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The challenge of appropriately including many-body affects are well-known throughout the

electronic structure and condensed matter scientific communities. Describing the interactions

amongst particles (be they electrons, molecules, colloids...) beyond simple pairwise correla-

tions underpins the most pressing theoretical and modeling tasks of our generation. Accurate

many-body theories are required to predict and understand phenomena that traverse length

and timescales - from the behavior of quantum materials to photosynthesis. This article

provides a fresh perspective on the development of new theories that leverage the most re-

cent advances to data science – a roadmap of how graph theory, computational topology,

machine learning, and other methods are dramatically accelerating scientific innovation. His-

torical emphasis has been placed upon many-body methods at the smallest scale of electrons

(partially inspired by Feynman’s famous lecture of 1959 entitled “There’s Plenty of Room

at the Bottom: An Invitation to Enter a New Field of Physics”). Advanced modeling and

simulation capabilities, however, alongside mathematical methods that identify complex mul-

tidimensional correlations, create a framework for expanding our consideration of many-body

affects to systems that approach realistic complexity and size and evolve across timescales of

many orders of magnitude - a “Middle Science”.

1 The Many-body Challenge
Nearly 60 years ago, physicist Richard Feynman gave a
now famous presentation, entitled “There’s Plenty of Room
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at the Bottom: An Invitation to Enter a New Field of
Physics."1 In considering the manipulation of matter on
an atom-by-atom basis, Feynman simultaneously issued
the challenge of the ultimate miniaturization of technol-
ogy while removing from the picture a far more potent de-
mon - the many-body problem. Within real physical sys-
tems all particles interact, whether it is in the correlated
motions of electrons or the self-assembly of amphiphilic
molecules to form an emulsion. By significant ingenuity,
physicists, chemists, and materials scientists have defanged
the many-body demon and accelerated the progress of sci-
ence through systematically improved approximations that
encompass only a few sets of interactions at a time (for
example through the mean field approximations or pertur-
bation theories). However, it is well acknowledged that
such approaches can come at a great cost,2–4 including the
inability to predict the phase diagram of strongly corre-
lated metals like plutonium,5 the grand challenge of ac-
curately simulating magnetic states and quantum phase
transitions within nano- and quantum materials,6–8 and
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developing an understanding of excited state correlation
effects within large photosystems relevant to light harvest-
ing.9,10 The challenge leveled by Feynman in 1959 has led
to the development of molecular machinery capable of car-
rying out complex chemical reactions that mimic nature,
and simultaneously influenced the development of mas-
sively parallel computing architectures that underpin not
only exascale computing but the so-called quantum rev-
olution. Ironically, this advanced computing architecture
lays the foundation for moving away from the science at
the "bottom" and into a "middle science" that has the po-
tential to use computing power combined with the latest
advancements of data science (DS) to create computation-
ally tractable approaches that account for the full impact
of many-body interactions across length and timescales.
Imagine near linear scaled electronic structure methods
that include high-level many body treatments via coarse-
grained Hamiltonians derived from machine learning (ML)
guided parameterization. Alternatively, consider classi-
cal force field simulations of chemically extreme solution
phase systems, where attributed graphs support predic-
tion of phase phenomena that occur on incredibly long
timescales. This article provides a roadmap of challenges
and potential methods that seek to empower many-body
theories; to extend their impact beyond traditional do-
mains of electronic structure theory, and into complex con-
densed matter systems, where propagating system states
in time must be able to self-consistently account for many-
body effects (described by different granularity of infor-
mation). As we traverse the many-body roadmap—from
small to big, across space, and through time—we will in-
troduce tools from DS and mathematics that are currently
being used and which show potential for future develop-
ment. These include extensions to chemical graph theory,
where network structures of molecular vertices connected
by edges of intermolecular interactions can model emer-
gent phenomenon in many-body systems. The discrete no-
tion of spatial proximity measured by graphs becomes con-
tinuous and higher-dimensional in the mathematical fields
of geometry and topology that measure shape. The shape
of the Hamiltonian governs the dynamics of the many-
body problem, and integrating or course-graining time ef-
fectively requires further mathematical tools. We briefly in-
troduce DS and mathematical techniques as they arise, as
motivated by chemical problems, and postpone their more
detailed descriptions until the Coda within the Appendix.

2 The Many-body Roadmap

2.1 When Small is Big

2.1.1 The curse of dimensionality and the art of

coarse-graining

Quantum mechanics provides a complete description of
chemistry, biology, and materials. By simply specifying
the particles (nuclei and electrons), we can write a many-
body Hamiltonian and the time-dependent Schrödinger (or
Dirac) equation whose solutions define any imaginable
physical property of the system. This is a truly amazing
achievement of theoretical physics and a major milestone
of human innovation. Unfortunately, in between the ini-
tial knowledge of the interacting particles and the macro-
scopic physical properties of the system lies an object of
an enormous complexity, the unknown many-body wave
function determined by the Schrödinger equation. The
exact wave function is exponentially complex because of
quantum entanglement between particles; this translates
into the huge size of the wave function, whether repre-
sented in real space or in the space of parameters. Both
the size of the wave function and the cost of solving the
equations scale factorially with the system size – giving
rise to the curse of dimensionality. Quantum chemistry
has been very successful in cutting in-roads through the
intimidating landscape of the many-body wave function by
developing mathematically rigorous hierarchies of approxi-
mations.11 Approximate treatments of electron correlation,
in combination with algorithmic developments (e.g., fast
reduced-complexity solvers, lossless and lossy compres-
sion, powerful tensor libraries) and ever-increasing com-
putational power, enable applications of quantum theory to
real-world problems, ranging from high-accuracy thermo-
chemistry and simulated spectroscopy to materials model-
ing and drug design. Quantum chemistry can be defined as
a science (or sometimes an art) of coarse-graining the com-
plexity of the many-body problem. To illustrate this point,
consider one mean-field theory (also known as the Hartree-
Fock method) – it reduces the full many-body system to
single particles interacting through an effective medium.
Instead of a multi-dimensional many-body wave function,
one can deal with individual particles that interact through
an effective (averaged) field generated by all other par-
ticles. Despite such a drastic simplification, the mean-
field treatment provides sufficiently accurate answers to
many practical questions. Quantum chemistry uses it to
build more sophisticated treatments, by using the states
of (pseudo) non-interacting particles (Slater determinants
composed of the Hartree-Fock orbitals) to build a many-
body basis that allows one to gradually include more fine-
grained interactions between the particles (electron corre-
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Fig. 1 Detailed information about a many-body system, such as a complete description of a cat, with all its hairs and whiskers, can be
compressed into a compact form describing a subset of physical properties of the system—an effective cat theory that describes important
cat behaviors and inform us when to feed the cat, when to take it to the vet, or how to play with it. This mapping can be done
either exactly or approximately. The coarse-grained, effective representation of a cat can be used as a starting point for including more
fine-grained descriptions of the system (more nuanced cat behaviors) or for building up the complexity, all the way up to multiple cats
interacting dynamically.

lation). Alternatively, mean-field theory can be used as a
starting point for more approximated treatments, such as
Hückel or Pariser-Parr-Pople models.

This idea is illustrated in Figure 1, where a detailed cat
theory, including whiskers and all, is replaced by an effec-
tive cat theory that can provide sufficiently accurate de-
scription of the cat’s behavior. This effective description
can be used as a stepping stone to build a more detailed
description of the cat or as a building block of a theory
describing many cats. That is, an effective cat model can
be used to construct a product space describing multiple
cats, and used to capture their interactions and dynamics
(time dependence). This is an example of the bottom-up
coarse-graining in which the model is rigorously derived
from a more detailed description; however one can also
construct the model top-down by matching relevant experi-
mental observables.12 For example, one can attempt to cre-
ate an effective cat model phenomenologically by requiring
that the model correctly predicts selected cat behaviors.

Coarse-graining of complexity can be carried out in a
variety of ways: by hierarchical improvements in cor-
relation treatment by including clusters of higher exci-
tations (as in coupled-cluster theory13) iteratively com-
pressing/expanding the Hilbert space (as in density matrix
renormalization group and other adaptive configuration in-
teraction schemes), by using a Bloch formalism to construct
effective Hamiltonians mapping the many-electron prob-
lem onto a small number of effective spins (as in treat-

ments of magnetic phenomena14), or by introducing more
drastic shortcuts connecting the target (energy and prop-
erties) with the input (information about nuclei and elec-
trons). A famous example from the latter category is den-
sity functional theory (DFT), which avoids the correlated
many-body wave function altogether and instead operates
with an energy functional, a mathematical device that can
yield the energy directly from the electron density. The
success of DFT11 is grounded in the fact that such exact
mapping between the density and energy exists, as proven
mathematically by the Hohenberg-Kohn theorems, or more
vividly, by Wilson’s deduction. Since one can determine
from the election density the number of electrons (by in-
tegrating the density), the types and positions of the nu-
clei (from the cusps), then one can write the Hamilto-
nian, solve the resulting Schrödiner equation, and obtain
the exact energy. Although the existence of such a map-
ping does not provide a practical workable recipe, it justi-
fies an empirical approach to the problem, that is, build-
ing the unknown functional by fitting its form and param-
eters to satisfy known exact properties of real or ideal-
ized systems (e.g., the uniform electron gas, helium atom),
or to directly reproduce experimental data. In the same
spirit, semi-empirical theories (tight-binding, SCC-DFTB,
MNDO, INDO, CODA, PM3, AM1, Hubbard’s and Heisen-
berg Hamiltonians, classical force-fields)15–28 coarse-grain
the complexity by representing the full interacting system
of nuclei and electrons by much more compact effective
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Hamiltonians, or other coarse-grained descriptors like fic-
titious spins, “atoms” connected by springs and interacting
by electrostatics and dispersion, or beads (groups of atoms
folded into more coarse effective objects).

These approaches provide an enormous simplification
and reduction of computational costs, enabling treatment
of very large systems, such as those representing the chem-
istry of solutions and interfaces, materials, and biological
systems. Of course, coarse-grained approaches are limited
in the scope of what they can describe: mean-field the-
ories assume the dominance of one-electron terms. Yet
by making physically motivated choices, one can construct
multi-layered models that combine high-level quantum-
mechanical treatments of the core of the system with more
coarse-grained treatments of the periphery such as in the
QM/MM approach29 or other types of embedding.30–34

2.1.2 Complexity reduction and opportunities for ML

However many challenges persist, as in the curse of scaling.
Even the lowest-rung quantum theories scale polynomially.
For example, in DFT or mean-field calculations one needs
to tackle non-linear eigenvalue problems35 that scale as
O(N

3) with the system size N, even if the Fock matrix build
is done with linear scaling. This limits both the length-
and time-scale of the simulations. Significant efforts
have been devoted to developing reduced complexity ap-
proaches that computationally scale only linearly with the
system size.36,37 These methods are typically based on so-
called “divide-and-conquer” approaches31,38–44 or numer-
ically thresholded sparse matrix algebra techniques.45–54

The divide-and-conquer strategy can also be used to build
up an extended system from smaller fragments. The com-
ponents are treated quantum mechanically and the results
are then coarse-grained into effective Hamiltonians or frag-
ment wave functions that are used to describe extended
quantum systems—such coarse-graining can be done in
real space, such as in fragment-based approaches55 or
in Fock-space.56,57 Here again physics dictates the most
appropriate strategy: divide-and-conquer approaches rely
on the locality of electron correlation, whereas coarse-
graining in the Fock space is appropriate for strongly cor-
related systems.

Some of these promises have already been realized.
Thanks to recent progress in methods and reduced-
complexity algorithms, we can now treat very large systems
by atomistic or even fully quantum mechanical simula-
tions.44,58–62 Multi-scale approaches such as QM/MM and
other types of embedding, as well as accelerated molecular
dynamics63–65 and low-complexity coarse-grained charge
equilibration models for molecular dynamics simulations66

further extend the scope, both in terms of size of the

systems and the timescales of the simulations (see Sec-
tion 2.3). We envision that many more will be devel-
oped in the future, however to realize the full potential
of DS broadly (and machine learning (ML) specifically)
in molecular sciences, more fundamental and interdisci-
plinary work is needed. Only by combining physically moti-
vated coarse-grained theory with reduced complexity algo-
rithms and DS/ML will it be possible to significantly extend
the roadmap and find transparent shortcuts to enable new,
yet unexplored, areas of research.

Challenges abound toward a shared goal of both increas-
ing simulation system timescale, lengthscale, and complex-
ity while accounting for many-body effects at the appropri-
ate level. Some phenomena inherently require high-level
many-body treatments on relatively large scales. Notori-
ously difficult examples include excited-state processes (as
in photobiology and photovoltaic materials), strong cor-
relation (as in magnetic systems), long-range charge and
excitation transfer, and long-range electrostatics. Can ML
help us to address these challenges? Figure 2 outlines path-
ways that connect the system specification (the Hamilto-
nian) with the end result, physical properties and observ-
ables. Travel by these roads is enabled by various flavors
of coarse-graining. DS/ML promise to provide new, power-
ful vehicles to make this travel faster (more computation-
ally effective), better (more rigorous and transparent), and
accessible to non-experts, as well as to allow us to build
additional shortcuts.

ML techniques are already being deployed to carry out a
variety of coarse-graining tasks. For example, ML has been
successful in the automatic generation of force-fields and
accelerating sampling in biosimulations,12,67–69 as well as
the design of accurate short-range parameterizations for
interatomic potentials that describe the formation ener-
gies and the dynamics of molecules and solids (Figure
3).70–79 This is achieved by constructing a complex high-
dimensional function described by a deep neural network
(NN, see Appendix). The inputs are rotationally invariant
descriptors derived from the atom types and the molecu-
lar structure similar to the embedded atom method80 and
the output are observables, such as the energy and the in-
teratomic forces. The optimization is performed by mini-
mizing penalty functions that are determined by the differ-
ence between the predicted output observables and mas-
sive data sets of precalculated properties from high-level
electronic structure theory. ML has been also used, with
impressive results to improve parameterization of den-
sity functionals,81–83 leading to qualitatively better func-
tionals at each rung of DFT. Artificial neural networks
have also been effective in tackling ill-conditioned inverse
problems, such as recovering single-particle spectral den-
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Fig. 2 Multi-scale approaches and coarse-graining enabling first-principle modeling of real-world systems and the opportunities for DS/ML.
The travel from the origin (the many-body Hamiltonian) to the destination (properties of the system) is enabled by shortcuts (avoiding
the exact many-body wavefunction gorge) using the pedestrian bridge, a hot-air balloon, trebuchets, a balancing act on a tight-rope, or
maybe yet unknown tunnels, provided by physically justified models and rigorous mathematical tools for the reduction of complexity.

sity in the frequency domain from the (noisy) fermionic
Green’s function in the imaginary time domain.84–86 We
envision that the same ML approaches can also be used
to make new or better shortcuts with other theoretical
coarse-graining tools. For example, ML may be used to
enhance the accuracy of fast low-level quantum chemistry
methods87,88 such as tight-binding DFT or semi-empirical
quantum chemistry methods. ML can be also deployed
for simplified or automated development of effective spin-
Hamiltonians for extended systems. More generally, ML
can connect high-level quantum chemistry with effective
single-particle treatments or effective Hamiltonians, to de-
liver true predictive capability required for systems with
strong electron correlation where regular DFT fails. Of
course, to realize these ideas many important questions
should be addressed. What kind of optimization tools
should be used and for what types of parameterization?
Which data points from costly high-level wave function
calculations will achieve the best parameterization? How
should we best represent the data from electronic structure
calculations? Or, alternatively, can we simply use the func-
tional forms and the many-body physical picture to inform
how the parameterization of the effective single-particle
Hamiltonians should be performed, e.g. DFT+U89,90?

How do we include long-range charge interactions and re-
laxations without a large computational overhead91? At
the same time, how do we conserve constants of mo-
tions, symmetries and other relevant properties? How do
we keep physical transparency through step-by-step coarse
graining in combination with ML algorithms that often use
non-physics deep neural network structures? All these
questions present both new opportunities and challenges
that will require intellectual investment and development.

ML-enhanced electronic-structure methods can be fur-
ther combined with linear scaling techniques and parallel
algorithms, to enable studying very large systems with an
unprecedented rigor. These new electronic structure tools,
in combination with emerging exascale computing capabil-
ities, can be expected to extend the effective reach of elec-
tronic structure calculations and AIMD (ab initio molecu-
lar dynamics) simulations by many orders of magnitude in
time and length scale.

2.1.3 The challenge of data management

These new opportunities will further exacerbate challenges
of handling and utilizing the data produced in large-scale
simulations. How do we capture, analyze, and understand
the vast amount of data generated from large-scale elec-
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Fig. 3 Scatter plot of ML-model predicted entropy of atomization
at T = 298.15 K versus ML-model predicted electron correlation
contribution to atomization energy for the 16k stable out-of-sample
diastereomers of C7H10O2. Training data are shown in red. Image
and caption reproduced with permission from Ref. 87.

tronic structure calculations and quantum mechanically
based molecular dynamics simulations? In the early-days
of AIMD simulations, when only small systems could be
studied during fairly short simulation times, many proper-
ties could be analyzed in detail by direct inspection. Even
in relatively small AIMD calculations, the wave function is
treated as an intermediate object and is processed on-the-
fly to extract a predetermined subset of electronic proper-
ties. Traditional analyses have been based on the atomic
configuration and velocities only; however more recent de-
velopments in graph theory, persistent homology, and other
topological analyses are starting to reveal new correlat-
ing relationships in complex systems (Section 2.2 and Ap-
pendix).92–96 Such methods become even more important
with increased availability of electronic-structure data. The
non-local electronic entanglement, spin, and charge densi-
ties give a direct and detailed representation of bonding
and response properties that are absent in a classical force-
field simulation. A major challenge is thus how to take ad-
vantage of the additional electronic structure data in large-
scale AIMD simulations.44 How can we use the evolving
electron distribution in combination with the phase space
of the atomic configurations to extract the best available
information? For example, we envision using non-local
quantum-response properties to analyze and understand
events and potentially hidden features in AIMD simula-
tions. Along these lines, is it possible to use the combina-

tion of the atomic configuration with the electronic struc-
ture to automatically extract chemically significant sub-
groups? Further, can we store the wave function infor-
mation for follow-on studies? Consider using the results
of AIMD on solar-cell materials to develop coarse-grained
models to model large scale energy transport through the
macroscopic device.

In this context, physically motivated and mathemati-
cally robust data compression techniques becomes criti-
cally important. Luckily, quantum mechanics offers some
solutions.97–100 The many-body wave functions are ex-
pressively non-separable and entangled, but electrons (or
bosons) are indistingushable. Consequently, to compute
actual observables (energy, gradient, dipole moment, etc),
it is sufficient to use reduced quantities, such as density
matrices. For example, to compute the expectation value
of any one-electron operator, one needs only a one-particle
density matrix, an object that depends on 6 coordinates
rather than 3N. Further compression is possible by using
diagonal representation (e.g., natural orbitals) and keep-
ing only the values that are above a threshold. These tech-
niques are well-known in quantum chemistry and are used
in most practical codes. We envision that these ideas will be
deployed in large scale systems, where they can be used as
instruments to both manage big data and for use as inputs
to ML. Similar concepts exist for excited states and have
recently been generalized and extended into nonlinear re-
sponse domains.100 We envision that such reduced quanti-
ties, such as state and transition density matrices, natural
orbitals, spin-correlators, and exciton descriptors, provide
an opportunity to effectively store, analyze, and mine the
massive information produced by large scale AIMD simu-
lations. A major challenge to this approach includes the
generalization to other properties, standardization, and de-
velopment of tools for automated analysis.

2.1.4 Anticipated break-throughs enabled by ML

While major leaps in the efficiency of quantum chemistry
have been made, these methods are still limited in their
reach. Even if we could achieve quantum-based simula-
tions with hundreds of thousands of atoms over nanosec-
onds of simulation time, this would still not be sufficient
for many important applications. Further coarse graining is
needed, for example, where the single electron orbital res-
olution is replaced by equilibrated atomic net charges and
multipole moments. These polarizable charge equilibration
models can still describe many of the basic features of elec-
tronic structure theory, such as charge transfer, screening,
and long-range electrostatic interactions. In combination
with ML we can expect these methods to provide a good
balance between accuracy and computational efficiency for
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many problems.66,74,101

The enhanced physical transparency of large-scale AIMD
simulations in combination with analysis tools based on,
for example, graph theory, ML, model reduction tech-
niques, and quantum response properties, can potentially
provide powerful platforms to understand and detect new
novel features of complex chemical systems (Section 2.2).
Known mechanisms that are governed by the electronic
structure can be detected and traced, and anomaly detec-
tion algorithms could be used to discover yet unknown
processes. Once these tools exist, we can use electronic
structure directly as the input to ML models for structure-
property relationships—in the form of 2D or 3D images,
graphs, or persistent homology barcodes (see Appendix).
The large number of snapshots of atomic configurations
in combination with the electronic structure in large-scale
AIMD simulations can also be used to learn relationships
between atomic configurations and electronic structure to
enable further enhancements to speeding up electronic
structure calculations or even discovering new types of
coarse-graining (Section 2.3).

2.1.5 Practical answers versus fundamental insights?

While ML allows one to make shortcuts and go from atoms
and electrons straight to practical answers (e.g., drug ef-
fectiveness), ML is not a replacement for science based on
rigorous fundamental treatments, as in quantum chemistry
and atomistic simulations. Yet we can work together for
mutual benefit—ML can help us make shortcuts and we
can help develop ML tools by providing information repre-
senting the underlying physics. Consider that in principle a
sufficiently deep neural network, trained on an infinite set
of data, can give the exact answer to any specific question
based on just system specification. Yet this is just as imprac-
tical as the brute-force solution of the exact Schrödinger
equation. By using our knowledge of physics we can
use semi-empirical Hamiltonians to simulate the system,
where the Hamiltonians are built using ML. This is more
transparent, general, and manageable, and is also aligned
with well-established traditions in physics, emphasizing
the value of insight in addition to numerics. We conclude
by emphasizing that there is a lot of work to be done from
the electronic structure side in order to take full advan-
tage of ML. We need better methods (e.g., robust reduced
complexity solvers), better models (e.g., for electron cor-
relation), and better ways to compress information (e.g.,
using reduced density matrices, coarse-grained charges, or
other reduced quantities such as effective Hamiltonians).
There is also need for interdisciplinary approaches, where
we can leverage graph theory, low complexity solvers, and
mathematical topology to develop ways to analyze reduced

electronic quantities and create better effective descriptors.

2.2 The Architecture of Space

As the system size and chemical complexity of a system is
increased, the manifestations of many-body effects often
change scale. Chemical complexity can grow via molec-
ular degrees of freedom, chemical composition, or diver-
sity of intermolecular interactions, all of which increase
the breadth of thermally populated particle (electron, nu-
clear, molecular) configurations. As an example, in the
solution phase the increased concentration of solutes can
cause collective organization of molecules to occur across
length-scale, and thus a broad ensemble of local environ-
ments can lead to heterogeneity moving to the micro- and
even macroscopic scale. There are many examples of con-
densed matter systems where many-body interactions at
the scale of molecules, aggregates, or nanoparticles lead to
broad ensembles of environments that are distributed in a
non-periodic manner, and characterize the system as being
spatially “heterogeneous”. Further, this heterogeneity is es-
sential to the behavior of the system — from the most basic
science, to industrial applications and function. Consider
the importance of spatial heterogeneity to: the fundamen-
tal science of microemulsions, emulsions and foams; nu-
cleation, gelation, and crystallization; and the partitioning
of solutes across interfaces within biology, separations and
purification. Importantly, the heterogeneity of spatial or-
ganization, caused by a delicate balance of intermolecular
forces, reflects the presence of many minima on the config-
urational energy landscape. If the equilibrium ensemble is
sufficiently sampled (Section 2.3), then the breadth of the
ensemble distribution is a direct reflection of the rugged
nature of the energy landscape and much can be learned
about the relative energetics and interconversions between
different local and global spatial arrangements, including
phase phenomena.

To gain such insight, an ever-expanding domain of re-
search is centered upon using state-of-the-art DS tech-
niques to analyze, learn, and predict the complex rela-
tionships that underpin chemical heterogeneity driven by
many-body interactions. As an illustration, we point to
Figure 4, which shows the rugged and mountainous energy
landscape of a complex chemical system. On the left side, a
graph representation of ice is comprised of H2O nodes and
hydrogen bond edges overlayed upon a chemical reaction
coordinate for the transformation from one structural form
to another,102 while on the right hand side the topology of
the energy landscape is encoded using sublevelsets of the
energy,103 keeping track of the the number of local min-
ima and critical points (including higher-dimensional fea-

+PVSOBM�/BNF�<ZFBS>�<WPM�> 1–25 | 7

Page 7 of 25

ACS Paragon Plus Environment

ACS Central Science

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



Fig. 4 (Left) Chemical inter-particle interactions can be written in a graph representation, where different interaction connectivities can
correspond to local minima on an energy landscape. (Right) This same landscape may be encoded into a reduced form using sublevelset
persistent homology that keeps track of topological features (minima, barriers, and paths between them).

tures). Within the many-body Roadmap, we envision new
graph theoretical representations and topological analyses
that may be employed in learning methods to empower
chemists to not only elucidate chemical heterogeneity, but
leverage it to control chemical phenomena and develop
new processes.

2.2.1 Characterizing spatial heterogeneity

Historically, descriptors of local geometry have been la-
belled “order parameters”, and may include geometric cri-
teria (e.g., tetrahedrality), analysis of contacts to a par-
ticle (e.g., coordination number), or geometric partition-
ing methods (e.g., Voronoi analysis).104–115 The balance of
forces that cause spatial heterogeneity challenge the devel-
opment of well-defined and transferrable criterion that de-
scribe local and non-local variations of organization. This
is particularly true for non-covalently interacting species,
as in molecular assemblies, yet a breadth of new techniques
are changing this research landscape.

Graph theoretical depictions of chemical systems have a
long history (e.g., molecular graphs),116 but are gaining
popularity as the mathematical development of new algo-
rithms is rapidly accelerating in the Chemistry and Data
Science literature.102,117–119 Cartesian coordinate point-
cloud data (from experiment or simulation) is represented
as a graph, where individual nodes of the graph can be an
atom, molecule, or molecular assembly, and edges consti-
tute a measure of the interactions between them. The con-
nectivity (adjacency) matrix representing the graph (or re-
lated matrices) are square and often symmetric, contribut-
ing to a breadth of linear algebra tools used to identify
graph characteristics (i.e., spectral graph theory).

Although historical emphasis has been placed upon
molecular graphs (which map intramolecular bond connec-
tivity), more recent efforts have become increasingly cre-
ative, for example a complete network of all intermolecular
interactions may be partitionined into sub-graphs that con-
stitute just those nodes that represent a specific type (based
on a node attribute like atom type), or edge type (based
on the nature of the inter-particle interaction as in hy-
drogen bonding, ion-dipole interactions, etc.). In such
intermolecular graphs, significant domain expertise must
be employed both in construction (because definitions
of intermolecular interactions are nuanced) and analysis,
where biases may be introduced through sampling, or the
choice of criterion employed in their construction.120 In
general, there remain significant opportunities to enhance
the graph representation to include more information that,
in turn, will enhance the chemical insight obtained through
their analysis. This includes feature vectors µ(v) attributed
to each node v 2 V , or edge feature vectors w(e) for each
edge e 2 E. Node features within the total graph of the
system could include atom/molecule type, or descriptors
of electronic structure, while the edge feature could sim-
ply be an indicator of whether the edge e = (u,v) is con-
necting similar or dissimilar chemical species u and v, or
characteristics of the interaction (e.g., hydrogen bonding,
ion-dipole, etc.). Within the ensuing discussion, this type
of graph is referred to as a heterogeneous graph representa-
tion.

Pattern, or sub-graph, identification is one means to
identify chemically relevant species within a large ensem-
ble present in a graph representation. Locally, algorithms
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that include edge distribution, spectral graph theory, and
clustering have been employed to study chemical hetero-
geneity, for example in multicomponent solutions and crys-
talline systems.121,122 In some cases, neural networks have
been implemented to learn about local environments of
nodes (specifically atoms in crystals) and predict poten-
tially new organizational structures within materials design
(Figure 5).122 However, the limited information content in
traditional chemical graphs highlights an arbitrary nature
of many of the choices associated with such algorithms.
It is desirable to develop clustering and other algorithms
to handle heterogeneous graph inputs. One potential ap-
proach is to develop appropriate (distance) metrics for the
node feature spaces, and convert the input into a discrete
metric space (V,dV ). One can then perform standard clus-
tering algorithms over (V,dV ). Defining the metric for these
node features µ(V ) is crucial, and prior domain knowledge
should be incorporated if possible. We envision the possi-
bility of invoking ML for this task, where a graph neural
network (GNN, see Appendix) learns an embedding of the
graph nodes in a better latent space (thus better metric)
suitable to preserve the chemical information, in a unsu-
pervised manner.

Appropriate training data, input that is an attributed
graph representation of the chemical system, and the abil-
ity to compute better feature representations of graph
nodes (called node embedding in the literature), all com-
bine to enable an improved feature representation within
the graph that represents the chemical system. In other
words, the input to a graph neural network (GNN) could
be a graph G = (V,E) with node features µ : V !Rd . Using
training data, we can train a GNN to output a new em-
bedding r : V ! Rk for the nodes, so that algorithms like
clustering could take advantage of the new embedding and
create more meaningful identification of chemical species.
Once trained, this GNN can then be applied to other chem-
ical systems of the same type, potentially even at a larger
scale. As one moves to larger scales, where molecular-
scale clusters are coarse-grained into nodes in a new graph
representation, it is possible to still retain molecular-scale
information as features of the larger-scale graph. For ex-
ample, a node may be associated with the persistence di-
agram summary of the shape of the cluster corresponding
to a node (for intermolecular graph), with such capabilities
being recently reported for graphs in Ref. 123. The chal-
lenge is to develop appropriate (enhanced) GNN architec-
tures that can handle the heterogeneous input graphs more
effectively.

An additional option is to incorporate the chemists’ no-
tion that a chemical species is defined by a certain thresh-
old of energetic stability, meaning its associated inter-

Fig. 5 A representative convolutional neural network for a crys-
tal. (a) Construction of the graph with atoms representing nodes
and interatomic interactions (bonds) being edges. Structure of the
convolutional neural network on top of the crystal graph. (b) The
R convolutional layers and L1 hidden layers are built on top of each
node, which results in a new graph with each node representing the
local environment of each atom. After pooling, a vector that rep-
resents the entire crystal is connected to L2 hidden layers, followed
by the output layer to provide the prediction. Image and caption
reproduced with permission from Ref. 122

molecular graph persists for a specific timescale within a
chemical system. It is valuable to incorporate these con-
cepts into the identification of relevant graph patterns. For
example, to compute clusters that are stable w.r.t. dynamic
evolution of the system, a simple approach would be to
treat the graphs of systems at different time ti as multiple
observed instances of the same input, and compute a “sta-
ble clustering” from these instances.124,125

2.2.2 Characterizing the geometry and properties of

chemical assemblies

The shape and geometry of the chemical species provide
important insights into the structural correlations and ener-
getics of the systems. An illustrative example of this comes
from nucleation. Nucleation refers to the birth of a new
(stable) phase from a metastable phase. This is often char-
acterized by the formation of clusters that emerge and dis-
solve rapidly due to the imbalance of the favorable energy
of the cluster and unfavorable energy of the interface be-
tween the metastable and stable states. This interface is
strongly influenced by the shape of the clusters formed.
Being able to robustly identify the shapes and their fluc-
tuations are therefore important to understanding the nu-
cleation process and the associated energetics. To char-
acterize the “shape” of components in a chemical system,
as well as the interaction among them, we again can view
the input data as different forms: weighted point clouds
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(e.g., representing atom positions, or the centers of mass of
molecules, etc.), surface/volume models, or graphs (repre-
senting chemical systems at different scales).

For graphs, classical summaries include simple graph
based statistics (e.g., diameter of the graph, average de-
grees) or spectral properties. Consider that eigenvalues or
eigenvectors of the adjacency matrix (or its related ma-
trices) can be related to specific edge patterns within a
graph, as in the use of PageRank as a tool to identify poly-
hedral arrangement of particles and as a collective vari-
able for chemical transformations.93,126,127 Leveraging re-
cent development in computational topology, one can use
other meaningful features to characterize the graph topol-
ogy together with metric information, such as the length
sequence of minimal cycle base of a weighted graph.128

A particular general framework is via persistent homol-
ogy, which can map an input (metric or weighted) graph
into a persistence diagram feature representation, via the
use of the intrinsic Čech filtration over the input graph
(equipped with the shortest path metric),129 or induced
by the clique complexes (for both directed or undirected
graphs),130–133 or induced by the so-called path homology
when the input graph is directed.134–136 Once mapped into
persistence diagram summaries, one can endow an appro-
priate distance metric on the (feature) space of persistence
diagrams (see Appendix), or further map this feature space
to a finite / infinite dimensional vector space, so as to per-
form downstream analysis such as clustering, classification,
or property prediction (vide infra). In recent work, such
an approach was taken to understand the quantum delo-
calization of nuclei and the structures of ion aggregates
in electrolytes.92,96 Within dynamically evolving systems,
studying the fluctuations of the persistent homology or dis-
tance metrics (i.e., the Fourier transform) can also yield
important information about the characteristic timescales
of chemical phenomena.

More rich features can be potentially extracted by com-
bining geometric and topological methods. The elevation
function137 has been proposed as a way to identify pro-
trusions and cavities in a molecular surface for, e.g., the
protein docking problem.138 To obtain the protrusions and
cavities, one can use Morse theory to segment the input
surface into “mountains” and “valleys” based on the eleva-
tion function f : M ! R. Alternatively, one could employ
concepts from geometric measure theory, algebraic topol-
ogy, and optimization. The flat norm has been used to de-
fine a distance between generalized hypersurfaces within a
Euclidean space. In applications to a soft matter surface,
protrusions and hierarchically organized structures have
been identified by minimization of a generalized area of the
soft matter interface.139 The surface was flattened toward

a horizontal plane with the same x,y dimensions, by mini-
mization of the flat norm function, and the volumes were
systematically identified as protrusion features. In general,
by choosing an appropriate descriptor function defined on
the surface, or defined in the space (volume) around the
structures of interest, one can again use persistent homol-
ogy to map it to a persistence diagram feature representa-
tion induced by this function.

In the case where the input is a point cloud data, say
representing a system of n particles, one can build a
weighted simplicial complex representation using the in-
teraction among multiple particles (intuitively, the inter-
action of p particles gives rise to a (p � 1)-simplex) and
perform persistent homology to filtrations induced by such
weighted complex. If the goal is to characterize the in-
teraction between two or more subsystems, then one can
potentially only consider those simplicies spanned by par-
ticles from multiple systems. Finally, in addition to per-
sistence diagram summaries, it is also interesting to iden-
tify geometric representations of features such as signifi-
cant “holes” and “bubbles” based on either the graph rep-
resentation or the point cloud data of the Cartesian coordi-
nates of the chemical system, as has been done with protein
structures.140 Such features again can be captured with the
help of the language of topology, where intuitively, the p-
dimensional homology group of a space roughly describes
p-dimensional holes. Finding good geometric representa-
tions of such features then amounts to computing gener-
ating cycles with good properties (e.g., tightest loops hug-
ging certain 1-dimensional holes) for such homological fea-
tures.141–144 These tools provide potentially new ways to
feature vectorize a chemical system or its individual com-
ponents. It will also be interesting to combine these fea-
tures with neural network architectures to further improve
the sensitive and representation power of neural networks,
e.g., Ref. 123.

2.2.3 Heterogeneity across scale

Graph patterns of complex chemical systems may also form
groups (clusters) at different length-scales, and apriori, it
is not always clear which scale one should inspect data in
an agnostic way. Instead of the flat clustering as discussed
above, it is also natural to consider the hierarchical cluster-
ing of input data, and inspect the possible grouping at all
scales. This was recently demonstrated for heterogeneous
chemical solutions using modularity optimization.145 It has
also been argued by Ref. 146 that hierarchical clustering
has better properties than flat clustering, which has an in-
trinsic impossibility theorem as shown by Kleinberg.147

The aforementioned persistence homology can poten-
tially be used to characterize an input system across mul-
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tiple scales simultaneously. As described in the Appendix,
if persistent homology summarizes the creation and death
of topological features along a sequence of filtration (e.g.,
distance) values as the scale increases, then its resulting
persistence diagram summary encodes the lifetime of fea-
ture across all scales simultaneously. If we could create
a filtration that can encode the evolution of the chemical
system as the scale increases, then persistent homologuy
can be used to capture and summarize features of hier-
archical organization and spatial heterogeneity. Within a
chemical system, simplicial complexes could first be used
to represent the organization of atoms into molecules. As
we increase scale to encompass simplicial complexes of in-
termolecular organizational structure, larger substructures
gradually emerge. If we aim to capture only the inter-
molecular or longer-range interactions and organization,
we may collapse a group of points at the atomistic scale
into a super-node at a larger-scale, which further gives rise
to a simplicial map among their corresponding simplicial
complex representations. This could be performed itera-
tively to capture macroscopic organizational features. In-
terestingly, this idea shares some similarity with the sparsi-
fication of the so-called Rips complex (and their variants)
across scales.148–150

2.2.4 Notions of distances

Chemical insight can be derived from systematically study-
ing the differences in chemical networks or persistent ho-
mology, as well as the associated descriptors that identify
heterogeneity and broad ensembles of chemical environ-
ments. Distance metrics (see Appendix) that quantitatively
measure differences in the heterogeneous graphs described
above are needed. Such distances would ideally be invari-
ant of rigid transformation or internally normalized so that
they can be compared across different chemical systems
and system sizes.

Distances to compare the precise graph combinatorial
structure, e.g, the graph edit distance, are typically com-
putationally hard (even for trees151). One way to sidestep
this is by comparing instead a “meaningful” summary of
graphs. Simple summaries include diameter of graph and
degree sequence / distribution. A popular family of sum-
maries is via spectral structures, such as the spectra of
graph Laplace operator or diffusion operator associate to
input graphs. Recent advancements in topological data
analysis provide new ways to compare graphs via persis-
tent homology. The high level idea is that given a graph
G, one can construct an appropriate filtration FG on G, and
use its resulting persistence diagram as a topological sum-
mary for G. Classical distance metrics for persistence dia-
grams, e.g, the bottleneck distance152 and the p-th Wasser-

stein distance153, enjoy stability properties but lack nice
(e.g, inner-product) structure. Recently a series of meth-
ods have been developed to map persistence diagrams to
a vector space or Hilbert space.154–159 Regarding graphs of
chemical networks, it could be interesting to explore what
are meaningful filtrations on them (by incorporating do-
main knowledge so as to produce useful persistence-based
summaries), and how to incorporate multiple such sum-
maries in defining the final distance metric.

2.3 Coarse-graining Time

The spatial heterogeneity caused by many-body interac-
tions can have a profound impact upon the propagation
of its states in time and/or the ability to access or sample
those states and their transformations. It is tempting to
use the descriptions based upon graphs or persistent ho-
mology as coarse grained variables for evolving the system
in time, however this is nontrivial because the dynamics of
any fine-grained variable that has been coarse-grained out
of the representation is necessarily inaccessible. A mini-
mum time-step is defined accordingly because it must be
long enough that the specifics of the fine-grained variables
are inconsequential. On the other hand, time scales that
are too many orders of magnitude larger than the mini-
mum time step are also inaccessible because of limitations
in computing time. The need for matching both space
and time as one coarse grains up in scales is illustrated
in Fig. 6, where the challenge is to propagate the coarse-
grained variables accurately without knowing the details of
the fine-grained variables. This effectively results in a loss
of information of the short scales which is consistent with
the assumption that they are not needed. The key new in-
sight is that that loss of information is not merely in space,
but also in time.

In the middle science that remains, the equations of mo-
tion are generally unknown because the representation—
whether it came from a bottom-up renormalization or
a top-down semi-empirical description—is not based on
a Hamiltonian. Yet, not all hope is lost. Dissipative
equations of motion have provided reasonable estimates
of the diffusion in Brownian motion for centuries, even
though they failed to describe the specific motion of any
particular instance.160,161 Alternative strategies for con-
structing coarse-grained equations include approaches to
match entropy production162 or force-matching.163 Such
approaches are challenged by the need to construct trans-
ferable potentials or representations which permit the im-
mediate application to new molecular systems. The MAR-
TINI model164 satisfies this latter constraint and has been
particularly useful at providing for efficient sampling of
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Fig. 6 Illustration of the space and time coarse-graining that must
be captured with scale-consistent equations of motion. At the
shortest scale 1, the resolution in time and space is that of atoms
(e.g., Å and femtoseconds). At the next scale 2, the resolution is
that of multi-atom particles (e.g., 10’s of Å and 10’s of femtosec-
onds). At next mesoscale 3, the resolution is in even greater (e.g.,
100’s of Å and 100’s of femtoseconds).

coarse-grained systems though the dynamics are not nec-
essarily accurate.

2.3.1 Coarse-grained equations of motion

In chemistry, the solution of the scaled equations of mo-
tion is particularly important because one needs to control
atomic and molecular composition, and the various rele-
vant relaxations/motions of chemical systems that range
from biomolecular events to macroscopic solutions. This
spans time scales from femtoseconds to minutes or hours.
Hence the challenge of scales in time—here spanning more
than 15 orders of magnitude—can’t be solved by brute
computing alone in the foreseeable future. Meanwhile, the
heterogeneity in time-dependent behavior and response of
the system may require us to access time-scales smaller
than the minimum time-step of the coarse-grained system.
A second challenge is a so-called inverse problem in which
we must determine the statistics—if not the specifics—of
the dynamics of the fine-grained variables knowing only
the dynamics of the coarse-grained variables. Thus the
first challenge is the construction of rigorous frameworks
(equations of motion) and their solutions (specific trajec-
tories or generalized integrators) that evolve a meso to
macro scale system in time. Such a framework and solu-
tion needs to have dynamical consistency;160,165 that is, fi-
delity to the coarse-grained dynamics of underlying system
evolved with lower-scale equations of motion.

One approach to developing coarse-grained dynamics is
to train artificial intelligence models directly from fine-

grained data.166–168 For example, the ability to efficiently
generate large-scale molecular dynamics simulations as de-
scribed in Section 2.1 can enable the training of mesoscale
and continuum models that are fit to data from these simu-
lations, leading to models that are able to predict phenom-
ena at experimental scales while leveraging the accuracy
of information calculated from ab initio methods. Tradi-
tionally, this has required significant expertise to hand-craft
featurization, dimensionality reduction, discretization, and
kinetic parameterization; machine learning methods devel-
oped in recent years have enabled increasing automation of
this process.

A complementary approach to redeveloping or encoding
the equations of motion entirely in an AI machine relies on
mapping the potential at a given scale into an AI machine
and using it within an integrator. The use of machine learn-
ing to accelerate high-accuracy electronic structure deter-
mination was discussed in Section 2.1. In addition, signif-
icant progress has already been achieved in the deep en-
coding of ab initio potentials into force fields,70,78,91,167,169

and this approach continues to hold promise.

2.3.2 Large Length-Scale Dynamics

Data-driven model reduction of dynamical systems, espe-
cially with new techniques leveraging the power of deep
learning in combination with more traditional techniques
such as projection, have increasingly become of interest.
There are a few main directions in this area: (1) model
reduction of an existing known high-dimensional system
in order to enable increased simulation speed, which may
or may not lead to interpretable coarse-grained dynamics,
and (2) model reduction of existing systems in order to an-
alyze and interpret the dynamics, which may or may not
lead to increased computational speed.

Recently, methods to combine Koopman analysis with
deep learning to develop models for coarse-grained dy-
namics have been developed. VAMPnets enable an end-
to-end framework for training a Markov state model from
dynamical simulation data. The learned models automat-
ically transform data from coordinate space to Markov
states, rather than depending on handcrafted transforma-
tions based on physical expertise.170,171 A similar con-
cept for crystal structures was developed combining Koop-
man analysis and graph convolutional neural networks.172

Variational autoencoders and several other ML-based ap-
proaches have also been proposed to automatically coarse-
grain molecular dynamics.173–175 An important aspect of
these methods is interpretability of the learned dynamics,
and their ability to satisfy known physical constraints. For
example, Markov states learned from deep learning mod-
els can be difficult to interpret, unlike reaction networks
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ABSTRACT: Molecular dynamics (MD) simulation of complex chemistry
typically involves thousands of atoms propagating over millions of time steps,
generating a wealth of data. Traditionally these data are used to calculate some
aggregate properties of the system and then discarded, but we propose that these
data can be reused to study related chemical systems. Using approximate
chemical kinetic models and methods from statistical learning, we study
hydrocarbon chemistries under extreme thermodynamic conditions. We
discover that a single MD simulation can contain sufficient information about
reactions and rates to predict the dynamics of related yet different chemical
systems using kinetic Monte Carlo (KMC) simulation. Our learned KMC
models identify thousands of reactions and run 4 orders of magnitude faster than
MD. The transferability of these models suggests that we can viably reuse data
from existing MD simulations to accelerate future simulation studies and reduce
the number of new MD simulations required.

■ INTRODUCTION
Simulations of complex chemical systems under extreme
temperature and pressure are of significant interest to the
combustion,1 organic chemistry,2 and astrophysics3 commun-
ities, among others. Gas giant planetary interiors, for example,
are thought to be comprised of condensed-phase hydrocarbons
undergoing shock-induced transitions that are fundamental to
planetary structure,4 and one way we can study these systems is
through atomistic simulations. While molecular dynamics
(MD) simulations are capable of simulating thousands of
atoms using density functional theory and up to millions of
atoms using reactive potentials such as ReaxFF,5,6 these
simulations can nonetheless require weeks on high perform-
ance parallel machines to reach merely nanosecond time scales.
Furthermore, the results of any single MD simulation cannot
be directly extrapolated to related systems. Every adjustment to
initial species concentrations requires a new expensive
simulation. However, for systems involving the same atom
types under the same thermodynamic conditions, it is likely
that much of the same potential energy surface is traversed
over the course of these simulations. In this work, we
demonstrate that the information contained in a single or
few MD simulations can be sufficient to construct stochastic
models of reaction chemistry that are able to rapidly predict
the dynamics of related chemical systems. These stochastic
models can be used to simulate new systems using the
Gillespie stochastic simulation algorithm (SSA),7 which is

equivalent to kinetic Monte Carlo (KMC) and runs orders of
magnitude faster than MD. Our methodology reduces the need
for new expensive MD simulations of chemical systems for
which existing MD simulations may contain enough
information, creating an opportunity to greatly speed up our
ability to iterate on atomistic simulation studies of complex
chemistry.
The development of faster alternatives to traditional MD

simulations has been widely studied in the literature.8 In the
past 20 years, scientists have tried to address the issue of
accelerating MD simulations using bias potentials,9,10 en-
hanced sampling,11 parallel replica methods,12 coupled KMC/
MD methods,13,14 machine learning,15 and hardware improve-
ments including GPU computing16 and massively parallel
architectures.17 As can be seen from the wide variety of
proposed methods, accelerating MD simulations is a difficult
challenge that requires different methods for different types of
systems. This difficulty largely stems from the inherently serial
nature of MD as it integrates the equations of motion over
time.
KMC methods offer significant improvements over MD in

terms of computational tractability by propagating the system
in time over a given set of states rather than atomic
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Fig. 7 Learning predictive kinetic Monte Carlo models from molec-
ular dynamics data; image adapted from Ref. 176.

learned from molecular dynamics simulations.
There are several potential opportunities for further ex-

ploration. First, it would be interesting to understand
whether it is possible to use machine learning to learn
adaptive time steps when solving the equations of mo-
tion. Second, more theoretical work is needed on extrap-
olation in time and uncertainty quantification. When re-
duced models and coarse-grained models are learned from
data, they are trained from data from a certain time range
and initial conditions. It is important to try to understand
how reliable these reduced models are when we continue
simulating in time. For example, learned reduced models
must be careful to not be overfit to the timescale on which
they are trained on.177

There has recently also been a growing body of work
on data-driven identification of nonlinear dynamical sys-
tems. Given measurements from a system over time, the
idea of data-driven discovery of dynamics is to estimate the
unknown governing equations for this system178 at time
scales which are large enough compared to the resolution
of the data. Sparsity-based approaches in this machine
learning task play the role of Occam’s razor: regularizers
promote simplicity in the governing equations by promot-
ing sparsity. However, these techniques need to be care-
fully implemented when there are important components
at very different scales, as is typically the case in for exam-
ple chemical reaction networks.177 Conversely, when the
governing equations are known, data-driven methods can
also be used to more efficiently solve systems of differential
equations by direct prediction of the solution.179 While still
nascent, eventually these techniques may have the poten-
tial to increase computational speed sufficiently to obviate

the need for reduced-order models and coarse-graining.180

2.3.3 Coarse-graining to macro scales

In recent years, automatic learning of large chemical reac-
tion networks from atomistic simulation data has been ex-
plored,176,181,182 enabling these reaction networks to then
be simulated using kinetic models, either through stochas-
tic simulation or rate equations. This enables orders of
magnitude faster propagation in both space and time.

For example, kinetic Monte Carlo models of chemical re-
action networks have been trained from molecular dynam-
ics simulations. The idea is to learn a set of “elementary"
chemical reactions occurring in the system and their corre-
sponding rate constants from molecular dynamics data, so
that the chemistry of the system can be modeled using the
chemical master equation.183 This enables the simulations
to propagate in time on the timescale of chemical reactions,
rather than that of atomic vibrations (see Figure 7). This
method has been shown empirically to enable predictions
of chemistry in systems starting at different initial concen-
trations and extrapolate as much as an order of magnitude
in time.176 However, there are remaining challenges in ex-
trapolation to different thermodynamic conditions and het-
erogeneous systems where diffusion effects play an impor-
tant role.

An important challenge in learning reaction networks
from simulation data is the ability to enumerate a complete
set of reactions relevant to the system and timescales being
modeled, as well as corresponding reaction rate parame-
ters. To ensure completeness, accelerated sampling tech-
niques have been developed that can enable atomistic sim-
ulations to capture more rare events. Some techniques are
intended to rapidly find reactions without necessarily obey-
ing physically realistic trajectories, such as the nanoreac-
tor.184 Other techniques use accelerated sampling methods
such as DFT-based adaptive kinetic Monte Carlo (aKMC) to
build more complete reaction networks on the fly.185,186

Meanwhile, most of these techniques involve a step
where rate parameters are calculated using ab initio meth-
ods and transition state theory. However, the development
of satisfactory reaction networks that match the results of
full atomistic simulations remains a difficult problem due
to the complex nature of reaction chemistry. Recent results
that first enumerate a reaction network and then calculate
rate parameters have been able to capture important fea-
tures, but not completely match atomistic simulations.181

Aside from the assumptions inherent to transition state the-
ory, it is also not certain that reaction barriers calculated by
looking at isolated reactions still hold when looking at the
potential energy surface of the whole system. For high-
temperature, high-pressure systems it has also been shown
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that, in addition to reactions involving stable states, tran-
sient species may play a critical role in reaction dynamics.
This cannot be captured by methods that require rates to be
calculated from reaction barriers. Second, while theory has
been developed around accelerated sampling techniques to
provide information about local completeness, for example
in aKMC,185 it is not yet well-understood how to charac-
terize completeness of the whole network.

There remain many opportunities for data science meth-
ods to attempt to address these issues. Transition state ap-
proaches can be used to obtain non-recrossing dividing sur-
faces,187 and data science approaches have been used to
capture the multi-dimensional normally-hyperbolic invari-
ant manifolds associated with the reaction geometry.188,189

Alternatively one may be able to directly estimate reaction
rates from atomistic simulations. Several excellent path
sampling techniques such as transition path sampling, tran-
sition interface sampling, and forward flux sampling ex-
ist to enable this.190–195 However, they are computation-
ally expensive and challenging to apply to ab initio sim-
ulations. The advent of neural network based potentials
is helping overcome this barrier.196 To address complete-
ness of the reaction network, it may be possible to use
data-driven techniques to predict which reactions are likely
to exist under certain thermodynamic conditions. For ex-
ample, one observation from atomistic simulations is that
the size of reaction networks does not seem to actually
grow combinatorially with the number of observed species.
Thus, one can imagine a machine learning algorithm that
could identify likely species and reactions for a given sys-
tem.197 This would help provide crucial information about
the completeness of learned reaction networks.

3 Conclusion

The science and theory of the many-body problem cre-
ates an empyrean domain for chemists, data scientists,
and mathematicians to work together to rapidly accelerate
the development of methodologies that rationally traverse
space and time. The Roadmap presented in this article is a
platform of ideas that we hope will inspire new collabora-
tive and interdisciplinary efforts. Mathematicians and data
scientists should appreciate how the many-body problem
permeates the physical sciences and may serve as a basis
for mathematical development (in both pure and applied
science). At the same time, domain experts in Chemistry,
Physics, and Materials Science should recognize the power-
ful capabilities that data science and mathematics can im-
part to reveal complex and multidimensional correlations
within their data—advancing their ability to formulate new
theories and models of physical systems. It is only through
collaboration and mutual respect that the essential chal-

lenge of describing many-body phenomena will be tackled
to reveal the scientific opportunities that lie within the Mid-
dle Science.
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Appendix: A Coda of Math and Data Science Tools
Collaborations between chemists, data scientists, and
mathematicians require work, both to understand key
problems arising in each other’s fields, and to learn each
other’s languages. Towards this end, we provide a coda on
the math and data science tools that we have advertised for
their current and potential future applications to traversing
scale in many-body systems.

Distances or metrics. Metric spaces make notions of
similarity or dissimilarity rigorous and quantitative. A met-
ric space is a set X equipped with a real-valued function
d : X ⇥X ! R, which, when given any two inputs x,y 2 X

from that set, returns the non-negative distance d(x,y) be-
tween them. There are a few other axioms that need to be
satisfied. For example, given any three points x,y,z 2 X , the
distance from x to z is never more than the distance from
x to y plus the distance from y to z; this is known as the
triangle inequality. As just one example of a metric space,
suppose that each edge of a finite graph is assigned a posi-
tive weight. We can assign a metric space structure on the
vertex set of the weighted graph by assigning the distance
between two vertices u and v to be the smallest possible
sum of edge weights along a path from u to v.

Geometry and topology. Surfaces and higher-
dimensional surfaces (called manifolds) are another impor-
tant example of metric spaces: the distance between any
two points on a surface is the length of a shortest path be-
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tween them. The behavior of a surface is in many ways gov-
erned by its curvature, which is one of the central themes
in the mathematical field of geometry. Portions of a sur-
face may be positively curved, like a point on the surface
of a sphere; flat, like a point on the surface of a plane; or
negatively curved, like a point on the innermost loop of
the surface of a donut in R3. Topology is a closely related
field to geometry, but it is more flexible where geometry
is rigid. Indeed, in topology, two shapes are deemed to be
equivalent if one can be stretched or bent to form the other
(without tearing or gluing). As a result, topology mostly ig-
nores distances and curvature, but still counts the number
of holes of each dimension in a space.

Persistent homology. The mathematical fields of geom-
etry and topology inspire mathematical tools for traversing
scale. One of the flagship techniques in topological data
analysis is persistent homology,198,199 which summarizes
the higher-dimensional features in a space as one zooms
out as the scale increases. More precisely, let X0 ✓ X1 ✓
. . .✓ Xn�1 ✓ Xn be an increasing sequence of spaces (i.e., a
filtration); see Figure 9. Persistent homology summarizes
the topological features in this filtration by tagging each
feature with a lifetime; that is, an interval encoding the
birth scale and death scale of the feature.
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Fig. 9 A filtration (an increasing sequence of spaces) that approx-
imates the shape of a dataset at multiple scales of resolution.

The two most common ways in which filtrations arise
for persistent homology computations are point cloud fil-
trations and sublevelset filtrations. The input to a point
cloud filtration is a set of data points in some metric space.
The filtration is defined by letting the smallest space X0 be
the set of data points and nothing more, and then letting
the larger spaces grow by including all points in the met-
ric space within distance r � 0 from the point cloud, as r

increases. For example, the metric space could be a graph,
and the point cloud could be the vertices of the graph.
Longer and longer edges are included in the filtration as the
scale r increases. In sublevelset persistent homology, one
is instead given a real-valued function on a space. A filtra-
tion is obtained by including all points in the space whose
function value is bounded from above by r; the spaces in
the filtration grow as r increases. If the space is a graph,
then the function could be the degree functions,200,201 the
so-called heat-kernel-signature (HKS),202 the discrete Ricci
curvature function,203 and so on.

Supervised and unsupervised learning. In a super-
vised machine learning task, one is given labeled training
data (i.e., data points equipped with true labels). The la-
bels may be either categorical (does a data sample belong
to one of three classes?) or continuous (what is the energy
associated to this data point?). From the labeled train-
ing data, a supervised machine learning algorithm con-
structs a model that, when presented with a new, unlabeled
data point, will predict the data point’s label. Example su-
pervised learning algorithms include regression, decision
trees, support vector machines, and neural networks.204 By
contrast, in unsupervised learning, there is no single out-
put (categorical or continuous) or outcome that a model is
trying to predict, and no labeled data needs to be given.
Instead, the goal of unsupervised learning is to extract hid-
den meaning from an unlabeled dataset. Example unsu-
pervised learning approaches include principal component
analysis, nonnegative matrix factorization, autoencoders,
and clustering.205,206

Clustering and partitioning algorithms. Meaning ex-
tracted by unsupervised machine learning may be in the
form of clusters — how does the data divide into groups?
In unsupervised clustering, the names of the groups, the
properties of the groups, and even the number of groups
are often not prescribed in advance. Clustering algorithms
divide a dataset into groups, where points in the same
group are more similar than points in different groups.
The precise output from clustering often depends on the
specific algorithm one uses, of which there are many207.
One can use consensus clustering (a clustering ensemble)
to help integrate over the outputs from multiple clustering
algorithms.

Dimensionality reduction vs. model reduction. Di-
mensionality reduction is another form of unsupervised
learning, in which one extracts a low-dimensional visual-
ization from high-dimensional unlabeled data. This can be
done through linear (PCA) or nonlinear techniques (dif-
fusion mapping, Laplacian eigenmaps, multidimensional
scaling isomap, UMAP, t-SNE, autoencoders, etc).

Model reduction asks when a dynamical system (i.e. a
system varying in time) can well-modeled by a simpler sys-
tem on fewer variables. The original full order model, with
a high-dimensional state space and many degrees of free-
dom, may be too complex to simulate in a computation-
ally efficient manner. A reduced order model aids compu-
tation by reducing dimension, while preserving the main
properties of the full order model.208,209 While dimension-
ality reduction prioritizes the map from high dimensions
to low, it is critical in model reduction to be able to invert
the solution, mapping a low order solution back to obtain
an approximate solution to the original full order model.
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The Koopman operator reduces nonlinear dynamical sys-
tems by providing coordinates that linearize the dynamics,
though it is a challenge to find this linearization. Koop-
man operators have recently been combined with machine
learning in a way that maintains their interpretability.210

Neural networks. The state-of-the-art in supervised
learning has been transformed by neural networks (NNs),
which feed input data through several layers of transfor-
mations before using the output for prediction.211,212 A se-
quence of simple steps, when networked together, can re-
produce complex output by training the networks on large
amounts of labeled data.213 The implicit representation
learned by conventional NNs is purely data driven, and
hence strongly biased toward available data. Recent de-
velopments have made various NN architectures that in-
corporate structural knowledge, e.g., Refs 214–219. By
design, these NNs directly satisfy symmetry or invariance

properties (e.g., so that inputs that differ only by a rotation
yield outputs that differ only by a rotation) so that training
data is used to resolve more complex behavior. Such net-
works have started to be explored for complex molecular
or chemical systems.220,221

Graph neural networks. Graph neural networks
(GNNs) can be trained to learn graph representations and
to perform a target task (e.g., classification) simultane-
ously. The advantage of using a GNN is that the flexible and
powerful architecture can incorporate multiple attributes
associated to graph nodes and edges. GNNs have already
been used to handle the more challenging heterogeneous
graphs, which the modeling of chemical networks may nat-
urally produce. It will be interesting to explore the self-
learning or pre-training ideas that are helpful to predict a
variety of graph properties, increasing the expressiveness
of a trained network.222–224
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