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We present perturbative corrections to a recently introduced spin–flip self-consistent field 共SF-SCF兲
wave function. The spin–flip model describes both closed and open shell singlet states within a
single reference formalism as spin–flipping, e.g., ␣ → ␤ , excitations from a triplet (M s ⫽1)
reference state for which both dynamical and nondynamical correlation effects are much smaller
than for the corresponding singlet state. The simplest spin–flip model employs a SCF wave function
for the reference state, and the resulting equations for target states are therefore identical to
configuration interaction singles 共in spin–orbital form兲. While being a qualitatively correct
zero-order wave function, SF-SCF should be augmented by dynamical correlation corrections to
achieve a quantitative accuracy. The results demonstrate that the second-order approximation to the
more theoretically complete spin–flip coupled-cluster model 共truncated at double substitutions兲
represents a systematic improvement over the SF-SCF model. © 2002 American Institute of
Physics. 关DOI: 10.1063/1.1445116兴

I. INTRODUCTION

It should be mentioned that, similarly to the traditional
methods, the SF models may fail in cases when the Hartree–
Fock reference wave function exhibits orbital 共near兲instabilities. The stability analysis of the reference triplet
wave function can be used to detect such situations. Unlike
doublet radicals 共see, for example, Ref. 25兲, the orbital instabilities in triplet states are less common. Moreover, in the
cases when the singlet Hartree–Fock reference exhibits
共near兲-instabilities in connection with the mixing of one or
more occupied orbital with low-lying LUMO 共as in diradicals, e.g., p-benzyne26兲, the corresponding triplet state is less
likely to be plagued by instabilities since the singlet’s LUMO
is occupied in the triplet reference.
The simplest member of the proposed hierarchy of approximations is based on the self-consistent field 共SCF兲 description of the reference state and treats target states as
single spin–flipping excitations. The resulting equations in
spin–orbital form are identical to those of the configuration
interaction singles 共CIS兲 model,27–30 but they are solved in a
different 共i.e., spin–flipping兲 subspace of single excitations.
Initial benchmarks19 have demonstrated that this model, i.e.,
SF-SCF or SF-CIS, represents a systematic improvement
over both spin-restricted or spin-unrestricted Hartree–Fock
models for the single bond-breaking, and that the corresponding wave function is qualitatively correct and remains
well balanced along the bond-breaking coordinate. To
achieve quantitative accuracy, however, one has to augment
this zero-order wave function by a dynamical correlation.
This can be done by employing correlated, e.g., coupledcluster 共CC兲,31,32 wave functions for the reference state, and
by treating the target states within EOM formalism.33 The

Ab initio modeling of bond-breaking and diradicals,
which are of central importance in chemistry, remains challenging, even though several elegant approaches have been
suggested.1–18 This is because the inherent multireference
character of the electronic state is difficult to reconcile
共within a single computationally feasible scheme兲 with factors such as the size-consistency of the model, uniform accuracy of the approximations, unambiguous selection of important configurations, and a balanced treatment of
dynamical and nondynamical correlations. Several recent
theoretical strategies16 –20 address these issues in ways that
are not application-dependent and thus can be defined as theoretical model chemistries.21 This work presents further development of a new approach to the bond-breaking problem
formulated in a single-reference formalism, i.e., the
equation-of-motion spin–flip 共EOM-SF or SF兲 model.19,20
The SF model describes closed and open shell singlet
states within a single reference formalism as spin–flipping,
e.g., ␣ → ␤ , excitations from a triplet (M s ⫽1) reference
state for which both dynamical and nondynamical correlation
effects are much smaller than for the corresponding singlet
state.19,22 By employing theoretical models of increasing
complexity for the reference wave function, the description
of the final states can be systematically improved. Thus, the
SF model enables one to extend the well developed hierarchy
of single-reference approximations to the exact wave function 共see, for example, Refs. 23 and 24 for review兲 to treat
challenging multireference cases of bond-breaking and
diradicals.
0021-9606/2002/116(8)/3194/10/$19.00
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corresponding SF models extend high accuracy of the CC
methods for the regions away from equilibrium geometry.
They also inherit a computational cost of the traditional CC
methods. For example, the SF optimized-orbitals coupledcluster doubles 共SF-OOCCD or SF-OD兲 model19 produces
accurate potential energy curves, with the computational cost
of N 6 being identical to that of OO-CCD 共Refs. 34, 35, 32兲
and EOM-OD 共Ref. 18兲 models. While this polynomial scaling represents a definite advantage over the factorial scaling
of multireference models, it still limits the scope of applications to moderate-size molecules. Therefore, the approximations of CC-based models which allow to reduce computational cost are of the considerable practical interest.
For the traditional, i.e., non-spin–flip, ground state calculations, the simplest recipe for including dynamical correlation is by second-order Møller–Plesset perturbation theory
共MP2兲.36 The noniterative nature of the MP2 corrections and
the computational cost which scales as the fifth power of
molecular size enable applications to larger systems than
those accessible by more theoretically complete CC models.
Inspired by the success of MP2 theory, efforts have been
made to develop the perturbative corrections to excited
and/or ionized states theories.37– 40 A second order approximation to EOM-CCSD is given by the so-called CIS共D兲
model37 which uses a CIS wave function as the zero-order
wave function. While representing a systematic improvement
for vertical excitation energies,37 the method fails for excited
states’ equilibrium properties.40 The reason for this failure
has been correctly attributed to the rapidly degrading quality
of a single-determinant representation of the ground state
wave function as one moves away from the ground state
equilibrium geometry.39,40 The balanced nature of the SFSCF wave function suggests that perturbative corrections
performed in the CIS共D兲 共Ref. 37兲 fashion would considerably improve SF-SCF potential energy surfaces.
This work introduces the SF-CIS共D兲 model, and presents
detailed benchmarks of three SF methods, i.e., SF-SCF, SFCIS共D兲, and SF-OD. The structure of the paper is as follows:
the next section introduces the SF-CIS共D兲 theory, Sec. III
presents numerical examples for 共i兲 equilibrium properties of
closed-shell and diradical species, and 共ii兲 potential energy
curves along bond-breaking coordinates; and Sec. IV gives
our concluding remarks.

II. THEORY

The SF-SCF wave function is:
兩⌿

典 ⫽R 1 兩 ⌽ 0 典 ,

CIS

共1兲

where ⌽ 0 is a Slater determinant describing the reference
state which in the present work is chosen to be the ␣␣ component of a triplet state 共as has been mentioned in Refs.
19,20, alternative choices of the reference, i.e., higher multiplicity states, promise certain advantages兲, and R 1 is the
single excitation operator which flips the spin of an electron,
R 1⫽

r ai a ⫹ i.
兺
ia

共2兲
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Here, and throughout the paper, we follow the convention
that i, j,k, . . . represents spin–orbitals that are occupied in
the reference determinant ⌽ 0 , a,b,c, . . . correspond to virtual orbitals, and the indices p,q,r,s, . . . are reserved for
the general case, i.e., when an orbital may be either occupied
or unoccupied in the reference. Orbitals satisfy the SCF
equations for the reference ⌽ 0 , while amplitudes r ai are
found by a diagonalization of the Hamiltonian in the basis of
singly excited determinants involving a spin–flip. The spin–
orbital form of programmable equations is identical to that of
the CIS model.29,30
CIS共D兲 is a rigorous second-order approximation to the
EOM-CCSD eigenvalue problem37,40 which, most importantly, preserves size-extensivity of the CIS model. Here, we
omit the derivation of the CIS共D兲 correction, and refer the
reader to the excellent presentation of the CIS共D兲 energy and
gradient derivation given in the Ref. 40. The final expression
is:
E CIS共D兲⫽ 具 ⌿ CIS兩 V 兩 U 2 ⌽ 0 典 ⫹ 具 ⌿ CIS兩 V 兩 U 1 T 2 ⌽ 0 典 ,

共3兲

where V is the fluctuation potential, i.e., the difference between the Hamiltonian and Fock operator, and amplitudes of
excitation operators T 2 , U 1 , and U 2 are defined by perturbation theory.37,40
The qualitative analysis of Eq. 共3兲 including its relation
to ground state perturbation theory is given in the original
paper:37 the first term in Eq. 共3兲 is approximately accounting
for the orbital relaxation since it can be viewed as single
excitations from ⌿ CIS, whereas the second term which corresponds to the double excitations from ⌿ CIS represents correlation of an excited state, such that the correlation of inactive, i.e., uneffected by excitation, electrons is described by
the ground state double substitution operator T 2 共calculated
by MP2兲. Thus, the performance of the CIS共D兲 correction
depends not only on the quality of the Hartree–Fock description of the reference wave function, but also on the quality of
the MP2 treatment of correlation in the reference state. With
this in mind, it is not surprising that the CIS共D兲 model fails
to represent a systematic improvement over the CIS for excited state stationary points. In our case, however, since the
MP2 description of triplet states is more uniformly accurate,
we expect the SF-CIS共D兲 theory to improve SF-CIS energies
not only around equilibrium, but for the wider range of
nuclear distortions, e.g., along bond-breaking coordinate.
The programmable expressions for the CIS共D兲 correction, ⌬E CIS共D兲, are37:
⌬E CIS共D兲⫽⫺
u ab
ij ⫽

1
4

兺

i jab

2
共 u ab
ij 兲

⌬ ab
ij ⫺

⫹

r ai v ai ,
兺
ia

兺c 共 具 ic 兩兩 ab 典 r cj ⫺ 具 jc 兩兩 ab 典 r ci 兲 ⫹ 兺k 共 具 i j 兩兩 ka 典 r bk
⫺ 具 i j 兩兩 kb 典 r ak 兲 ,

v ai ⫽

1
2

兺

jkbc

a cb
b ac
具 jk 兩兩 bc 典 共 r bi t ca
jk ⫹r j t ik ⫹2r j t ik 兲 ,

⌬ ab
i j ⫽ ⑀ a⫹ ⑀ b⫺ ⑀ i⫺ ⑀ j ,
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t ab
ij ⫽

具 i j 兩兩 ab 典
⌬ ab
ij

,
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共4兲

where  is the CIS excitation energy for the given state, and
⑀ p is a diagonal value of the Fock matrix 共canonical orbitals
are assumed兲. The scaling of the noniterative correction defined by Eq. 共4兲 is N 5 , 37 and the computational cost is
roughly equivalent to that of the MP2 calculations. The only
difference in the SF-CIS共D兲 implementation vs the traditional one is that the SF-CIS amplitudes r ai are those which
flip spin of an electron, as opposed to the ␣ → ␣ and ␤ → ␤
amplitudes which are allowed in non-SF-CIS.
III. RESULTS AND DISCUSSION

In this section, we present detailed benchmarks of SFSCF, SF-CIS共D兲, and SF-OD models. SF approach targets
systems with a significant diradical character, i.e., those with
large nondynamical correlation derived from a single
HOMO-LUMO pair 共e.g.,  and  * in twisted ethylene兲. In
such situations, SF models provide a more balanced description than the corresponding traditional single-reference
methods which overemphasize the importance of the closedshell Hartree–Fock configuration, (  ) 2 . 19 Moreover, SF
models are capable of describing other two low-lying diradical singlet states,41 e.g., the doubly excited 关 (  * ) 2 兴 Z-state
and open-shell 关  * 兴 V-state of ethylene. Singlet methylene
(ã 1 A 1 , b̃ 1 B 1 , and c̃ 1 A 1 states兲, ozone, singlet oxygen, and
ethylene torsional potential 共N, V, and Z-states兲 fell in this
category. For these molecules, the choice of the reference
triplet state is very straightforward and usually is the lowest
triplet 共which can even be the true ground state of the system
as in the case of methylene or oxygen兲.
However, it is also very important to test how new methods perform in case of a well-behaved closed-shell molecule.
To investigate this, we apply the SF method to calculate
equilibrium properties of the well behaved molecule, e.g.,
H2O. We also discuss how sensitive SF results are to the
choice of the reference state 共for water molecule, the choice
of the triplet reference is no longer dictated by simple qualitative considerations as for most diradicals兲. We also present
results for the single bond breaking in HF, BH, and F2 . It
should be mentioned, that for nondiradical molecules 共e.g.,
water or diatomics at small internuclear separations兲 the lowest triplet state is not necessarily the valence  * state, but
may be a Rydberg state. At large distance, this state will
adiabatically change into the valence state. As such change
occurs, the SF curve may exhibit a discontinuity. The simple
remedy for this problem is not to include diffuse functions
into the basis set. Fortunately, diffuse functions usually are
not necessary for the accurate ground state description.42
However, if the SF model is to be used to calculate both
ground and excited state potential energy curves, the diffuse
functions must be included into the basis, and the changes of
the lowest triplet state from Rydberg to valence may cause
problems. We will address this issue when benchmarking
performance of the SF for excited states.
In order to eliminate uncertainties due to basis set effects
and anharmonicities, we benchmark SF models not only

against experimental results, but also against full configuration interaction 共FCI兲 共methylene, HF, and BH兲, multireference configuration interaction 共MRCI兲 (F2 and ethylene兲, or
CCSD共T兲 共equilibrium properties of H2O).
Calculations are performed using two ab initio packages,
43
44
Q-CHEM and PSI, to which our programs for 共V兲OO-CCD,
SF-SCF, SF-CIS共D兲, and SF-OD calculations are linked. Additional results are obtained using ACES II ab initio
program.45 Some basis sets used in this work are obtained
from the EMSL database.46
A. H2O

We start our study by comparing the performance of the
spin–flip models to the corresponding traditional approaches
for a well-behaved problem, the equilibrium properties of the
water molecule. Calculations are performed using two basis
sets: 共i兲 a double- plus polarization 共DZP兲 basis set of contracted Gaussian functions, comprised of the standard
Huzinaga–Dunning47,48 double- basis augmented by six
d-type polarization functions for oxygen 关 ␣ d 共O兲⫽0.9兴 and
three p-type polarization functions 关 ␣ p 共H兲⫽1.0兴 for hydrogen; and 共ii兲 a triple- plus two sets of polarization functions
共TZ2P兲 basis set, comprised of the (11s6p/5s4p) triple-
basis set of Dunning49 augmented with two sets of six d
functions 关 ␣ d 共O兲⫽1.35,0.45兴 for oxygen, and (5s/3s) triple basis set of Dunning49 关with exponents scaled by (1.25) 2 ]
augmented by two sets of three p-type polarization functions
关 ␣ p 共H兲⫽1.5,0.5兴 for hydrogen.
Calculated total energies, equilibrium geometries, and
harmonic frequencies are shown in Table I. For the TZ2P
basis set, we present results for the spin–flip models employing two different references, i.e., the 3 B 1 and 3 B 2 states. For
both basis sets, the lowest triplet state is the 3 B 1 state
共EOM-OD vertical excitation energy is 8.25 eV in DZP basis, and 8.06 eV in TZ2P basis兲, and the 3 B 2 state is the
highest one 共EOM-OD excitation energy is 12.62 eV in DZP
basis and 12.55 eV in TZ2P basis兲. The lowest 3 A 1 and 3 A 2
states have very similar excitation energies around 10 eV. As
can be seen from Table I, total energies are surprisingly insensitive to the reference employed, e.g., the difference in
the SF-SCF total energies 共at corresponding optimized geometries兲 is about 0.4 eV, and the difference decreases 共as we
proceed to a more correlated models兲 down to 0.02 eV for
SF-CIS共D兲, and 0.003 eV for SF-OD.
The optimized geometries and frequencies are more sensitive to the reference choice, the sensitivity being rather
small for explicitly correlated SF-OD model. The quality of
SF-OD optimized geometries is comparable with that of the
corresponding traditional models 共OD or CCSD兲. However,
calculated harmonic frequencies depend dramatically on the
reference state. The least correlated SF-SCF model performs
better when using the lowest triplet state, i.e., the 3 B 1 state,
as the reference. However, the errors in vibrational frequencies are larger than for the SCF model; the antisymmetric
stretch is underestimated by 14% with the TZ2P basis 共the
symmetric stretch and bending frequencies are described
slightly better by the SF-SCF method兲. Contrary to this behavior, the correlated SF-CIS共D兲 and SF-OD models produce
much more accurate frequencies when using the highest, i.e.,
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TABLE I. Total energies, equilibrium geometries, and harmonic vibrational frequencies 共cm⫺1兲 for H2O using
DZP and TZ2P basis sets.
E tot , hartree

re , Å

e

 1 (a 1 )

 2 (a 1 )

 3 (b 2 )

SCF/DZP
MP2/DZP
CCSD/DZPa
OO-CCD/DZPa
CCSD共T兲/DZP
SF-SCF/DZP/( 3 B 1 )
SF-CIS共D兲/DZP/( 3 B 1 )
SF-OD/DZP/( 3 B 1 )

⫺76.047 009
⫺76.258 560
⫺76.267 869
⫺76.267 733
⫺76.270 965
⫺76.005 093
⫺76.240 017
⫺76.268 212

0.9437
0.9616
0.9610
0.9609
0.9618
0.9517
0.9564
0.9610

106.63
104.48
104.63
104.64
104.49
107.70
105.58
104.95

4165
3912
3915
3917
3899
4025
4041
3909

1752
1665
1684
1684
1678
1719
1728
1676

4288
4058
4044
4046
4030
3641
6020
3646

SCF/TZ2Pa
MP2/TZ2P
CCSD/TZ2Pa
OO-CCD/TZ2P
CCSD共T兲/TZ2P
SF-SCF/TZ2P/( 3 B 1 )
SF-CIS共D兲/TZ2P/( 3 B 1 )
SF-OD/TZ2P/( 3 B 1 )
SF-SCF/TZ2P/( 3 B 2 )
SF-CIS共D兲/TZ2P/( 3 B 2 )
SF-OD/TZ2P/( 3 B 2 )

⫺76.061 002
⫺76.325 833
⫺76.331 905
⫺76.331 632
⫺76.338 955
⫺76.015 121
⫺76.307 315
⫺76.333 164
⫺76.029 473
⫺76.306 418
⫺76.333 267

0.9403
0.9582
0.9563
0.9563
0.9586
0.9503
0.9522
0.9560
0.9699
0.9557
0.9587

106.31
104.48
104.74
104.74
104.52
107.45
105.71
105.00
102.17
104.77
103.97

4133
3858
3879
3879
3842
3941
3991
3876
3789
3901
3817

1756
1641
1668
1669
1656
1701
1713
1676
1786
1698
1668

4235
3984
3987
3987
3953
3404
5292
4028
4809
4083
3955

0.9578

104.5

3832

1649

3942

Method
a

Expt.
a

Reference 68.

3

B 2 state, as the reference. The accuracy of spin–flip frequencies calculated with the 3 B 2 reference is roughly comparable to that of the traditional models. However, the SFCIS共D兲 model fails when using the lowest, 3 B 1 state, as the
reference 共the results improving slightly in a larger basis set兲:
the antisymmetric stretch is grossly overestimated 共by 34%–
53%兲. The SF-OD model is less sensitive to the reference, in
particular, in a larger basis set. The errors for the symmetric
stretch and bending are comparable with those of the CCSD
model. The frequency of the antisymmetric stretch is underestimated by 7.5% in the small basis set 共DZP兲 when using
the 3 B 1 reference. In the TZ2P basis the difference between
the SF-OD/ 3 B 2 and SF-OD/ 3 B 1 frequencies is much less, all
frequencies being described with an accuracy similar to
CCSD or OO-CCD.
We have found that the origin of the strong sensitivity of
the SF-CIS共D兲 model to the reference choice is in orbital
near-instabilities; for the 3 B 1 state, the lowest eigenvalue of
the stability matrix in b 2 block equals 0.086, whereas the
corresponding value for 3 B 2 state is 0.346. It is not surprising that the perturbative treatment, i.e., SF-CIS共D兲, fails in
case of near-instabilities, whereas the explicitly correlated
model, SF-OD, is more stable. We have also found that the
3
B 2 UHF reference exhibits instabilities in b 1 and a 2 blocks
which can effect second-order properties. Thus, stability
analysis of the UHF solution for triplet references can be
used to detect potentially problematic situations.

B. CH2

The ground state of methylene is a triplet X̃ 3 B 1 state,
X̃ 3 B 1 ⬇ 共 1a 1 兲 2 共 2a 1 兲 2 共 1b 2 兲 2 共 3a 1 兲共 1b 1 兲 .

共5兲

Following Salem, three low-lying singlet states are diradical
states which can be qualitatively described by a two electrons in two orbitals model:41
ã 1 A 1 ⬇ 共 1a 1 兲 2 共 2a 1 兲 2 共 1b 2 兲 2 共 3a 1 兲 2
⫺ 冑1⫺ 2 共 1a 1 兲 2 共 2a 1 兲 2 共 1b 2 兲 2 共 1b 1 兲 2 ,
b̃ 1 B 1 ⬇ 共 1a 1 兲 2 共 2a 1 兲 2 共 1b 2 兲 2 共 3a 1 兲共 1b 1 兲 ,

共6兲
共7兲

c̃ 1 A 1 ⬇ 共 1a 1 兲 2 共 2a 1 兲 2 共 1b 2 兲 2 共 3a 1 兲 2
⫹ 冑1⫺ 2 共 1a 1 兲 2 共 2a 1 兲 2 共 1b 2 兲 2 共 1b 1 兲 2 .

共8兲

While the ␣␣ (M s ⫽1) component of the X̃ 3 B 1 state 共5兲 is
essentially a single-reference wave function, the corresponding singlet b̃ 1 B 1 state 共as well as the M s ⫽0 component of
the triplet兲 is a linear combination of two Slater determinants
with equal coefficients. Therefore, the b̃ 1 B 1 state cannot be
described within a formalism that uses a single Slater determinant reference. The character of the lowest singlet, ã 1 A 1 ,
varies from a single-reference (⬇1) to the twoconfigurational (⬇1/冑2) wave function. At the equilibrium
geometry, the effect of the second configuration is relatively
small, and the ã 1 A 1 state can be reasonably well described
by a single reference model. The second 1 A 1 state, c̃ 1 A 1 can
be described as the doubly excited state with respect to the
ã 1 A 1 . At its equilibrium geometry, the c̃ 1 A 1 state requires
the two-configurational wave function. Therefore, it is not
possible to describe all three singlet states of methylene by a
single-reference model. The spin–flip model, however, describes all three singlet states as spin–flipping excitations
from the reference M s ⫽1 triplet X̃ 3 B 1 state 关see Fig. 2共a兲 in
Ref. 19兴.
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TABLE II. Total energies, equilibrium geometries, and harmonic vibrational
frequencies 共cm⫺1兲 for singlet methylene (ã 1 A 1 state兲 using DZP and TZ2P
basis sets. Spin–flip models employ the X̃ 3 B 1 ground state as the reference.
E tot ,
hartree

Method

re ,
Å

1
(a 1 )

␣

2
(a 1 )

3
(b 2 )

TABLE IV. Total energies, equilibrium geometries, and harmonic vibrational frequencies 共cm⫺1兲 for singlet methylene (c̃ 1 A 1 state兲 using DZP and
TZ2P basis sets. Spin–flip models employ the X̃ 3 B 1 ground state as the
reference.

Method

E tot ,
hartree

re ,
Å

␣

1
(a 1 )

2
(a 1 )

3
(b 2 )

FCI/DZP
FCI/DZPb,c
SF-SCF/DZP
SF-CIS共D兲/DZP
SF-OD/DZP

⫺39.027 183
⫺39.026 635
⫺38.894 492
⫺39.009 815
⫺39.039 014

1.1167
1.1199
1.1007
1.0901
1.1167

102.4
101.44
104.05
102.70
102.07

2928
3113
3208
2958

1396
1478
1416
1426

3013
3206
3316
3030

FCI/DZPa,b
SF-SCF/DZP
SF-CIS共D兲/DZP
SF-OD/DZP

⫺38.942 663
⫺38.794 18
⫺38.920 09
⫺38.954 02

1.0749
1.0553
1.0622
1.0723

169.68
173.68
170.32
168.68

3246
3455
3373
3253

695
295
660
773

3503
3826
3753
3618

FCI/TZ2Pd
SCF/TZ2Pd
MP2/TZ2P
CCSD/TZ2Pb,d
SF-SCF/TZ2P
SF-CIS共D兲/TZ2P
SF-OD/TZ2P

⫺39.048 984 1.1089
1.0945
⫺39.034 243 1.1010
1.1074
⫺38.900 403 1.0945
⫺39.033 462 1.0974
⫺39.061 603 1.1043

101.89
103.73
102.14
101.73
104.07
102.86
102.37

2899
3105
2987
2919
3096
3017
2932

1404
1503
1436
1428
1485
1443
1422

2971
3169
3065
2988
3176
3111
3025

FCI/TZ2Pa,c
SF-SCF/TZ2P
SF-CIS共D兲/TZ2P
SF-OD/TZ2P

⫺38.968 471
⫺38.800 76
⫺38.947 62
⫺38.980 70

1.0678
1.0507
1.0544
1.0639

170.08
174.48
173.73
170.14

3200
3446
3374
3238

666
343
416
672

3531
3809
3727
3555

1.107

102.4

a

Expt.
Expt.

2805.9 1352.6 2864.5
2846 1371.3

a

Reference 50.
One frozen core and one deleted virtual orbital.
c
Reference 51.
d
Reference 52.
b

TABLE III. Total energies, equilibrium geometries, and harmonic vibrational frequencies 共cm⫺1兲 for singlet methylene (b̃ 1 B 1 state兲 using DZP and
TZ2P basis sets. Spin–flip models employ the X̃ 3 B 1 ground state as the
reference.
E tot ,
hartree

re ,
Å

␣

1
(a 1 )

2
(a 1 )

3
(b 2 )

FCI/DZPa,b
SF-SCF/DZP
SF-CIS共D兲/DZP
SF-OD/DZP

⫺38.985 569
⫺38.857 64
⫺38.970 40
⫺38.998 24

1.0845
1.0678
1.0757
1.0823

140.97
142.28
140.95
140.55

3163
3312
3234
3175

1011
1101
1096
1047

3444
3623
3552
3466

FCI/TZ2Pa,c
SF-SCF/TZ2P
SF-CIS共D兲/TZ2P
SF-OD/TZ2P

⫺39.010 059
⫺38.863 87
⫺38.995 49
⫺39.022 99

1.0748
1.0624
1.0652
1.0716

141.56
142.38
141.59
141.32

3136
3311
3243
3160

1006
1103
1082
1028

3470
3611
3546
3424

1.105
1.086

140
139.3

Expt.
Expt.
a

One frozen core and one deleted virtual orbital.
b
Reference 51.
c
Reference 52.

One frozen core and one deleted virtual orbital.
Reference 51.
c
Reference 52.
b

states, SF-CIS共D兲 represents a qualitative improvement over
the SF-CIS. In both basis sets, SF-OD results follow FCI
closely.
C. O3

For this small system, we compare the performance of
different methods against FCI results.50–52 Basis sets employed, DZP and TZ2P, are the same as in the corresponding
FCI benchmark papers.50–52
Calculated equilibrium geometries and vibrational frequencies for the singlet ã 1 A 1 state of methylene are shown
in Table II. Results for the b̃ 1 B 1 and c̃ 1 A 1 states are shown
in Tables III and IV, respectively. In the case of the ã 1 A 1
state, the equilibrium properties are reproduced well by both
traditional and spin–flip models. Spin–flip models describe
b̃ 1 B 1 and c̃ 1 A 1 states with a similar accuracy. For all three

Method

a

Since the ozone molecule in its ground 1 A 1 state exhibits
stronger diradical character than the singlet (ã 1 A 1 ) methylene, the single-reference methods are less successful in describing its equilibrium properties. Table V shows equilibrium geometries and vibrational frequencies calculated using
共i兲 a double- plus polarization 共DZP兲 basis set, comprised of
the standard Huzinaga–Dunning47,48 double- basis augmented by six d-type polarization functions for oxygen
关 ␣ d 共O兲⫽0.85兴 ; and 共ii兲 a triple- plus two sets of polarization functions 共TZ2P兲 basis set, comprised of the
TABLE V. Total energies, equilibrium geometries, and harmonic vibrational
frequencies 共cm⫺1兲 for ozone using DZP and TZ2P⫹diff basis sets. Spin–
flip models employ 3 B 2 state as the reference.

1
2
3
(a 1 ) (a 1 ) (b 2 )

E tot ,
hartree

re ,
Å

␣

SCF/DZPa
MP2/DZP
CCSD/DZP
CCSD共T兲/DZP
SF-SCF/DZP
SF-CIS共D兲/DZP
SF-OD/DZP
CCSDT/DZPb
CISD关TQ兴/DZPc

⫺224.320 019
⫺224.966 875
⫺224.943 608
⫺224.976 753
⫺224.399 21
⫺224.912 010
⫺224.963 062

1.199
1.3028
1.2733
1.2973
1.2718
1.2826
1.2890
1.286
1.281

119.2
116.24
117.20
116.55
114.11
115.75
116.03
116.7
116.7

1547
1185
1258
1132
1158
1112
1165
1141
1166

859
730
733
688
753
710
709
705
716

1427
2425
1259
995
1380
1234
1144
1077
1138

SCF/TZ2P⫹diff
MP2/TZ2P⫹diff
CCSD/TZ2P⫹diff
CCSD共T兲/TZ2P⫹diff
SF-SCF/TZ2P⫹diff
SF-CIS共D兲/TZ2P⫹diff

⫺224.355 603
⫺225.111 175
⫺225.080 118
⫺225.124 411
⫺224.426 66
⫺225.055 01

1.1966
1.2915
1.2568
1.2849
1.2636
1.2665

119.20
116.64
117.64
117.01
114.46
116.36

1515
1135
1237
1105
1120
1081

862
733
749
697
759
710

1369
2293
1197
955
1327
1186

1.272

116.8

1135 716 1089

Method

Expt.d
a

Reference 68.
Reference 55.
c
Reference 56.
d
References 53 and 54.
b
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TABLE VI. Total energies, equilibrium geometries, and harmonic vibrational frequencies for O2 , 1 ⌬ g state, using DZP and TZ2P⫹diff basis sets.
E tot , hartree

re , Å

 , cm⫺1

RHF/DZP
TCSCF/DZP
MP2/DZP
CCSD/DZP
CCSD共T兲
SF-SCF/DZP
SF-CIS共D兲/DZP
SF-OD/DZP

⫺149.573 460
⫺149.591 143
⫺149.962 579
⫺149.962 840
⫺149.977 112
⫺149.586 927
⫺149.950 137
⫺149.973 053

1.1687
1.1666
1.2787
1.2345
1.2476
1.1659
1.2411
1.2296

1999
2015
1206
1563
1464
2013
1461
1600

SCF/TZ2P⫹diff
MP2/TZ2P⫹diff
CCSD/TZ2P⫹diff
CCSD共T兲/TZ2P⫹diff
SF-SCF/TZ2P⫹diff
SF-CIS共D兲/TZ2P⫹diff
SF-OD/TZ2P⫹diff

⫺149.594 491
⫺150.057 832
⫺150.054 471
⫺150.075 526
⫺149.607 730
⫺150.044 678
⫺150.064 323

1.1562
1.2590
1.2145
1.2319
1.1532
1.2197
1.2096

1953
1196
1545
1424
1969
1462
1583

1.2155

1509,a 1483b

Method

Expt.
a

Reference 69.
Reference 70.

b

(11s6p/5s3p) triple- basis set of Dunning49 augmented
with two sets of six d-functions 关 ␣ d 共O兲⫽1.7, 0.425兴 and one
diffuse s-function 关 ␣ s 共O兲⫽0.08993兴 and a set of three diffuse p-functions 关 ␣ p 共O兲⫽0.0584兴 , TZ2P⫹diff. Results are
compared against experiment53,54 and highly correlated
CCSDT 共Ref. 55兲 and CISD关TQ兴 共Ref. 56兲 results.
One of the manifestations of the significant diradical
character in ozone is that perturbative models which employ
single-reference wave functions fail to improve corresponding zero-order results; contrary to the well-behaved molecules, MP2 fails dramatically for the asymmetric stretch,
and CCSD共T兲 behavior is rather unstable, e.g.,  3 exhibits
very strong dependence upon the basis set. The large difference between CCSD共T兲 and complete CCSDT results also
points out to the significant multireference character of the
wave function;55,57 while CCSD共T兲 and CCSDT values of  1
and  2 differ by no more than 10 cm⫺1 共in DZP or cc-pVTZ
basis set兲, the CCSD共T兲 value of  3 is 60– 80 cm⫺1 lower
than the CCSDT value. Finally, even the complete CCSDT
method yields much larger errors in equilibrium properties of
ozone than for closed-shell molecules.57 Watts and Bartlett
pointed out that connected quadruple excitations 共i.e., double
excitations from the second important configuration兲 are
needed for a quantitatively correct description of ozone.57
The spin–flip model represents a systematic improvement for all frequencies, including the most problematic
asymmetric stretch. Note that SF-CIS共D兲 performs very well,
its accuracy being close to the SF-OD model.
D. O2

The ground state of oxygen molecule is the triplet state,
and the lowest singlet state is a diradical 1 ⌬ g state. Table VI
shows equilibrium properties for the 1 ⌬ g state of O2 calculated by using the DZP and TZ2P⫹diff basis sets 共described
in the previous subsection兲.

FIG. 1. HF, 6-31G basis. The errors against the FCI for SF-SCF, SF-CIS共D兲,
and SF-OD models. Filled symbols are for SF calculations employing the
3
⌺ reference state, empty symbols—for the 3 ⌸ reference state. The errors of
the SF-OD model are very small. The perturbative corrections significantly
improve the SF-SCF model; the SF-CIS共D兲 curve is very close to much
more expensive SF-OD one. The 3 ⌺ reference gives better results.

In this case, SF-CIS共D兲 achieves a dramatic improvement over MP2. The SF-SCF and SF-OD models perform
similarly to the corresponding traditional approaches. It
seems surprising that the RHF and two-configuration SCF
共TCSCF兲 properties are so similar for this case, both being
close to the SF-SCF, given that the TCSCF description
should be much more appropriate for this diradical than
RHF. O2 appears similar to F2 where both non-dynamical
and dynamical correlations are crucial for a qualitatively correct description 共see Sec. III G兲.
E. HF

In this section, we investigate performance of the spin–
flip model for a single bond breaking process. We also
present more examples of how the choice of reference state
effects the results. Calculations for HF are performed using
the split-valence 6-31G basis set.58 Figure 1 compares FCI
total energies for the potential energy curve with the spin–
flip models employing two different references, i.e., 3 ⌺ and
3
⌸ states.
For the balanced description of  -bond breaking by the
SF model, the triplet  * reference 共i.e., 3 ⌺) is the most
appropriate choice, since single spin–flipping excitations
from this reference generates the two most important configurations, (  ) 2 and (  * ) 2 . However, a reasonable description can also be achieved by using the 3 ⌸ reference 共lowest
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TABLE VII. BH, DZP basis set. Total energies, hartree, for the X 1 ⌺ state
by SF-SCF, SF-CIS共D兲, and SF-OD methods. The 3 ⌸ state is used as the
reference for spin–flip calculations.
R BH , bohr

SF-SCF

SF-CIS共D兲

SF-OD

1.8
2.0
2.2
2.4
2.8
3.2
3.6
4.0
5.0
6.0
7.0
8.0
9.0
10.0

⫺25.086 88
⫺25.120 95
⫺25.134 87
⫺25.136 50
⫺25.119 87
⫺25.088 69
⫺25.059 51
⫺25.043 25
⫺25.030 64
⫺25.028 39
⫺25.027 86
⫺25.027 67
⫺25.027 57
⫺25.027 53

⫺25.151 33
⫺25.185 02
⫺25.198 73
⫺25.200 34
⫺25.184 39
⫺25.153 04
⫺25.118 89
⫺25.098 05
⫺25.080 94
⫺25.077 56
⫺25.076 71
⫺25.076 44
⫺25.076 32
⫺25.076 27

⫺25.176 11
⫺25.209 91
⫺25.223 89
⫺25.225 98
⫺25.212 28
⫺25.189 48
⫺25.164 91
⫺25.142 60
⫺25.109 63
⫺25.101 11
⫺25.099 65
⫺25.099 31
⫺25.099 17
⫺25.099 12

triplet state兲. Both 3 ⌺ and 3 ⌸ states are purely repulsive and
remain single reference along the dissociation coordinate, the
correlation energy being smaller for 3 ⌺.
As shown in Fig. 1, results obtained with the 3 ⌺ reference are considerably better than those obtained with the 3 ⌸
reference. The difference is particularly large for the least
correlated SF-SCF model, and becomes rather small 共but not
negligible兲 for the SF-OD. Note that not only relative but
also absolute errors are smaller for the 3 ⌺ reference. Thus, in
case of the variational SF-SCF model, the 3 ⌺ reference is
superior in a variational sense too. It is important that, even
when using less appropriate 3 ⌸ reference, the SF describes
bond-breaking better than the corresponding single-reference
models.
Another important observation is that SF-CIS共D兲 improves SF-SCF curves considerably. For both references, it
yields dissociation energies which are quite close to those of
SF-OD, however there are still considerable errors in the
intermediate region for the calculations using the 3 ⌸ reference.
F. BH

The present study employs a DZP basis, comprised of
the standard Huzinaga–Dunning47,48 double- basis augmented by six d-type polarization functions for first-row atoms 关 ␣ d 共B兲⫽0.5兴 and three p-type polarization functions
关 ␣ p 共H兲⫽1.0兴 for hydrogen.59
Table VII presents total energies for the ground, X 1 ⌺,
state. FCI energies for the X 1 ⌺ state can be found in Ref. 16.
Bond-breaking in the BH molecule is more challenging since
this molecule exhibits significant nondynamical correlation
even at equilibrium geometries. This nondynamical correlation is derived from two  -type LUMOs. Therefore, BH is
more difficult to describe by SF models than HF. As in the
latter case, it is appropriate to use 3 ⌺ reference to describe
the  -bond breaking. On the other hand, 3 ⌸ reference would
be more successful in accounting for the HOMO-LUMO correlation. However, the SF model which uses 3 ⌸ reference
will not describe the two important configurations, i.e., (  x ) 2
and (  y ) 2 , as being equally important 共similar to the Be

FIG. 2. F2 , DZP⫹ basis. All curves are shifted such that their respective
energy minima are zero. SF-CIS共D兲 and SF-OD curves are very close to the
MRCI one.

example from Ref. 19兲. The imbalance will be smaller for the
correlated SF-OD model. An additional complication associated with the 3 ⌸-reference is that, unlike the HF example,
the 3 ⌸ state is quite strongly bound, and, therefore, is described less accurately by single reference models. This explains larger errors of spin–flip models in the intermediate
region. For example, the errors of SF-OD are slightly larger
than those of the spin-unrestricted OD.60 We expect that
spin–flip curves calculated by using repulsive 3 ⌺ reference
will exhibit smaller errors 共due to the limitations of our current implementation, we were not able to perform such calculations兲. The encouraging observation is that SF results are
superior to traditional single-reference description, even
when the less appropriate 3 ⌸ reference is used.
G. F2

F2 is a very challenging case of bond breaking for very
strong nondynamical and dynamical correlation effects. It is
known for being unbound at the UHF level of theory, and for
its very strong dynamical correlation effects, e.g., full valence CASSCF underestimates the dissociation energy by a
factor of 2.5 共for more examples, see Ref. 60兲. For this molecule, we employ the DZP⫹ basis set from Ref. 61, derived
from the standard Huzinaga–Dunning47,48 double- 共DZ兲 basis set by uncontracting the most diffuse p-function and augmenting it by a set of six Cartesian d-functions 关 ␣ d 共F兲
⫽1.580兴 .
Figure 2 shows potential energy curves calculated by
spin–flip models and compares them with 共i兲 the spin-
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TABLE VIII. Equilibrium distances and dissociation energies for the F2
molecule, DZP⫹ basis set.a
Method

Re , Å

D e , eV

E tot , hartree

VOO-CCD共2兲
RHFc
R-CCSDc
U-CCSDc
MR-CISDc

1.417
1.332
1.410
1.410
1.435

1.51
10.69
2.36
0.95
1.22

⫺199.205 71

SF-SCF
SF-CIS共D兲
SF-OD

1.567
1.429
1.437

0.28
1.14
1.24

⫺198.801 57
⫺199.195 42
⫺199.223 16

Expt.

1.412

1.66

b

D e was computed as total energy difference at R e and R F⫺F⫽100 bohr.
Reference 60.
c
Reference 61.

3201

TABLE IX. Ethylene torsion, DZP basis. Total energies 共hartree兲 for SFSCF, SF-CIS共D兲, and SF-OD methods. Unoptimized barrier height, ⌬E
⫽E(90°)⫺E(0°), is also shown.a Geometry used: r CC⫽1.330 Å, r CH
⫽1.076 Å, ␣ HCH⫽116.6°.
Angle 共deg兲

SF-SCFb

SF-CIS共D兲

SF-ODb

TCSCF-CISD

0
15
30
45
60
75
80
85
90

⫺78.068 70
⫺78.064 26
⫺78.051 09
⫺78.029 85
⫺78.002 60
⫺77.974 93
⫺77.967 81
⫺77.963 01
⫺77.961 31

⫺78.346 37
⫺78.341 98
⫺78.328 77
⫺78.306 99
⫺78.277 90
⫺78.246 19
⫺78.237 41
⫺78.231 29
⫺78.229 07

⫺78.388 38
⫺78.383 93
⫺78.370 69
⫺78.349 08
⫺78.320 31
⫺78.288 27
⫺78.278 95
⫺78.272 18
⫺78.269 64

⫺78.365 89
⫺78.361 43
⫺78.348 12
⫺78.326 34
⫺78.297 24
⫺78.264 71
⫺78.255 22
⫺78.248 33
⫺78.245 74

⌬E, eV

2.92

3.19

3.23

3.27

a

b

restricted and spin-unrestricted OO-CCD; 共ii兲 VOO-CCD共2兲
共note that in this case VOO-CCD is equivalent to the full
valence CASSCF兲; 共iii兲 MR-CISD 共with CASSCF reference
defined in the full valence active space兲.61 Total energies for
spin–flip curves are given in Ref. 20. OO-CCD and VOOCCD共2兲 results are from Ref. 60, and MRCI results are from
Ref. 61. Table VIII shows equilibrium geometries and dissociation energies.
SF-SCF behaves similarly to full valence CASSCF, i.e.,
it grossly underestimates the dissociation energy. Inclusion
of dynamical correlation in SF-CIS共D兲 improves the results,
and the corresponding curve becomes very close to MRCISD. The SF-OD curve is also quite close to MR-CISD, the
corresponding D e being slightly better. Based on the good
performance of the SF-CIS共D兲 model, we expect that perturbative corrections for the SF-OD wave function would allow
one to achieve high accuracy.
We attribute an unusually large error in D e for MRCISD to the anomalously strong correlation effects which are
probably due to very high electronegativity of fluorine. The
latter causes the electron density to be very compact. This
tight electron distribution may result in the large local, i.e.,
dynamical, correlation. This explanation also seems consistent with the singlet oxygen results.

⌬E for RHF, OD, and VOD共2兲 methods are 4.76, 3.91, and 3.43 eV, respectively 共Ref. 60兲.
b
Reference 19.
a

Table IX shows total energies along the torsional coordinate calculated by the SF-SCF, SF-CIS共D兲, and SF-OD
models. For comparison, we also report multireference configuration interaction results which include all single and
double excitations from the (  ) 2 and (  * ) 2 configurations.
These computations use two-configuration SCF orbitals and
are therefore labeled TCSCF-CISD. The TCSCF-CISD
method should be fairly reliable for this system since it correlates both of the two most important configurations and
does so without bias towards one configuration over the

H. Ethylene

Twisted ethylene 共at D 2d geometry兲 is a generic example
of a diradical transition state. Due to an imbalance in the
treatment of degenerate configurations, i.e., (  ) 2 and (  * ) 2 ,
single-reference models using restricted orbitals overestimate
the torsional barrier height and produce an unphysical
cusp.16 Corresponding spin-unrestricted models, on the other
hand, considerably underestimate the barrier.60,19 The results
presented in this section show that the spin–flip models are
capable of accurately describing this type of bond-breaking.
The present study employs a DZP basis set, comprised of the
standard Huzinaga–Dunning47,48 double- basis augmented
by six d-type polarization functions for carbon 关 ␣ d 共C兲
⫽0.75兴 and three p-type polarization functions 关 ␣ p 共H兲
⫽0.75兴 for hydrogen.

FIG. 3. Ethylene torsion, DZP basis. All curves are shifted such that the
energy at 0° is zero. The perturbative corrections significantly improve the
SF-SCF model; the SF-CIS共D兲 curve almost coincides with the much more
expensive SF-OD one.
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Method

r CC , Å

r CH , Å

␣ HCH

E tot , hartree

D 2h
SF-SCF
SF-CIS共D兲
SF-OD

1.3520
1.3449
1.3508

1.0774
1.0838
1.0883

117.09
116.93
117.08

⫺78.069 24
⫺78.346 81
⫺78.389 29

D 2d
SF-SCF
SF-CIS共D兲
SF-OD

1.4717
1.4626
1.4696

1.0796
1.0881
1.0925

117.34
116.78
116.79

⫺77.978 17
⫺78.244 01
⫺78.286 26

a

Optimized barrier height is thus 2.48 eV for the SF-SCF, and 2.80 eV for
the SF-CIS共D兲, and for the SF-OD.

other; of course, it will suffer a small error due to its lack of
size extensivity. Potential energy curves for each method are
shown in Fig. 3. Since the SF-SCF curve is qualitatively
correct, the perturbative correction results in a uniform improvement, and the resulting SF-CIS共D兲 curve is very close
to the more computationally expensive SF-OD or TCSCFCISD ones.
Table X shows optimized geometries for the planar
共equilibrium兲 and twisted 共barrier兲 configurations. For the
reference, we consider experimental estimations of 2.8 and
2.59 eV,62– 66 and the MR-CISD value of 2.72 eV.67 The SFSCF value of 2.48 eV can be considered qualitatively correct
共especially, if compared with 4.59 or 1.70 eV predicted by
spin-restricted and spin-unrestricted SCF models,
respectively68兲. The SF-CIS共D兲 and SF-OD models yield the
same value of 2.80 eV. Unfortunately, due to the uncertainty
in experimental values, and the modest basis set used, it is
unclear how close this value is to the exact one.

IV. CONCLUSIONS

We present size-consistent noniterative perturbative corrections to the SF-SCF. The model, SF-CIS共D兲, can be
viewed as a second-order approximation to the more theoretically complete SF-CCSD wave function. Unlike the previously reported applications37,40 of the CIS共D兲 model to the
excited states of closed-shell molecules, SF-CIS共D兲 represents a systematic improvement over the SF-SCF model at
all nuclear distortions along bond-breaking coordinates
共given that there is no orbital near-instabilities in the
Hartree–Fock reference wave function兲. The scaling of the
SF-CIS共D兲 model is N 5 , and the computational cost is
roughly equivalent to that of the MP2 calculations.
Detailed benchmarks of SF-SCF, SF-CIS共D兲, and
SF-OD methods demonstrate that the SF model allows us to
extend the hierarchy of single-reference approximations to
the exact wave function to a challenging situation of bondbreaking and diradicals which traditionally were treated
within a framework of multireference formalism. Further developments include the implementation of an analytic gradient for the SF models, and perturbative corrections to the
SF-OD wave function.
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