaller than the full rank of the matrix, N (N + 1)/2.14, 17, 31 CD removes linear dependencies in product densities17 (µν|, allowing one to approximate the original matrix to
arbitrary accuracy.
Decomposition threshold δ defined by the user is the only parameter that controls the
accuracy and the rank of the decomposition. The algorithm15, 17, 30 proceeds as follows:
0
= (λσ|λσ).
(1) Compute all diagonal elements of ERI: Dλσ,λσ

(2) Choose the largest diagonal element (λσ0 |λσ0 ). (λσ)0 here is a fixed index
corresponding to the largest diagonal element.
(3) Compute densities (µν|λσ0 ).
p
1
(4) Compute first Cholesky vector Bµν
= (µν|λσ0 )/ (λσ0 |λσ0 ).
From this point the algorithm proceeds in an iterative manner, checking the accuracy
and generating a new Cholesky vector to refine the previous-step approximation at every
iteration. k is an iteration count that starts from 2 and increments after every iteration.
(5) Update the residual of the diagonal by subtracting the Cholesky vector obtained
(k−1)

(k−2)

(k−1)

in the previous iteration Dλσ,λσ = Dλσ,λσ − Bλσ

(k−1)

Bλσ

.

k−1
(6) Choose the largest element of the diagonal residual Dλσ
.
k−1 ,λσk−1

If

k−1
i
Dλσ
< δ, then terminate and return the Cholesky vectors, {Bµν
}k−1
i=1 .
k−1 ,λσk−1
(k−1)

(7) Compute densities (µν|λσk−1 ) and the corresponding residual, Dµν,λσk−1 =
P
i
i
(µν|λσk−1 ) − k−1
i=1 Bµν Bλσk−1 .
q
k−1
k−1
k
Dλσ
. Repeat from
(8) Compute new Cholesky vector Bµν
= Dµν,λσ
/
k−1 ,λσk−1
k−1
step (5).
Since the ERI matrix is positive-semidefinite,8, 14, 32 it follows that:

k−1
|Dµν,λσ
|

q
k−1 D k−1
≤ Dµν,µν
λσ,λσ
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Thus, the accuracy of the decomposition is given by the largest element of diagonal
residual matrix Dλσ,λσ at every iteration (step 6), which ensures that the error in any
ERI matrix element does not exceed δ.
Note that the algorithm does not require the calculation and storage of the full ERI
matrix [O(N 4 )], which would be prohibitive for large systems. At the initialization of
the algorithm only the calculation of the diagonal elements is necessary [step 1, O(N 2 )],
which are updated at each iteration by subtracting newly produced Cholesky vectors to
form a residual diagonal matrix (step 5). The calculation of the densities (µν|λσk−1 )
[step 7, O(N 2 )] are performed at each step with subsequent calculation of the residual
and the corresponding Cholesky vector (step 8). At each iteration only the calculation of
new O(N 2 ) elements of the ERI matrix is required and the number of Cholesky vectors
grows by one resulting in the O(M N 2 ) memory storage of all Cholesky vectors for the
final decomposition. Thus, only a small fraction of about 1–5% of the full ERI matrix
needs to be calculated in the decomposition procedure.17
The most expensive step is the calculation of the residual matrix17 (step 7), which
requires (M − 1) subtractions of previously obtained Cholesky vectors at each iteration
[O((M − 1)N 2 ) operations at each iteration], giving rise to the full complexity of the
algorithm of O(M 2 N 2 ). For correlated calculations, the Cholesky vectors obtained in
the AO basis are usually transformed to the molecular orbital (MO) basis.
This algorithm is implemented using our tensor algebra library33 such that Cholesky
vectors are stored as a list of two-dimensional block tensors, i.e., a list of block matrices.
The library is based on virtual memory management such that block tensors are stored
in RAM if sufficient memory is available or saved on disk and reloaded as necessary.
Note that the generation of a new Cholesky vector [steps 5–8] does not require vectors
from previous iterations (k − 1 at step k) to be in RAM; for calculation of the residual
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matrix (step 5) they can be uploaded from disk sequentially, or even block-by-block.
After all Cholesky vectors Bµν are generated, the list of block matrices is merged to
M
form a three-dimensional block tensor Bµν
containing all the Cholesky vectors.

9.2.2

Resolution-of-the-identity algorithm

Similar to the Cholesky decomposition, the RI approach8–13 allows one to expand product densities (µν| in an auxiliary basis set:

(µν|λσ) ≈

X

Q
P
(P |Q)Cλσ
Cµν
≡

PQ

X

(µν|P )(P |Q)−1 (Q|λσ)

PQ

Indices P and Q denote auxiliary basis functions and (P |Q) defines a Coulomb metric
matrix:13, 17, 20
Z
(P |Q) =

P (~r1 )Q(~r2 )
d~r1 d~r2
|~r1 − ~r2 |

L
The auxiliary basis expansion coefficients (Cµν
) are found by minimizing the differ-

ence between the actual and fitted product densities,13, 17, 18 leading to the following set
of linear equations:
X

L
(K|L)Cµν
= (K|µν)

L

By defining new auxiliary basis coefficients

K
Bµν
=

X
L

L
Cµν
(L|K)1/2 ≡

X

(K|µν)(K|L)−1/2

L

we can rewrite approximate ERIs in a form identical to the Cholesky representation13 as
given by Eq. (10.1).
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The accuracy and performance of RI depend on the quality of the chosen auxiliary
basis set. Ideally an auxiliary basis set should be balanced between accuracy and compactness. Errors should be at least an order of magnitude smaller than the error due to
one-electron basis set incompleteness. Rank M should be no more that 2–4 times larger
than the number of AO basis functions N .7, 17, 34–39 To achieve these goals, auxiliary
basis sets are usually optimized for each atom, AO basis set and level of theory (e.g.,
Hartree–Fock, MP2).7, 17, 34–39 In this work we employ auxiliary basis sets developed for
MP2.

9.3
9.3.1

RI/CD CCSD and EOM-CCSD methods: Theory
Coupled-cluster equations with single and double substitutions

The exact solution of the Schrödinger equation can be written as the exponential of a
cluster operator T̂ operating on a reference function:40

Ψexact = ΨCC = eT̂ Φ0

where Φ0 is a single Slater determinant. In CCSD, the expansion of T̂ is truncated at a
two-electron excitation level:
T̂ ≈ T̂1 + T̂2
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For T̂1 and T̂2 , the expansions are1 :

T̂1 =

X

tai a† i

T̂2 =

ia

1 X ab † †
t a ib j
4 ijab ij

Thus,
ΨCCSD = eT̂1 +T̂2 Φ0
The equations to determine CCSD correlation energy ECCSD and cluster amplitudes
tai , tab
ij are derived algebraically by a projection approach such that the Schrödinger equation is satisfied in the subspace spanned by the reference, singly, and doubly excited
determinants:
1
ECCSD = hΦ0 |Ĥ|ΨCCSD i = hΦ0 |Ĥ|(1 + T̂1 + T̂12 + T̂2 )Φ0 i
2

(9.2)

0 = hΦai |Ĥ − ECCSD |ΨCCSD i
1
1
= hΦai |Ĥ − ECCSD |(1 + T̂1 + T̂12 + T̂2 + T̂1 T̂2 + T̂13 )Φ0 i
2
3!

(9.3)

0 = hΦab
ij |Ĥ − ECCSD |ΨCCSD i
= hΦab
ij |Ĥ − ECCSD |
1
1
1
1
1
(1 + T̂1 + T̂12 + T̂2 + T̂1 T̂2 + T̂13 + T̂22 + T̂12 T̂2 + T̂14 )Φ0(9.4)
i
2
3!
2
2
4!
Evaluating Eq. (9.2) in terms of amplitudes tai and tab
ij yields the following expression:

ECCSD = hΦ0 |Ĥ|Φ0 i +

X
ia

fia tai +

1X
1X
hij||abitai tbj +
hij||abitab
ij
2 ijab
4 ijab

(9.5)

1

Throughout the paper, we adhere to the convention that ijkl denote occupied orbitals, abcd denote
virtual orbitals, and pqrs denote orbitals that can be either occupied or virtual.
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where

fia = hΦai |Ĥ|Φ0 i = hia +

X

hij||aji

j

hij||abi = hij|abi − hij|bai = (ia|jb) − (ib|ja)
Z
1
(ia|jb) =
φi (1)φj (2) φa (1)φb (2)d1d2
r12
Once Eq. (9.5) is substituted into Eqns. (9.3) and (9.4), tai and tab
ij amplitudes can be
solved iteratively by:

tai ∆ai = fia −

X

(3)

Fli tal +

X

(1)

Fad tdi +

(2)

Fkc tac
ik −

X
hic||kaitck
kc

kc

d

l

X

1X
1X
−
hkl||icitac
+
hka||cditcd
kl
ki
2 klc
2 kcd
and
−
ab
tab
ij ∆ij =hij||abi + Pab

(
X

)
(2)

tac
ij Fbc −

X

(2a)

Iijkb tak + Pij−

X

(1a)

Ikbic tac
jk

c

k
kc
)
(
X
X
1 X ab (4)
1X
(2)
hab||cdit̃cd
tkl Iijkl
+
tab
+ Pij−
hjc||baitci −
ij +
ik Fjk
2
2
c
cd
kl
k

b
a
where ∆ai = fii − faa and ∆ab
ij = ∆i + ∆j . The expressions for the intermediates are

given in Table 9.1.
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Table 9.1: Intermediates for CCSD calculations and estimates to store and compute them (closed-shell case).
Equation
P
P
(1)
Fbc = fbc + kd hkb||dcitdk − 12 kld hkl||cditbd
kl
P
P
(2)
a
a
Fij = fij + a fja ti + ka hjk||iaitk
P
P
+ kab hjk||abitai tbk + 12 kab hjk||abitab
ik
P
(2)
b
Fia = fia + jb hij||abitj
P
P
(2)
(1)
Fbc = Fbc − k fkc tbk − kld hkl||cditbk tdl
P (2)
P
P
(3)
c
Fki = fki + c Fkc tci + 12 jab hkj||abitab
ij +
lc hkl||icitl
− a b
ab
t̃ab
ij = tij + Pab ti tj
P
P
(1a)
Iiajb = hia||jbi − c hia||bcitcj − k hik||jbitak

P
c a
− 12 kc hik||cbi tca
jk + 2tj tk
P
P (4)
P
(2a)
−
c
Iijkb = hij||kbi − 12 l Iijkl tbl + 12 cd hkb||cdit̃cd
ij + Pij
c hkb||icitj
P
P
(4)
−
a
Iijkl = hij||kli + 12 ab hkl||abit̃ab
ij + Pij
a hkl||iaitj
P (1a) ac
I t
Pkc kbic jk cd
hab||cdit̃
Pcd ab (4) ij
kl tkl Iijkl

Memory

3 2 2
O V
4
2 2

2O V

3 3
O V
2
3 4
O
4

Flops

3O3 V 3
5 3 3
O V
4
5 4 2
O V
8
3 3

3O V
5 2 4
O V
8
5 4 2
O V
8

Memory requirements for the T amplitude update procedure in the closed-shell case
are2 :
3
3
9 4
O + 3O3 V + 6O2 V 2 + OV 3 + V 4
8
2
8

(9.6)

This estimate includes all the blocks of ERIs, necessary four-index intermediates, and
two sets of T2 amplitudes. Excluded are additional copies of T amplitudes required
by the DIIS3 procedure and lower-dimensional quantities. The O(N 6 ) part of the total
computational cost of updating T amplitudes is 47 O4 V 2 +

29 3 3
O V
4

+ 58 O2 V 4 .

2

In the closed-shell case, two spin cases of integrals and amplitudes are stored: hαα||ααi and
hαβ||αβi; in the open-shell case there is additionally a third spin case: hββ||ββi. With applicable permutational symmetry taken into consideration and an assumption of no point group symmetry
in the molecule, the disk requirement for ERI objects in the closed-shell case are: hij||kli : 38 O4 ,
hij||kai : 23 O3 V , hij||abi : 34 O2 V 2 , hia||jbi : O2 V 2 , hia||bci : 23 OV 3 , hab||cdi : 83 V 4 .
3

Usually, several T2 vectors are stored for the DIIS algorithm.
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Because RI and Cholesky representations of ERI use identical expressions, we begin
with the following expression for anti-symmetrized integrals:

hµλ||νσi ≈

X

P
P
Bµν
Bλσ
−

X

P

P

P
P
−
Bµσ
Bλν
= Pνσ

X

P
P
Bµν
Bλσ

(9.7)

P

Upon substituting Eq. (9.7) into Eq. (9.5), (9.3), (9.4) and corresponding intermidiates (Table 9.1) the equations for RI/CD CCSD can be obtained. The details on derivation of equations as well as new intermediates formed for RI/CD CCSD can be found in
Ref. 41.
To illustrate the difference in storage requirements, consider a calculation of closedshell naphthalene using the cc-pVTZ/rimp2-cc-pVTZ basis set. There are 68 electrons,
412 basis functions (O = 34, V = 378), 1050 auxiliary basis functions (M = 1050).
Whereas conventional CCSD calculation requires 10917 Mwords (85 GB), CD/RICCSD requires 846 Mwords (6.6 GB). Thus, for this calculation the data set is almost
13 times smaller in the case of RI-CCSD.
The number of floating point operations scales as O(N 6 ) for both CCSD and CD/RIP
cd
CCSD. The most significant contraction in CCSD,
cd hab||cdit̃ij , and its CD/RICCSD counterpart, take the same number of flops. In the latter case the intermediP
−
P
P
ate Pab
P Mda Mcb is formed on the fly thus reducing overall memory requirements.
The CD/RI-CCSD equations involve fewer O3 V 3 -type contractions, leading to a smaller
prefactor (4O3 V 3 vs.

29 3 3
O V
4

in conventional CCSD). While this improvement is offset

by the increased number and cost of O(N 5 ) steps, in practical applications CD/RICCSD are superior in terms of floating point operations, memory and I/O, as illustrated
by benchmark calculations in Section 9.4.

243

9.3.2

EOM-EE/SF-CCSD and CD/RI EOM-EE/SF-CCSD

In the EOM-CCSD framework, the target excited-state wave functions are written
as:42, 43

|ΨR i = ReT̂ |Φ0 i

(9.8)

hΨL | = hΦ0 |e−T̂ L†

(9.9)

The operators R and L are linear excitation operators:

R = R0 + R1 + R2 + · · ·
1 X abc··· † † †
Rn = 2
rijk··· a ib jc k · · ·
n!

(9.10)
(9.11)

In EOM-EE operators Rn are spin-conserving (Ms = 0 operators), whereas in EOM-SF
they involve changing the spin of an electron (Ms = −1). The spin-orbital form of the
EOM-CCSD equations is the same in EOM-EE and EOM-SF.43, 44
By introducing a similarity-transformed Hamiltonian H̄:

H̄ ≡ e−T̂ HeT̂

(9.12)

the energy and CCSD amplitude equations become:

ECC = hΦ0 |H̄|Φ0 i

(9.13)

0 = hΦai |H̄ − ECC |Φ0 i

(9.14)

0 = hΦab
ij |H̄ − ECC |Φ0 i

(9.15)

...
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where ECC is the coupled-cluster energy for the reference state. Usually both T and R
are truncated at the same level, which is the single (S) and double (D) excitations in this
work. Thus, in the basis of the reference (O), S, and D we have:










H̄OS
H̄OD
 0


 0 H̄ − E
H̄SD

SS
CC


0
H̄DS
H̄DD − ECC

 R0 
  R0 








 R  = ω R 
 1 
 1 








R2
R2

(9.16)

where on the left-hand side ECC only appears for the diagonal elements in the diagonal
blocks and ω = E − ECC . Because the right eigenvectors do not form an orthonormal
set, R0 = r0 1̂ can be present in the target excited states:

r0 =

1
H̄OS R1 + H̄OD R2
ω



(
)
X
X
1
1
(2)
ab
hij||abirij
=
Fia ria +
ω
4 ijab
ia

(9.17)

Eq. (9.16) is solved by using the generalized Davidson iterative diagonalization procedure,43 which involves the calculation of the following σ-vectors:
 a
a
H̄SS − ECC R1 i + H̄SD R2 i
X (2)
X (1)
X (2)
X (2)
1 X (6) ab 1 X (7) bc
ab
Fjb rij
−
I r −
I r
Iibja rjb +
Fab rib −
Fij rja −
=
2 jkb jkib jk 2 jbc jabc ij
j
jb
jb
b

σia =



(9.18)
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Table 9.2: I and T intermediates for EOM-CCSD and estimated cost to store and
compute them (closed-shell case).
Equation
P
P
(1)
Iickb = hic||kbi − d hkb||cditdi − ld hkl||cditbd
il
 b
P P
d
+ l
d hkl||cditi − hkl||ici tl
P (4)
P
(2)
Iijkb = hij||kbi − l Iijkl tbl + 21 cd hkb||cdit̃cd
ij
P bc
P P
c bd
+ d [ lc hkl||cditl ] tij − c tij fkc

P 
P
P
bc
bd c
hkb||jci
−
hkl||cdit
−Pij−
jl ti +
lc hkl||jcitil
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The I, F , and T intermediates used in Eq. (9.18) and (9.19) are collected in Tables 9.1
and 9.2. Total storage requirements for computing a σ-vector, including a set of T , R, σ
amplitudes and all the integrals and intermediates, are:
9
9
9 4 9 3
O + O V + 6O2 V 2 + OV 3 + V 4
8
2
2
8

(9.20)

Note that multiple sets of R and σ amplitudes are required in the Davidson procedure
for finding the excitation energies. Following the same procedure as in the derivation
of the CD/RI-CCSD equations one arrives at the equations with RI/CD integrals, details
can be found in Ref. 41.
For the computation of a σ-vector in the Davidson iterative procedure, the storage
requirement for CD/RI-EOM-EE implementation becomes:
5
3
3
21
5 2
O M + 5OV M + V 2 M + O4 + O3 V + O2 V 2
2
2
2
2
4

(9.21)

For the naphthalene example the RI version of EOM-EE reduces the amount of
required memory by a factor of 24 relative to the canonical implementation, that is, the
conventional EOM-EE needs 30795 Mwords (241 GB), whereas CD/RI-EOM-EE uses
1275 Mwords (10 GB). The number of floating point operations in the σ-vector update
procedure for both conventional and RI/CD implementations scales as O(N 6 ). The cost
of EOM-EE is 85 O2 V 4 + 43 O3 V 3 + 58 O4 V 2 , whereas RI/CD-EOM-EE takes 85 O2 V 4 +
9O3 V 3 + 45 O4 V 2 operations. There is a larger number of O3 V 3 contractions in the latter
case, leading to a bigger prefactor. This is the result of the on-the-fly reassembly of
some fourth-order intermediates that are stored in memory in the case of conventional
EOM-EE.
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9.3.3

EOM-IP-CCSD and CD/RI EOM-IP-CCSD

In EOM-IP-CCSD (EOM-CCSD for ionization potentials), the operator R is not
particle-conserving:

Rn (N − 1) =

1 X bc··· + +
rijk··· ib jc k · · ·
n!2

(9.22)

In EOM-IP-CCSD, R is truncated at the two-hole-one-particle excitation level. The
equations for σ-vectors are as follows:
1 X (6) b
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2
j
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X
X
X
(2)
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−
a
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= −
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Fab −
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X
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Fij rj +

X

k
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k

X
kb

(4)
Tb

(2)

b
Fjb rij
+

b

1 X (4) a X ab (4)
(1) b
tij Tb
I r +
+
Ijbka rik
2 kl ijkl kl
b

1X
b
=
hkl||abirkl
2 klb

where F and I intermediates are collected in Tables 9.1 and 9.2. Memory requirements
for the σ update procedure are:
11
3 4
O + 3O3 V + O2 V 2
4
4

(9.23)

This estimate excludes any three-dimensional quantities, e.g. EOM-IP amplitudes.
The CD/RI equations are derived following the same procedure as in the EOM-EE
case. For the naphthalene example, memory savings achieved by using RI are limited
to about 20%, that is, conventional EOM-IP requires 477 Mwords (3.7 GB), whereas
CD/RI-EOM-IP, needs 382 Mwords (3.0 GB). The difference in memory requirements
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is not as large as in the case of EOM-EE because EOM-IP does not use the OVVV and
VVVV blocks of the ERIs.
The number of floating point operations in the σ-vector update procedure for both
implementations is O(N 5 ). The CD/RI scheme requires six O(N 5 )-type contractions,
the dominant contraction being O2 V 2 M . The canonical EOM-IP requires two O(N 5 )type contractions, the dominant contraction being O3 V 2 . Therefore, the σ-vector update
procedure in CD/RI-EOM-IP is expected to be about three times slower than in canonical EOM-IP; however, some of this cost increase is offset by more favorable parallel
scaling. Moreover, for fair comparison, the calculation of the intermediates should also
be considered.

9.3.4

EOM-EA-CCSD and CD/RI EOM-EA-CCSD

In EOM-EA (EOM for electron attachment), the operator R is:

Rn (N + 1) =

1 X abc··· + + +
rjk··· a b jc k · · ·
n!2

(9.24)

In EOM-EA-CCSD, R is truncated at the one-hole-two-particles level and the equations
for the σ-vectors are:
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where F (2) and I intermediates are given in Tables 9.1 and 9.2. The disk requirements
for the EOM-EA σ update procedure are estimated at:
7 2 2
3
O V + 3OV 3 + V 4
2
4

(9.25)

Following the same procedire as for EOM-EE and EOM-IP of substituting of RI/CD
decomposed integrals one arrives at RI/CD EOM-EA, details can be found in Ref. 41.
The storage requirement for CD/RI-EOM-EA σ-vector update is:
3
3
3 2
O M + 2OV M + V 2 M + O2 V 2
2
2
4

(9.26)

To again illustrate memory savings using the naphthalene example, conventional EOM-EA uses 20408 Mwords (159 GB), whereas CD/RI-EOM-EA needs only
360 Mwords (2.8 GB). Because the most expensive in terms of storage intermediates
have been eliminated in the CD/RI implementation, the procedure requires about 57
times less memory.
Similar to EOM-IP-CCSD, the number of floating point operations for both implementations scales as O(N 5 ). The dominant O(N 5 )-type contraction, out of two in
canonical EOM-EA, is the OV 4 -type, whereas in CD/RI, which has ten O(N 5 )-type
contractions, the dominant one is V 4 M -type.

9.4

Benchmarks

The errors introduced by the RI and CD approximations have been extensively benchmarked for quantities like total energies, molecular structures, dipole moments, and
excitation energies;7, 15, 18, 20, 35, 37–39, 45–49 for a recent review see Ref. 19. Total energies

250

have been analyzed for density functional theory,18–20, 35, 45 Hartree-Fock15, 18–20, 45, 46 and
MP2 methods.7, 15, 18–20, 37, 45, 46 Typical errors in absolute energies are in a millihartree
(mEh ) range [or 0.01 kcal/(mol-electron)] for common auxiliary basis sets20, 35, 37 and
for CD with a threshold of 10−4 .18, 19, 45
The accuracy in energy differences, such as activation energies,16 is better by a factor
of 2–3 in comparison to total energies due to error cancellation. The errors in dipole
moments computed with RI37, 38 and CD19 are below 0.01 D and are usually an order of
magnitude smaller that the errors due to the incompleteness of basis sets. The RI/CD
bond lengths are within 0.01 pm from the respective full calculations.20, 38, 48 Aquilante
et al.19 have also reported vertical excitation energies (computed with CASSCF and
CASPT2) that show average errors less than 0.01 eV and 0.001 eV for thresholds of
10−3 and 10−4 , respectively. The effect of the RI approximation on excitation energies
within an approximate second-order coupled-cluster model, CC2, has been thoroughly
investigated by Köhn and Hättig who reported errors of 0.01 eV or less.48
In the present paper, we focus mostly on the effect of using RI/CD representations on
energy differences between different electronic states, such as electronic excitation energies and ionization/electron attachment energies. We also consider energy differences
along potential energy surfaces.
We compare the timings for RI/CD versus canonical implementations and investigate the parallel performance of the code4 . All calculations were performed on designated benchmark nodes. The hardware configuration is Xeon X5675 (2 processors, 6
cores each, 3.0 GHz, 12 Mb cache), 126 GB RAM, RAID 0 4×600 GB=2.2 TB. This
configuration was referred to as Xeon-USC in our previous benchmark study.33
4

During the final revision stage, a small algorithmic improvement has been implemented that resulted
in ∼5% speed-up in CD/RI CC/EOM calculations. Thus, the reported timings are roughly 5% slower
than the current code.
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We use the following test cases:
1. Phenolate form of the anionic chromophore of the photoactive yellow protein
(PYPb).50, 51 We perform CCSD calculations as well as EOM-EE/IP/EA-CCSD.
We consider the energy difference between the cis- and trans-isomers and electronic energy differences between various states (electronically excited, electronattached, and ionized states). The calculations were performed with three basis
sets — 6-31+G(d,p) (test1), aug-cc-pVDZ (test2), and cc-pVTZ (test3).
2. Cluster of two methylated uracils and a water molecule (test4).33 Energy differences between different electronic states are considered.
3. Tetramer of 4 nucleobases, AATT, from Ref. 52 (test5).
4. Oligoporphyrin dimer used in previous benchmarks33 (test6).
5. Cluster of methylated uracil, mU, and water from Ref. 53. We focus on the potential energy profiles along the proton-transfer reaction coordinate.
The following thresholds were used in CCSD and EOM-CCSD calculations5 : T amplitudes convergence of |Tn − Tn−1 | ≤ 10−4 , energy convergence |En − En−1 | ≤
10−6 , Davidson’s procedure convergence |Rn | ≤ 10−5 (here Rn is the Davidson residual), threshold for subspace expansion in Davidson’s procedure |Rn | > 10−5 . Table 9.3
lists parameters for different benchmark examples. All electrons were active in test1;
test2 was executed with and without frozen core; core electrons were frozen in test3–6.
In some cases, we also employed Frozen Natural Orbitals (FNO) approximation.54 All
Cartesian geometries and relevant energies are given in supplementary materials for Ref.
5

Q-Chem’s keywords controlling the CC and EOM convergence: CC T CONV = 4, CC E CONV =
6, EOM DAVIDSON CONV = 5, EOM DAVIDSON THRESH = 5.
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41. All calculations were performed using regular (i.e., employing non-decomposed
ERI) Hartree–Fock procedure. Correlation energies in Table 9.3 are for canonical calculations (using full ERI) except for test5.
Tables 9.4 and 9.5 presents the comparison of the canonical CCSD calculation and
RI/CD approximations. We note that the errors in total CCSD energies for RI and
CD/10−3 approximations are comparable (and are in a millihartree range). However,
the rank of CD/10−3 is often less than that of RI giving rise to a more significant speedup (the situation is reversed in for test3 which uses the cc-pVTZ basis). We also note
that CD/10−4 leads to the rank comparable to the size of the auxiliary basis in RI (1065
versus 1099), but yields two orders of magnitude more accurate total energies (error
8.27 × 10−6 versus 8.10 × 10−4 hartree).
Overall, RI/CD CCSD calculations are 10–60% faster than the canonical implementation. We observe a more significant speed-up for larger calculations, e.g., compare
test4, test3, and test2 versus test1, likely because the I/O penalties are more pronounced
for larger jobs. For the same molecule, we observe more significant speed-up in larger
bases (compare test3 versus test2 and test1), because larger bases have more linear dependencies. Using test4 as an example, we observe that combination of CD with FNO
approximation leads to a very impressive speed-up, i.e., CD/10−3 /FNO calculation takes
only 15% of the time of the full CCSD calculation.
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Name
Molecule
Formula
Symm Nel
Basisa
# b.f.
Ecorr
Niter
b,c
Test1
PYPb
C9 O3 H7
Cs
86
6-31+G(d,p)
263 -1.838 498
14
Test2
PYPbb,c
C9 O3 H7
Cs
86 aug-cc-pVDZ 363 -1.955 977
14
b,d
Test2-fc PYPb
C9 O3 H7
Cs
86 aug-cc-pVDZ 363 -1.875 348
14
b,d
Test3
PYPb
C9 O3 H7
Cs
86
cc-pVTZ
489 -2.147 251
14
Test4
(mU)2 ·H2 Oc C12 O5 N4 H18
C1
158 6-31+G(d,p)
489 -3.334 026
12
d
e
Test5
AATT
C20 O4 N14 H22
C1
386 6-311+G(d,p) 968 -5.975 572
12
d
Test6
Porphyrin
C46 N12 H26
D2h
272
cc-pVDZ
942 -7.995 344
11
a
Ref. 55, 56 for 6-31+G(d,p), Ref. 56, 57 for 6-311+G(d,p), Ref. 58 for cc-pVDZ, cc-pVTZ and aug-cc-pVDZ. b PYPb:
anti-syn conformation. c Core electrons active. d Core electrons frozen. e Calculation using conventional CCSD with RI
integrals (rimp2-cc-pVDZ37 auxiliary basis set).

Table 9.3: Test systems used for benchmarks, converged CCSD correlation energies (hartree), and number of CC iterations.
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Name
Test1

Method
Rank CCSD error CCSD wall Ratioa CD wall timeb
Full
1894
−4
RI/rimp2-aug-cc-pVDZ 1099 8.10 × 10
1771
0.94
−1
−1
CD/10
135 1.49 × 10
1500
0.79
85
−2
−3
CD/10
505 1.71 × 10
1591
0.84
530
−3
−4
CD/10
715 2.74 × 10
1642
0.87
978
−4
−6
CD/10
1065 8.27 × 10
1773
0.94
2035
Test2
Full
9490
−4
RI/rimp2-aug-cc-pVDZ 1099 7.8 × 10
5175
0.55
CD/10−3
804
2.1 × 10−3
4750
0.50
2345
Test2-fc Full
2870
−3
RI/rimp2-aug-cc-pVDZ 1099 1.1 × 10
2847
0.99
CD/10−3
804
4.2 × 10−4
2626
0.91
2348
Test3
Full
21257
−3
RI/rimp2-cc-pVTZ
1256 1.4 × 10
9209
0.43
−3
−4
CD/10
1629 1.9 × 10
10367
0.49
15491
a
b
Ratio=Time(RI/CD)/Time(full) for CCSD iterations. Wall time for Cholesky decomposition (CD) procedure.
Memory settings: test1 — 20 GB, test2 — 50 GB, test3 — 80 GB

Table 9.4: CCSD errors and wall times (sec) using 12 cores for test1-test3
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Name
Test4

Method
Rank CCSD error CCSD wall Ratioa CD wall timeb
Full
110379
−3
RI/rimp2-aug-cc-pVDZ
2067 1.6 × 10
85425
0.77
−3
−4
CD/10
1335 6.4 × 10
88198
0.80
10301
−3
c
CD/10 /FNO
1335
25464
0.15
10392
d,e,f
Test5 Full/rimp2-cc-pVTZ/FNO
726.4 h
d
RI/rimp2-cc-pVTZ/FNO
3738
699.2 h
0.96
CD/10−2 /FNOd
1688
443.6 h
0.61
15.4 h
−3
Test6 Full
4.7 × 10
211.0 h
−3
RI/rimp2-cc-pVDZ
3612 4.7 × 10
194.9 h
0.92
RI/rimp2-cc-pVDZ/FNOg
3612
63.3 h
0.30
a
b
Ratio=Time(RI/CD)/Time(full) for CCSD iterations. Wall time for Cholesky decomposition (CD) procedure. c Using FNO
(see Ref. 54), 99.50% occupation threshold and frozen core (350 active orbitals). CCSD converges in 11 iterations. d Using
FNO, 99.50% occupation threshold and frozen core (649 active orbitals). CCSD converges in 12 iterations. e From Ref. 33. f
Canonical CCSD calculations using RI integrals. g Using FNO, 99.50% occupation threshold and frozen core (754 active
orbitals). CCSD converges in 16 iterations.
Memory settings: test4 — 48 GB, test5 — 100 GB, test6 — 100 GB.

Table 9.5: CCSD errors and wall times (sec) using 12 cores for test4-test6.

Finally, let us consider two large examples, i.e., a nucleobase tetramer (AATT)33, 52
(test5, C1 symmetry, 966 basis functions, 38 core orbitals frozen) and the oligoporphyrin dimer (test6, D2h symmetry, 942 basis functions, 58 core orbitals frozen)33 and
compare them to the canonical calculations.33 In test5 we also employ FNO approximation (279 out of 830 virtuals frozen, total 649 active orbitals). First, we note significant reduction in disk requirements for both examples (e.g., 382 GB versus 2.8 TB for
AATT). For test6, the first RI/CD CCSD iteration is more than twice faster than in the
canonical implementation (6.33 hours for RI-CCSD versus 13.2 hours for the canonical
CCSD33 ). However, we observe a slowdown of the subsequent iterations due to the increasing number of T -amplitudes that need to be handled by the DIIS procedure. The
average time per iteration for oligoporphyrin is 12 hours (194.9 hours total time, 16 iterations), although the first iteration is two times faster (6.33 hrs). We also computed
oligoporphyrin in combination with FNO (130 out of 749 virtual orbitals frozen, 754
active orbitals) with time for first iteration 2.35 hours and the average time per iteration
3.95 hours. For AATT we observe a similar speed-up of RI-CCSD iterations, the first
RI-CCSD iteration takes 39 hours (to be compared to 60 hours in the canonical implementation33 ). AATT computed with CD/10−2 yields a rank of 1688 and the first CCSD
iteration takes 28.25 hours, to be compared with 60 hours in the canonical implementation and 39 hours with RI/rimp2-cc-pVTZ.
A more detailed breakdown of timings for CCSD calculations is given in supplemen(2i)

tary materials for Ref. 41 (Table S1). As expected, the evaluation of intermediate Iijab
takes a significant fraction of time, especially in larger bases (it scales as O2 V 4 ). Evaluation of equation for t2 amlitudes, which contains one O3 V 3 (third term) and one O4 V 2
(the last term) contractions, is also significant and becomes dominant in an electron-rich
case, test6.
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The time used for the decomposition and integral transformation steps is also shown
in Tables 9.4 and 9.5. Since the present implementation of the decomposition algorithm
does not use point group symmetry, the timings for test1–test3 are relatively large. We
note that for test4 (C1 ), the time of decomposition with a threshold of 10−3 is about 12%
of the total time for CCSD iterations.
We investigate parallel performance using test4 (Table 9.6). The parallel scaling is
improved, e.g., the canonical implementation shows a factor of 6 speed-up on 12 cores,
whereas the RI/CD code is accelerated by a factor of 9. Thus, the speed-up relative to
the canonical CCSD code becomes more pronounced on 12 cores, e.g., on a single CPU,
RI/CD calculation is about 20% faster, whereas on 12 cores, it is almost a factor of two
faster than the canonical code. This improvement in the parallel performance is due to
the significant reduction of the amount of data to be handled in the CCSD calculations.
Table 9.6: Wall time per CCSD iteration (sec) using 80 GB RAM.
Job
1 core
4 cores
8 cores
Full
46405 14278 (×3.25) 9506 (×4.88)
RI/rimp2-aug-cc-pVDZ 39347 10283 (×3.83) 5539 (×7.10)
CD/10−3
37330 9889 (×3.78) 4973 (×7.51)

12 cores
7973 (×5.82)
4342 (×9.06)
4185 (×8.92)

Table 9.7 shows EOM energies and timings for test1 and test2; the results for test2fc and test3 are presented in Table 9.8. We note that RI and CD/10−3 give comparable
errors in excitation, attachment, and ionization energies, i.e., less than 0.01-0.001 eV.
These errors are consistent with those reported for the CASSCF and CASPT2 methods.19 The errors in the energies are systematically reduced with the Cholesky threshold
decrease from 10−2 to 10−4 for all methods. We observe that a threshold of 10−2 yields
errors of ∼0.03 eV, which is acceptable in many situations and is less than error bars of
EOM-CCSD.
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For test1, the timings for RI/CD EOM methods are slower than of the canonical implementation due to the increased number of contractions, as explained in Section 9.3.
However, in a larger basis (aug-cc-pVDZ versus 6-31+G*), the gap shrinks for EOM-IP
(total RI/CD EOM time is almost the same as of the canonical calculation), and RI/CD
EOM-EE shows 60-70% speed-up. Further increase of the basis (to cc-pVTZ) leads
to an additional speed-up, i.e., RI/CD EOM-EE calculations for test3 take 25% of the
full EOM-EE time. This is because the increased number of time-determining contractions in RI/CD EOM-EE (7 for RI/CD EOM-EE versus 3 N 6 operations in canonical
EOM) is offset by the significantly reduced disk and memory usage by RI/CD EOM
that reduces I/O penalties and improves parallel scaling. For example, for test5 (AATT)
EOM-EE-CCSD calculations (with frozen core and FNO) the estimated disk usage is
7.2 TB, whereas for the corresponding RI/rimp2-cc-pVTZ calculation it is only 590
GB. For test3, we observe that canonical EOM shows rather poor parallel scaling (CPU
102655 s, wall 93432 s, ratio=1.09), whereas for RI EOM we see more than a 10 fold
CPU/wall ratio (CPU 228202 s, wall 21553 s, ratio=10.58), leading to an overall 5-fold
speedup of Davidson iterations. Thus, RI/CD implementation of EOM not only extends
the applicability of the method to larger systems that may not be accessible by canonical
EOM-CCSD due to disk/memory bottlenecks, but also improves timings of the calculations by removing the overheads due to large size of the data.
The calculation time of the intermediates for EOM calculations is significantly reduced for all RI/CD methods, as illustrated by test2 timings revealing that the intermediates calculations (dominated by the VVVV block of the transformed integrals) take
almost as much time as Davidson iterations. Thus, the overall CD/RI EOM-EE timings
(Davidson iterations plus intermediates) are considerably faster (3-5 times) than those
of the canonical code when only of few EOM roots are computed for large systems.
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The detailed timings for RI EOM-EE-CCSD calculations are given in supplementary
information for Ref. 41 (Table S2). We observe that σ2 -vector update procedure takes
most of total EOM time (96% for test 3). Within it, the calculation of I1i
ijab , is dominant
(70% of the total EOM time for test3), as expected based on O2 V 4 operations required
to evaluate this term.
Calculations of ionization energies for test4 (Table 9.9) show the errors of the same
order of the magnitude, 0.001 eV and 0.0001 eV for RI and CD/10−3 , respectively, as
in the PYPb examples (test1 and test2). Calculations of EOM-IP σ-vectors with RI/CD
are slightly slower than in the canonical calculations, however the time required for
calculation of intermediates is significantly smaller for RI/CD, resulting in more than
2-fold overall speedup. The speed-up for RI/CD EOM-IP is less than for RI/CD EOMEE due to smaller size of the data used by EOM-IP, which does not involve VVVV and
OVVV intermediates; thus, the canonical code shows much better parallel performance
than EOM-EE (for full EOM-IP, CPU 587 s, wall 63 s, ratio=9.45; for RI EOM-IP, CPU
2067 s, wall 214 s, ratio=9.70).
Using FNO (threshold 99.5%, 118 virtual orbitals frozen out of 410 total) significantly improves the total EOM timings making it more than 6 times faster than the
full canonical calculation. The errors introduced by the FNO approximation are larger
than those due to CD (∼0.01 eV), but they are still acceptable for most applications.
Thus, RI/CD in conjunction with FNO leads to significant reduction of both memory
and computational cost requirements, with only minor losses in accuracy.
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3344
6641
6093
6276
6588
486
984
710
788
975
46
132
108
117
132
39991
18522
18572
70
211
196

20021
139
125
245
165
159

60012
18661
18697
315
376
355

3686
6706
6149
6335
6652
837
1049
766
847
1040
139
197
165
177
197

EOM time
Iterb
Totalc

342
65
56
59
64
351
65
56
59
65
93
65
57
60
65

Int

a

1.2 (3.0)
1.1 (2.8)

0.3 (0.5)
0.3 (0.5)

1.4 (2.9)
1.2 (2.4)
1.3 (2.5)
1.4 (2.9)

1.3 (2.0)
0.9 (1.5)
1.0 (1.6)
1.2 (2.0)

1.8 (2.0)
1.7 (1.8)
1.7 (1.9)
1.8 (2.0)

Ratio

d

49
49
49
26
26
26

46
46
46
46
46
31
31
31
31
31
26
26
26
26
26

EOM
callse

3.167 eV
1.0 × 10−4
5.0 × 10−4
4.467 eV
9.0 × 10−4
9.0 × 10−4

3.158 eV
1.0 × 10−4
2.8 × 10−2
4.2 × 10−3
2.0 × 10−4
3.931 eV
1.0 × 10−4
1.9 × 10−2
7.5 × 10−3
4.0 × 10−4
4.328 eV
6.0 × 10−4
1.3 × 10−2
2.0 × 10−4
< 10−4

1A’

4.148 eV
1.0 × 10−4
1.2 × 10−3
6.772 eV
8.0 × 10−4
7.0 × 10−4

4.233 eV
1.0 × 10−4
3.5 × 10−2
6.7 × 10−3
6.0 × 10−4
4.329 eV
< 10−4
9.8 × 10−3
5.6 × 10−3
1.4 × 10−3
6.758 eV
8.0 × 10−4
6.9 × 10−3
1.0 × 10−4
< 10−4

2A’

3.349 eV
1.0 × 10−3
2.0 × 10−4
2.904 eV
1.3 × 10−3
9.0 × 10−4

3.860 eV
1.2 × 10−3
2.5 × 10−2
6.5 × 10−3
1.0 × 10−3
3.700 eV
1.3 × 10−3
1.5 × 10−2
2.5 × 10−3
3.0 × 10−4
2.735 eV
1.3 × 10−3
2.3 × 10−3
2.0 × 10−4
1.0 × 10−4

1A”

5.666 eV
1.1 × 10−3
< 10−4
5.462 eV
8.0 × 10−4
8.0 × 10−4

4.171 eV
1.2 × 10−3
2.0 × 10−2
3.9 × 10−3
9.0 × 10−4
5.268 eV
1.0 × 10−4
2.5 × 10−2
6.6 × 10−3
1.1 × 10−3
5.353 eV
1.1 × 10−3
2.8 × 10−3
7.0 × 10−4
< 10−4

2A”

Time for calculations of the EOM-CCSD intermediates for the Davidson procedure. b Time for EOM iterations. c Total EOM time
(intermediates + Davidson iterations). d Ratio= Time(RI/CD)/Time(full). The first value is the ratio of total EOM times; the ratio for
Davidson iterations is given in parentheses. e σ-vector update calls. f rimp2-aug-cc-pVDZ auxiliary basis.

a

Test1
EOM-EE-CCSD
RIf
CD/10−2
CD/10−3
CD/10−4
EOM-EA-CCSD
RIf
CD/10−2
CD/10−3
CD/10−4
EOM-IP-CCSD
RIf
CD/10−2
CD/10−3
CD/10−4
Test2
EOM-EE-CCSD
RIf
CD/10−3
EOM-IP-CCSD
RIf
CD/10−3

Method

Table 9.7: EOM-CCSD energies for the 2 lowest states in each irrep and errors in energy differences (eV), and wall
times for EOM (sec) using 12 cores.
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6917
9619
8987
93432
21552
26839
62
214
245

47946
170
194
426
166
189

141378
21722
27033
488
380
434

11482
9687
9049

EOM time
Iterb
Totalc

4565
68
62

Inta

0.8 (3.5)
0.9 (4.0)

0.2 (0.2)
0.2 (0.3)

0.8 (1.4)
1.3 (2.3)

Ratiod

36
36
36
26
26
26

48
48
48

EOM
callse

3.307 eV
3.0 × 10−4
8.0 × 10−4
4.450 eV
1.3 × 10−3
1.0 × 10−4

3.166 eV
1.0 × 10−4
5.0 × 10−4

1A’

4.333 eV
1.0 × 10−4
9.0 × 10−4
6.795 eV
1.3 × 10−3
1.0 × 10−4

4.148 eV
1.0 × 10−4
1.2 × 10−3

2A’

5.513 eV
4.0 × 10−4
2.6 × 10−3
2.872 eV
1.0 × 10−3
2.0 × 10−4

3.344 eV
1.1 × 10−3
2.0 × 10−4

1A”

5.690 eV
3.0 × 10−4
2.4 × 10−3
5.447 eV
8.0 × 10−4
3.0 × 10−4

5.662 eV
1.1 × 10−3
< 10−4

2A”

Time for calculations of the EOM-CCSD intermediates for the Davidson procedure. b Time for EOM iterations. c Total EOM time
(intermediates + Davidson iterations). d Ratio= Time(RI/CD)/Time(full). The first value is the ratio of total EOM times; the ratio for
Davidson iterations is given in parentheses. e σ-vector update calls. f rimp2-aug-cc-pVDZ auxiliary basis. g rimp2-cc-pVTZ auxiliary
basis.

a

Test2-fc
EOM-EE-CCSD
RIf
CD/10−3
Test3
EOM-EE-CCSD
RIg
CD/10−3
EOM-IP-CCSD
RIg
CD/10−3

Method

Table 9.8: EOM-CCSD energies for the 2 lowest states in each irrep and errors in energy differences (eV), and wall
times (sec) using 12 cores.

Table 9.9: EOM-IP-CCSD energies (absolute errors for RI/CD) and EOM wall
times (sec) for test4 (two lowest EOM roots).
Method

EOM time
EOM
State 1
State 2
b
c
d
e
Int
Iter Total Ratio calls
EOM-IP-CCSD 5088 503 5591
10
8.421 eV
8.858 eV
f
−3
RI
1866 576 2442
0.4
10
1.0 × 10
1.0 × 10−3
CD/10−3
2083 514 2597
0.5
10
5.0 × 10−4 2.0 × 10−4
CD/10−3 /FNOg 541 270
811
0.2
10
1.6 × 10−2 1.5 × 10−2
a
Time for calculations of the EOM-CCSD intermediates for the Davidson procedure.
b
Time for EOM iterations. c Total EOM time (intermediates + Davidson iterations). d
Ratio of total times: Time(RI/CD)/Time(Full). e Number of calls of σ-update procedure.
f
rimp2-aug-cc-pVDZ auxiliary basis. g Frozen core and FNO (threshold 99.50%) was
used.
a

To quantify the errors in energy differences along potential energy surfaces, we consider two examples. We begin by considering the energy differences between two PYP
isomers51 shown in Table 9.10. The energy difference between two PYPb isomers (antisyn and anti-anti) is 4.15 kcal/mol at the CCSD/6-31+G(d,p) level of theory. The errors introduced by RI and CD are: 2.40 × 10−3 (rimp2-aug-cc-pVDZ), 6.42 × 10−2
(CD/10−2 ), 2.12 × 10−2 (CD/10−3 ), and 9.00 × 10−4 (CD/10−4 ) kcal/mol; the errors
are considerably smaller than the errors in the total CCSD correlation energy due to
error cancellation. Note that even for the crudest CD threshold (10−2 ) the error in the
energy differences is quite satisfactory (∼0.1 kcal/mol). The error cancellation effect is
more pronounced for RI where the error in energy differences is more than 2 orders of
magnitude less than the error in the total energy, whereas for CD the difference is more
modest (about 1 order of magnitude). Thus, in terms of the energy differences, RI is
more accurate than CD/10−3 , but is still slightly less accurate than CD/10−4 .
As a more challenging case, we consider scans along proton-transfer coordinate in
ionized mU-H2 O cluster from Ref. 53. Fig. 9.1 shows CCSD and EOM-IP-CCSD
energies along the proton-transfer reaction coordinate computed in the 6-311+G(d,p)
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Table 9.10: Energy differences between PYPb isomers (Eanit−anti − Eanti−syn ,
kcal/mol) and the corresponding errors against full CCSD.
Method
Energy difference
Full
4.1531
RI/rimp2-aug-cc-pVDZ
4.1507
−2
CD/10
4.0889
−3
CD/10
4.1319
−4
CD/10
4.1540

Error, kcal/mol

Error, hartree

2.40 × 10−3
6.42 × 10−2
2.12 × 10−2
9.00 × 10−4

3.82 × 10−6
1.02 × 10−4
3.37 × 10−5
1.43 × 10−6

basis set. We note that RI features the smallest errors, both in terms of absolute values
(around 10−4 –10−5 eV) and in terms of non-parallelity errors (NPEs) (4 × 10−5 and
5 × 10−5 eV for CCSD and EOM-IP-CCSD energies, respectively). This is because the
auxiliary basis in RI is atom-centered and does not depend on geometry.59 CD shows
larger errors along the scan; however, the respective NPEs are small and do not exceed
0.001 eV for CD/10−3 and 0.0003 eV for CD/10−4 . We note that the range of changes in
total energy along this scan is about 2 eV. Smooth behavior of the CD scans is consistent
with small variations of the rank along this scan, e.g., for CD/10−3 and CD/10−4 the rank
is 834±2 and 1188±3, respectively.

9.5

Conclusions

We present a new implementation of RI and Cholesky decompositions within the
CCSD/EOM-CCSD suite of methods in the Q-Chem electronic structure package.27, 28
This implementation eliminates the storage of the most expensive four-index electron
repulsion integrals and intermediates, such as VVVV, OVVV and OVOV blocks of ERI,
leading to a significant reduction in storage requirements and I/O overheads. The number of floating-point operations is reduced for CCSD; however, it is increased by approximately a factor of 3 in EOM calculations (σ-vectors update) because the transformed
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Figure 9.1: Top: CCSD (left) and EOM-IP-CCSD (right) energies along the
proton-transfer coordinate in mU-H2 O. Bottom: Errors of RI/rimp2-aug-cc-pVTZ
and CD approximations.
integrals and related intermediates, which are computed only once in canonical EOM,
need to be reassembled at each Davidson iteration in the RI/CD implementation. However, this undesirable increase in computations is offset by significantly reduced I/O
overheads. In a shared-memory parallel setting the reduction of I/O also leads to better
CPU utilization and improved parallel scalability. When the calculation of the intermediates is included, the ratio between RI/CD and canonical EOM-EE timings is about
0.3–0.5 for moderate-size basis sets. The gains are more significant in large bases, e.g.,
a RI-EOM-EE-CCSD/cc-pVTZ calculation takes only 15% of the time required for the
full calculation. Additional computational savings can be achieved by combining RI/CD
and FNO approaches.54
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The accuracy of RI/CD implementations is benchmarked with an emphasis on energy differences, such as excitation energies. In agreement with previous benchmarks
based on the CASSCF, CASPT2, and CC2 methods,19, 48 we observe that the errors in
energy differences are smaller than the errors in total energies due to error cancellation.
Typical errors in the CCSD correlation energy are less than a millihartree for the RI
approximation with RI-MP2 auxiliary bases, however, the respective EOM errors are
less than 0.001 eV. The accuracy of CD can be controlled by a single threshold. For a
threshold of 10−4 , which results in a rank similar to RI, the errors in total energies are
two orders of magnitude less than for RI; however, the errors in energy differences are
roughly the same. This threshold is therefore recommended when high accuracy is required. We note that errors in excitation energies are quite small when using thresholds
of 10−2 and 10−3 (less than 0.04 and 0.008 eV, respectively); therefore these thresholds
can be used in most calculations.
This paper presents our first step towards developing reduced-scaling CC/EOM-CC
codes. While the present implementation does not reduce scaling of the calculations,
it affords significant computational savings thus extending the applicability of these
methods to larger systems. In order to achieve further gains, additional steps should
be taken. Among promising strategies19 are a tensor hyper-contraction approach,21, 22
local correlation schemes and pair natural orbitals,25, 26, 60, 61 as well as reduced-rank
representations of the CC/EOM amplitudes.23, 24, 62, 63
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Chapter 10: Implementation of
analytic gradients for CCSD and
EOM-CCSD using Cholesky
representation of electron-repulsion
integrals: Theory and benchmarks
10.1

Introduction

One of the problems with correlated electronic structure methods is the fourth-orderscaling of the storage requirements, which limits the scope of applications. The main
culprit is the matrix of two-electron repulsion integrals (ERI). One way to improve
the efficiency of correlated electronic structure methods is to decompose ERI using
Cholesky decomposition (CD) technique into the following form:

(µν|λσ) ≈

M
X

P
P
Bλσ
,
Bµν

(10.1)

P =1
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where M is the rank of decomposition, which depends on the desired accuracy. The
latter is controlled by served decomposition threshold δ. With this technique, the N 4 type matrix is reduced to N 3 -type ones, so the calculations of larger molecular system
become affordable.
This technique was implemented for calculating energies and amplitudes in coupledcluster (CC) and equation-of-motion (EOM) CC mothods in order to reduce the storage
requirements. As a consequence, more efficient parallelization due to reduced I/O overheads was achieved. The algorithm1–4 proceeds in an iterative manner, giving rise to the
P
following recursive expression for Cholesky vectors, Bµν
:

− 12

J
^
Bµν
= (h
J |hJ )

"
(µν|hJ ) −

J−1
X

#
K
Bµν
BJK ,

K=1
J−1
X

^
(h
J |hJ ) = (hJ |hJ ) −

BJK BJK ,

(10.2)

(10.3)

K=1

where hJ denotes a particular column in the (µν|λσ), i.e., hJ = (λµ)J . The order of
p
hJ is such that the first Cholesky vector, (µν|h1 )/ (h1 |h1 ), corresponds to the largest
diagonal element of the ERI matrix, ((λσ)1 |(λσ)1 ).
The implementation of analytical gradients is crucially important for explorations
of potential energy surfaces (PESs), optimization of the equilibrium and transition state
geometries, and finding minimum energy crossing points. Therefore, implementing the
analytical gradient within CD framework is important for applications. An implementation of CD gradient at the density functional theory (DFT) level was presented.5 Here
we present the analytical derivative of CD-CC and CD-EOM-CC energies. Because the
CC and EOM methods are much more computationally expensive than DFT, the savings
due to CD are more promising.
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10.2

Theory

The CD algorithm can be extended for energy gradient calculations by differentiating
Eq. (10.1):
∂(µν|λσ) X
=
∂ξ
P

P
P
∂Bµν
P
P ∂Bλσ
Bλσ
+ Bµν
∂ξ
∂ξ

!
≡

X


P
P
P
P
Xµν
Bλσ
+ Bµν
Xλσ
,

(10.4)

P

P
where Xµν
denotes the derivative of the P th Cholesky vector and is obtained by differ-

entiating Eq. (10.2):

J
Xµν

!
J−1
J−1
X
X
∂(µν|h
)
J
K
K K
^
Bµν
XJK
Xµν
BJ −
−
= (h
J |hJ )
∂ξ
K=1
K=1
!
J−1
X
1 ^ −1 ∂(hJ |hJ )
J
− (hJ |hJ )
−2
XJK BJK Bµν
.
2
∂ξ
K=1
− 12

(10.5)

P
assuming that the number of
This is the exact derivative of Cholesky vector Bµν

Cholesky vectors in the expansion does not change upon small nuclear displacements.
We note that Eq. (10.5) can be evaluated recursively, similar to the decomposition
procedure. In particular, one can simply modify CD algorithm such that the derivative
J
J
, are computed simultaneously with the respective Cholesky vectors, Bµν
vectors, Xµν

(alternatively, one can compute derivatives in a separate routine, but this will require
more bookkeeping). At J th iteration of the CD procedure, the following quantities are
J
needed for evaluating Xµν
:
K
J J−1
1. Cholesky vectors and their derivatives from previous steps, {Bµν
, Xµν
}K=1 .
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2. A batch of derivative integrals as needed for the following:
∂(µν|hJ )
= (µξ ν|(λσ)J ) + (µν ξ |(λσ)J ) + (µν|(λξ σ)J ) + (µν|(λσ ξ )J ) (10.6)
∂ξ
and


∂(hJ |hJ )
= 2 ((λξ σ)J |(λσ)J ) + (λξ σ)J |(λσ)J ) .
∂ξ

(10.7)

Thus, derivative integrals can be computed in batches, i.e., for a given hJ = (λσ)J , one
needs a batch of (µξ ν|hJ ), where µ, ν run over all AO indexes, and (µν|(σ ξ λ)J ) and
(µν|(σλξ )J ), where only symmetry-unique µν elements are needed.
Other derivative integrals needed for this step can be obtained from this batch by
using permutational symmetry: (µν ξ |hJ ) = (µξ ν|hJ ). (λσ)J |(λξ σ)J ) = (λξ σ)J |(λσ)J )
are included in the (µξ µ|hJ ) batch.
By replacing the second term of the expression for the CCSD/EOM-CCSD energy
gradient:
X
1X
dE X ξ
ξ
=
hpq ρpq +
< pq||rs >ξ Γpqrs +
ωpq Spq
,
dξ
4
pq
pqrs
pq

(10.8)

with Cholesky vectors:
X

< pq||rs >ξ Γpqrs =

pqrs

XX

P
P
P
P
P
P
P P
Bpr
Xqs
+ Xpr
Bqs
− Bps
Xqr
− Xps
Bqr Γpqrs =
pqrs P

4

XX
P

P
ΓPpr Xpr
(10.9)
,

pr

where
ΓPpr =

X

P
Bqs
Γpqrs

(10.10)

qs

we are able to compute the gradient of CD-CC and CD-EOM-CC analytically.
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10.3

Benchmarks and Discussions

The validation of Cholesky decomposed (CD) gradient is complicated by the fact that
CD energies are computed with finite precision (determined by the CD threshold), which
might lead to the errors that are not constant along the PES. Thus, the standard validation against finite-difference (FD) calculations is of a limited value. To validate the
implementation of the analytic CD-CCSD gradient we consider several quantities.
P
First, we compare the analytic derivative of the CD vectors, Xµν
, computed analyti-

cally:
P
(Xµν
)an =

P
∂Bµν
∂ξ

(10.11)

P
against the derivatives of Bµν
computed using the two-point FD procedure:

P
(Xµν
)f d =

P
P
Bµν
(ξ + ) − Bµν
(ξ − )
2x

(10.12)

where ξ ± denote displaced geometries:

ξ ± = ξ0 ± x

(10.13)

and x is the step size for the FD procedure (x=10−5 Å). In these calculations, the CD of
the integrals at the FD points is performed in the same decomposition sequence as at ξ0 .
Second, we compare the re-constituted gradient of the two-electron repulsion integral
(ERI), (µν|λσ)ξCD :
(µν|λσ)ξCD

=

P
X

i
i
i
i
Xµν
Bλσ
+ Bµν
Xλσ



(10.14)

i
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against the canonical (CAN) analytic ERI gradient, (µν|λσ)ξCAN . Third, we compare
analytic CD-CCSD energy gradient, FCD , against the canonical analytic CCSD force,
FCAN . Forth, we compare analytic FCD against the CD force computed by FD of
the CD-CCSD energies. Finally, we compare the optimized bondlengths of several
molecules computed with the analytic CD-CCSD gradient against the reference geometries computed with the canonical analytic CCSD gradient.
To quantify the differences, we compute the maximum deviation (MD), norm of
error (NE), and the average absolute difference (AAD) between the two vectors. NE
and AAD are:

NE =

s
X

i
(V i − Vref
)2 ,

(10.15)

1 X i
i
|V − Vref
|,
3N i

(10.16)

i

AAD =

i
and MD is the value of the largest element of the difference vector, V i − Vref
. Here ref

stands for the reference value and the sums run of the 3N Cartesian degrees of freedom.
The benchmark set consists of H2 , N2 , C2 H2 , C2 H6 , CH3 OH, and HCOCl. We used
the following basis sets: 6-31G, 6-311G(d,p), cc-pVDZ, aug-cc-pVDZ, cc-pVTZ. The
following parameters were used in the calculations:
• The HF and CCSD energy convergence thresholds: 10−11 a.u.;
• Step size (x) for FD procedure: x=10−5 Å≈ 1.89 × 10−5 a.u.;
• Convergence threshold for the maximum gradient component: 3 × 10−6 a.u.;
• Convergence threshold for the maximum atomic displacement: 1.2 × 10−5 a.u.
≈ 6 × 10−6 Å;
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• Convergence threshold for the energy change in successive optimization cycles:
1 × 10−8 a.u.
The errors introduced by the FD procedure executed with the above parameters can be
evaluated by computing the difference between canonical analytical and canonical FD
gradients. With the above parameters, the norm of the error is ∼ 10−8 .
The benchmark results for the analytic CD integral gradient against the FD CD integral gradient are given in Table 10.1. At loose decomposition thresholds, the analytic
and FD CD integral gradients match each other within the accuracy of the FD procedure
(∼ 10−8 ). However, NE becomes larger at very tight thresholds. There are two reasons
for this behavior. First, at tight thresholds, we have many more Cholesky vectors and the
errors are accumulated through the decomposition algorithm. Second, when very tight
threshold (10−14 ) is used, we start to encounter very small diagonal matrix elements and
the resulting CD integral gradient vectors have large errors caused by the division by
this small diagonal element. This type of error does not show up when computing the
CD vectors, because in this case the square root of the maximum diagonal element is
used as the denominator.
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10
molecule
H2
4.6 × 10−10
N2
2.7 × 10−9
C2 H2
1.2 × 10−8
CH3 OH
3.4 × 10−8

−2

10
9.9 × 10−10
5.1 × 10−9
2.7 × 10−8
5.5 × 10−8

−3

10
2.4 × 10−9
2.4 × 10−8
5.4 × 10−8
1.2 × 10−7

−4

δ
10−5
8.9 × 10−10
1.4 × 10−7
1.3 × 10−7
3.0 × 10−7
10−8
4.1 × 10−8
2.6 × 10−6
4.1 × 10−6
6.1 × 10−6

10−11
4.1 × 10−8
4.8 × 10−5
5.1 × 10−5
8.0 × 10−5

10−14
4.1 × 10−8
5.9 × 10−4
2.0 × 10−3
7.5 × 10−4

P
Table 10.1: Norm of error (NE) between the analytic CD integral gradient, (Xµν
)an , and the FD CD integral gradient,
P
(Xµν )f d , computed with different CD threshold δ. Basis set: cc-pVDZ.
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molecule
H2
N2
C2 H2
CH3 OH

10
4.4 × 10−2
5.2 × 10−1
3.8 × 10−1
4.4 × 10−1

−2

10
5.1 × 10−3
3.0 × 10−2
3.8 × 10−2
4.5 × 10−2

−3

10
9.8 × 10−4
2.9 × 10−3
3.8 × 10−3
5.3 × 10−3

−4

10
4.0 × 10−5
5.0 × 10−4
4.9 × 10−4
6.6 × 10−4

−5

δ
10−8
4.0 × 10−15
2.9 × 10−7
4.5 × 10−7
8.3 × 10−7

10−11
4.0 × 10−15
1.3 × 10−10
6.3 × 10−10
5.9 × 10−10

10−14
4.0 × 10−15
7.0 × 10−14
3.9 × 10−13
3.1 × 10−13

Table 10.2: Norm of error (NE) between re-constituted gradient of ERI, (µν|λσ)ξCD , and analytic ERI derivatives,
(µν|λσ)ξCAN . Basis set: cc-pVDZ.

The results for the re-constituted gradient of ERI are shown in Table 10.2. We see
that the error is about one order of magnitude larger than the decomposition threshold.
The latter provides the bound for the maximum difference between the re-constituted
and original ERIs. The difference between the re-constituted ERI gradient and the ERI
gradient is not bounded by δ. Because of accumulation of the errors, the error in the
ERI gradients is expected to be larger than the error in ERIs. Compared to Table 10.1,
Table 10.2 shows a good match at tight thresholds. This is because all X vectors are
contracted with B vectors to form the ERI gradient (see Eq. (10.14)) and the errors in
individual X vector are summed up and cancel out.
Table 10.3 and 10.4 show differences between re-constituted ERI gradients from
analytic CD integral gradient and those from finite difference of ERI re-constituted by
CD integrals at FD points. In Table 10.3, the CD integrals at FD points are decomposed
in same sequence as it at analytic point ξ = 0. We can see from this table that, all
differences are very small, which means good agreement between CD analytic gradient
and CD FD gradient.
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molecule
H2
N2
C2 H2
CH3 OH

10
8.0 × 10−11
1.4 × 10−10
4.9 × 10−10
7.1 × 10−10

−2

10
8.0 × 10−11
1.4 × 10−10
4.9 × 10−10
7.1 × 10−10

−3

10
7.8 × 10−11
1.3 × 10−10
4.9 × 10−10
7.1 × 10−10

−4

δ
10−5
7.2 × 10−11
1.9 × 10−10
4.9 × 10−10
7.1 × 10−10

10−8
7.2 × 10−11
1.5 × 10−10
4.9 × 10−10
7.1 × 10−10

10−11
7.2 × 10−11
1.5 × 10−10
4.9 × 10−10
7.1 × 10−10

10−14
7.2 × 10−11
1.5 × 10−10
4.9 × 10−10
7.1 × 10−10

Table 10.3: Maximum deviation (MD) between re-constituted gradient of ERI, (µν|λσ)ξ,anal
CD , and re-constituted FD ERI
ξ,F D
gradient with fixed decomposition sequence for FD points, (µν|λσ)CD . Basis set: cc-pVDZ. Symmetry is disabled.
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molecule
10−2
H2
1.2 × 10−2
N2
4.8 × 102
4.2 × 102
C2 H2
CH3 OH 7.1 × 10−10

10−3
2.8 × 10−4
3.4 × 101
4.3 × 101
7.1 × 10−10

10−4
7.9 × 10−11
4.7 × 100
4.5 × 100
5.0 × 100

δ
10−5
2.9 × 10−1
2.1 × 10−1
3.6 × 10−1
7.1 × 10−10

10−8
7.1 × 10−11
4.9 × 10−4
4.3 × 10−4
3.9 × 10−4

10−11
7.1 × 10−11
3.4 × 10−7
3.1 × 10−7
7.1 × 10−10

10−14
7.1 × 10−11
1.5 × 10−10
5.0 × 10−10
7.1 × 10−10

Table 10.4: Maximum deviation (MD) between re-constituted gradient of ERI, (µν|λσ)ξ,anal
CD , and re-constituted FD ERI
D
gradient with NOT fixed decomposition sequence for FD points, (µν|λσ)ξ,F
.
Basis
set:
cc-pVDZ. Symmetry is disabled.
CD

In Table 10.4, all CD integrals are decomposed following the standard algorithm
does (i.e., the decomposition sequence at different points may be different). Since the
decomposition sequence is not fixed, at different FD points, the maximum difference
between two re-constituted ERIs from two CD algorithms (with and without fixing decomposition sequence) is threshold δ. Therefore, the maximum difference between the
two re-constituted ERI integrals:

(µν|λσ)ξCD (f ixed) − (µν|λσ)ξCD (unf ixed)

=
−

(µν|λσ)CD (f ixed)(ξ+) − (µν|λσ)CD (f ixed)(ξ−)
2ξ

(µν|λσ)CD (unf ixed)(ξ+) − (µν|λσ)CD (unf ixed)(ξ−)
2ξ
=

∆fCD (ξ+) − ∆fCD (ξ−)
2ξ

where ∆fCD = (µν|λσ)CD (f ixed) − (µν|λσ)CD (unf ixed) is the difference caused by
different decomposition sequence and is smaller than δ, so we have

(µν|λσ)ξCD (f ixed) − (µν|λσ)ξCD (unf ixed) ≤

δ
2ξ

In cases when decomposition sequence is different at loose threshold, e.g., H2 at
δ = 10−5 , we can see that the maximum deviation is of the order of 10−1 ≤ 10−5 /10−5
(ξ = 10−5 Å). If the decomposition sequence does not change at FD points, e.g., CH3 OH
at δ = 10−2 or 10−3 , the maximum deviation is small and almost identical to the corresponding value in Table 10.3.
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molecule
10−2
H2
8.6 × 10−3
N2
1.2 × 100
C2 H2
5.4 × 10−2
CH3 OH 5.6 × 10−1
HCOCl
1.4 × 100

10−3
1.5 × 10−4
4.5 × 10−2
3.8 × 10−2
2.4 × 10−2
5.7 × 10−2

10−4
2.0 × 10−4
6.7 × 10−3
7.1 × 10−3
1.4 × 10−2
5.5 × 10−2

10−5
1.3 × 10−4
4.5 × 10−3
8.5 × 10−4
5.6 × 10−3
5.1 × 10−3

δ
10−8
2.8 × 10−14
4.8 × 10−6
1.6 × 10−6
1.3 × 10−6
1.2 × 10−5

10−11
2.8 × 10−14
1.8 × 10−8
1.3 × 10−9
5.3 × 10−9
9.4 × 10−9

10−14
2.8 × 10−14
1.1 × 10−11
1.1 × 10−10
1.2 × 10−9
1.2 × 10−7

Table 10.5: Norm of error (NE) between analytic CD-CCSD force and canonical analytic CCSD force at different CD
threshold, δ. Basis set: cc-pVDZ

Let us now compare analytic CD versus CAN energy gradient. Fig. 10.1 shows
the computed AAD and Table 10.5 shows NEs for our test set as a function of the CD
threshold. As one can see, CD-CCSD energy gradient converges to the CAN value as
the threshold gets tighter. For δ = 10−3 and δ = 10−4 , the AAD is around 10−5 a.u..
With δ = 10−5 , the AAD drops below 10−6 a.u..

Figure 10.1: AAD between the CD analytic energy gradient and the canonical
(CAN) analytic energy gradient.

10.3.1

Errors in optimized structures

Table 10.6 compares analytic CD-CCSD and canonical CCSD calculations of the optimized structures. We report MDs for optimized bondlengths and for forces computed
at the initial structures. The error of optimized bondlengths and in the energy gradient
are consistent with each other. When δ = 10−2 , the errors in optimized bondlengths of
most molecules are around 10−3 a.u.. As the decomposition threshold becomes tighter,
δ = 10−3 , 10−4 , 10−5 , the error decrease accordingly, 10−4 a.u., 10−5 a.u., 10−6 a.u..
These results are similar to those reported by Lindh and co-workers.5
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Table 10.6: The results of CD-CCSD/cc-pVDZ optimization using analytic gradient
at ifferent CD thresholds, δ. The errors are computed against canonical CD-CCSD
values and reported as maximum deviation (MD). MD for bondlengths and forces
are denoted by |∆r| (pm) and by |∆F | (10−2 a.u.), respectively.

Molecule 10−2
H2
0.0095
0.2080
N2
0.0170
C2 H2
C2 H6
0.4980
0.3176
CH3 OH
HCOCl
1.5495
−2
1 pm = 10 Å.

10.4

|∆r|, pm
10−3
10−4
0.0002 0.0003
0.0121 0.0005
0.0112 0.0031
0.0083 0.0013
0.0117 0.0103
0.0434 0.0138

10−5
0.0001
0.0003
0.0008
0.
0.0036
0.0010

10−2
0.0061
0.8601
0.0399
0.1822
0.2919
0.9654

MD, 10−2 a.u.
10−3
10−4
0.0001 0.0001
0.0318 0.0048
0.0298 0.0050
0.0143 0.0009
0.0134 0.0079
0.0455 0.0391

10−5
0.0001
0.0032
0.0006
0.0005
0.0031
0.0036

Conclusions

The differences between analytic and FD gradient are consistent with the variations in
the errors in energies introduced by the CD decomposition, which determines the error
in the FD gradient. The uniform convergence towards CAN value with tight thresholds
and the agreement between the analytic and FD gradient with tight CD threshold provide
support in favor of the correctness of the implementation.
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Chapter 11: Future work
Chapter 7 reported that in covalently linked tetracene dimer where ortho-diethynylbenzene is used as the linker, a faster rate of singlet fission (SF) can be obtained, relative
to the crystalline tetracene. We were able to show that this type of linker increases the
non-adiabatic coupling (NAC) between the lowest singlet excitonic excited state (S1 ),
and the singlet multiexcitonic state (1 ME). Since ortho-BET-B shows fast SF, one might
expect that the BET-B with para-linker has similar behavior, whereas another BET-B
isomer with meta-linker could have smaller NAC and, consequently, a slower SF rate.
By using same techniques as in Chapter 7 we can estimate the NAC between S1 and
1

ME in ortho-, para- and meta-BET-B by computing ||γ||. What we find is that the

NAC of ortho- and para-BET-B are of same order of magnitude, while in meta-BETB the NAC is more than two orders of magnitude smaller. This is consistent with the
resonance structures of para- and ortho-benzene have more resonance structures than
meta-benzene, predicts faster SF in para-BET-B than meta-BET-B.
The methodology employed in this thesis is based on the restricted-active-space
spin-flip configuration interaction (RAS-SF-CI), in which the dynamic correlation is
poorly described. To improve the excitation energy, one should use higher level of
theory, such as the equation-of-motion double spin-flip coupled-cluster (EOM-DSFCCSD) method or EOM-DSF-CCSD with perturbed triples (EOM-DSF-CCSD(T)). Because of high computational cost, several techniques should be employed in order to
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make the methods applicable to large molecular systems, such as those relevant to SF
materials with the basis set we employed (cc-pVTZ-f for C atoms and cc-pVDZ for
H atoms). For example, we can use Cholesky decomposition (CD) or resolution-ofidentity (RI) to reduce the storage scaling of two-electron repulsion integrals (ERI) from
O(N 4 ) to O(N 3 ).
Another important development is the implementation of NAC. Within the EOM
framework, the NAC equals to Tr[γH R ], which is simply the trace of product of two
matrices: one particle transition density matrix (OPDM) and derivative of Hamiltonian
with respect to nuclear coordinate. The amplitude and orbital response can be included
in the relaxed OPDM, as done in the calculation of other one-electron properties, such
as transition dipole moment.
Chapter 9 and Chapter 10 show the implementation of the CD technique within CC
and EOM-CC framework reducing the storage requirements. However, the overall storage scaling is still N 4 , since the CCSD T2 amplitudes and EOM-CCSD R2 amplitudes
scale as N 4 . One simple way to achieve further reduction is to use frozen natural orbital
(FNO) technique to reduce the size of virtual molecular orbital space.1, 2 The MP2-based
FNO truncation scheme has been implemented for the CC and EOM-CC ionization potentials. Utilizing 99–99.5% of virtual space population leads to the 30–70% truncation
of virtual space, introducing errors less than 1 kcal/mol. However FNO gradient has not
yet been implemented. It is needed for geometry optimizations.
Another way to improve efficiency is to exploit the sparsity of N 4 -type tensors. For
example, when the distance between two atomic orbitals is larger than a given threshold, the corresponding ERI element can be set directly to zero. If elements of one block
of the ERI matrix are set to zero, it needs not be stored thus reducing the disk requirements. The number of numerically significant integrals in the ERI matrix can be reduced
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asymptotically to O(N 2 ).3 There are existing algorithms for the AO-MP2 method,4, 5
which allow for evaluation of AO-MP2 energy with computational cost that scales linearly. Esmond Ng and co-workers have presented a new algorithm for sparsifying the
amplitude correction for the inexact Newton iteration of CCD amplitude.6 In this work,
about 90% non-zero elements are ignored without a major effect on the convergence,
so we might expect the sparsity in T2 amplitudes can also be efficiently utilized. Once
the new screening algorithm for T2 and R2 amplitude is established and implemented,
we should gain more computational savings, thus improving the performance of CC and
EOM-CC methods.
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