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The spin–flip approach within time-dependent density functional theory:
Theory and applications to diradicals
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An extension of density functional theory to situations with significant nondynamical correlation is
presented. The method is based on the spin–flip~SF! approach which is capable of describing
multireference wave functions within a single reference formalism as spin–flipping, e.g.,a→b,
excitations from a high-spin (Ms51) triplet reference state. An implementation of the spin–flip
approach within the Tamm–Dancoff approximation to time-dependent density functional theory
~TDDFT! is presented. The new method, SF-TDDFT/TDA or simply SF-DFT, describes target states
~i.e., closed- and open-shell singlets, as well as low-spin triplets! by linear response from a reference
high-spin triplet (Ms51) Kohn–Sham state. Contrary to traditional TDDFT, the SF-DFT response
equations are solved in a subspace of spin–flipping operators. The method is applied to
bond-breaking~ethylene torsional potential!, and equilibrium properties of eight diradicals. The
results demonstrate significant improvement over traditional Kohn–Sham DFT, particularly for
50/50 hybrid functional. ©2003 American Institute of Physics.@DOI: 10.1063/1.1545679#
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I. INTRODUCTION

Electronic degeneracy is ubiquitous in chemistry. For
ample, bonding and antibonding orbitals may become deg
erate at a dissociation limit or transition state, degene
frontier orbitals are common in diradicals and other op
shell intermediates. Orbital~near!-degeneracies result i
wave functions which are not dominated by a single confi
ration, but rather include several leading determina
Therefore, the Hartree–Fock description of such multic
figurational wave functions is qualitatively incorrect. Th
often causes a breakdown of single-reference post-Hart
Fock methods, e.g., Møller–Plesset~MP! and coupled-
cluster~CC! methods.1

The traditional approach to these problems is a two-s
procedure. First, a zero-order wave function which cons
of a small number of near-degenerate configurations is
culated in order to recover nondynamical correlation. T
can be done by the multiconfigurational self-consistent fi
~MCSCF! procedure,2,3 most often implemented as comple
active space SCF~CASSCF!. Remaining effects, i.e., dy
namical correlation, are then recovered by configuration
teraction ~MRCI!, perturbation theory~MRPT!, or MRCC
~see Ref. 4 for a comprehensive review of multireferen
methods!.

Recently, several single-reference methods capable
describing some multireference situations have been de
oped: the valence optimized-orbitals coupled-cluster dou
~VOO-CCD! method,5–7 quadratic CCD~QCCD!,8,9 doubly
ionized equation-of-motion CCSD,10 and the spin–flip~SF!
approach.11–14 These single-reference methods a
application-independent~in the sense that no specification
near-degenerate configurations or active orbitals is requir!,
4800021-9606/2003/118(11)/4807/12/$20.00
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size-consistent, and relatively cost-effective. This work p
sents a new extension of the SF approach.

Within the SF approach,11–14a high-spin (Ms51) triplet
state with two unpaireda-electrons is chosen as a referenc
Target Ms50 states~both closed- and open-shell singl
states, andMs50 components of triplet states! are then de-
scribed as a spin–flipping, e.g.,a→b, excitation from the
reference. In cases where large nondynamical correlation
rives from a single HOMO-LUMO pair~e.g., bonding and
antibonding orbitals in single-bond breaking reactions a
homosymmetric diradicals, nonbonding orbitals in hete
symmetric diradicals15!, the SF approach provides a mo
balanced description than the corresponding traditio
single-reference methods which overemphasize the im
tance of the closed-shell Hartree–Fock configuration. Mo
over, SF is a multistate approach and is therefore capab
describing several states in one calculation. For example
SF models accurately describe all three low-lying sing
diradical states,15 i.e., closed-shell singlet, open-shell single
and second closed-shell singlet which is a doubly-exci
state with respect to the first closed-shell singlet.13,14

By employing theoretical models of increasing comple
ity for the reference wave function, the description of t
final SF states can be systematically improved. The simp
member of the SF hierarchy of models is the SF configu
tion interaction singles method~SF-CIS! ~Ref. 11! which em-
ploys the SCF wave function for the reference, and descr
the final states as single excitations flipping the spin of o
electron~e.g., where ana-electron is excited into ab virtual
orbital!. SF-CIS has been shown to give a reasonable
count of the nondynamical correlation, thus extending
SCF/CIS models to bond-breaking and diradicals. Moreov
for excited states~e.g., singlet–triplet energy gaps in dirad
7 © 2003 American Institute of Physics
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cals! it represents a considerable improvement over CIS
traditional spin-conserving counterpart. More accurate
scription is achieved by recovering more dynamical corre
tion through higher-order excitations by PT@SF-CIS~D!#,13

CI ~SF-CISD!,12 or CC ~SF-OO-CCD or SF-OD!.11

Since target SF states can formally be considered
linear response states of the reference triplet state, the
idea can be implemented within time-dependent den
functional theory~TDDFT!. Even though DFT~Refs. 16–
18! and TDDFT ~Refs. 19–25! are formally exact16,19,20

practical implementations involve an unknown functional
the density, for which a number of models have be
developed.26–33 So far, the success of these functionals
limited to systems whose ground state electronic structur
dominated by a single Slater determinant. This can be rel
to the parameterization of the density by a fictitious Sla
determinant ~i.e., the Kohn–Sham determinant! in the
Kohn–Sham equations.17 Had the exact functional existed
this parameterization would yield the exact density for a
~i.e., including multiconfigurational! wave function. With the
available inexact functionals, however, the Kohn–Sham
terminant not only represents the total density, but also
flects the leading electronic configuration in the man
electron wave function. It is therefore not surprising th
such a description can fail for systems with strong multir
erence character.34

Despite the above limitation, DFT has become ve
popular for its ability to describe dynamical correlation35–37

within a computationally inexpensive one-electron compu
tional scheme. In many chemical applications, its accurac
comparable to MP2 and sometimes even CCSD method38

This success has motivated the development of severa
proaches for including nondynamical correlation with
Kohn–Sham DFT.34,37,39–54Many of these techniques adhe
to a single Kohn–Sham determinant representation of
electron density, e.g., the sum method;39 restricted open shel
theory for singlets~ROSS-DFT!;34,40 ensemble theory;41–43

and the fractional occupation number~FON! method.44–46

Alternatively, one can employ a wave-function-like a
proach, and use several Kohn–Sham determinants for
parameterization.34,37,47–54These determinants can be chos
by using multireference techniques, such as valence-b
MCSCF, or VOO-CCD. Thus, these hybrid methods comb
DFT ~to simulate dynamical correlation! with the multirefer-
ence models~to treat nondynamical correlation!. Unfortu-
nately, a multi-determinantal parameterization will genera
make these methods significantly more expensive. Moreo
the possible double counting of electronic correlation m
be accounted for.34,50,51 Nevertheless, the ability of wav
function based methods to extend DFT suggests it is wo
while to explore the SF approach to describe nondynam
correlation within the single-determinantal Kohn–Sha
scheme.

The merge of the SF approach with DFT procee
through TDDFT,19–25 a formally exact single-excitation
theory based on Kohn–Sham orbitals. TDDFT describes
cited states as a linear response of the ground state de
When implemented within the Tamm–Dancoff approxim
tion ~TDA!,55 the resulting equations are isomorphic to t
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CIS equations~with properly redefined Coulomb and ex
change integrals!,24,25which greatly simplifies the implemen
tation. Although invoking the TDA within TDDFT yields a
formally inexact theory, it has been shown that the TDA do
not considerably affect excitation energies in most cases.24,25

Moreover, the TDA sometimes yields improved results ov
full TDDFT,22,25 although this surely results from cancell
tion of errors.

TDDFT has been shown to yield more accurate res
than CIS,24,25 including valence excited states with conside
able doubly excited character for which CIS fails drama
cally.24 However, the TDDFT description of Rydberg stat
~or diffuse valence states! is rather poor due to the incorrec
asymptotic behavior of the available functionals~see, for
example, Ref. 56!. As far as bond-breaking is concerne
TDDFT inherits all the limitations of ground-state DFT
Therefore, a combination of the SF approach with TDD
can be a simple tool to recover both nondynamical~from SF!
and dynamical~from DFT! correlation. The attractive featur
of this approach is that it is based on formally exact respo
theory, and, therefore, SF-TDDFT will yield exact resu
~also identical to non-SF DFT! if the ~yet unknown! exact
functional of the density is used. In this paper, we pres
this method in the Tamm–Dancoff approximation~SF-
TDDFT/TDA, or simply SF-DFT! and investigate its per
formance. We choose to invoke TDA because of the sim
fications it offers, although SF-TDDFT/TDA is an approx
mation to the full SF-TDDFT theory.

The paper is organized as follows: in the next secti
we present the working equations for SF-DFT. Section
presents the results for twisted ethylene and selected dir
cals. Our concluding remarks are given in Sec. IV.

II. THE METHOD

In Kohn–Sham DFT, the electron densityr(x) is ex-
panded over a set ofM one-electron~real-valued! orthonor-
mal basis functions$fp(x)%p51

M :

r~x!5(
pq

M

Ppqfp~x!fq~x!, ~1!

wherex denotes spatial and spin coordinates of an electr
x5(r ,s), and the density matrixP is subject to idempotency
and normalization conditions:

P25P, ~2!

tr@P#5N, ~3!

whereN is a total number of electrons.
In TDDFT, the time-evolution of the reference sta

density matrix follows the time-dependent Kohn–Sha
equation:

@F1lV~ t !,P#5 i
]P

]t
, ~4!

wherelV(t) is an infinitesimal oscillatory perturbation, an
F is the Kohn–Sham Hamiltonian matrix,57 which consists
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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of the fictitious one-electron kinetic energy, nuclei–electr
attraction, electron–electron Coulomb repulsion, and
exchange-correlation potentialv̂xc :

Fpq5E fp~x!F2
1

2
¹ r

22(
A

ZA

ur 2Rau

1E r~x8!dx8

ur 2r 8u
1 v̂xc~x!Gfq~x!dx. ~5!

By applying time-dependent perturbation theory to E
~4!, the time-independent Kohn–Sham equation for the
erence state density matrix is retrieved in the zero-order

@F(0),P(0)#50, ~6!

Fpq
(0)5dpqep , ~7!

Pi j
(0)5d i j , ~8!

Pia
(0)5Pai

(0)5Pab
(0)50, ~9!

whereep denotes the Kohn–Sham orbital energies, inde
i , j , . . . are reserved for the spin–orbitals which are oc
pied in the reference Kohn–Sham determinant, inde
a,b, . . . are used for the unoccupied spin–orbitals, and
dexesp,q, . . . denote spin–orbitals which can be either o
cupied or unoccupied in the reference.

Conditions that define the Bohr frequencies~excitation
energies! from the reference ground state are obtained fr
the poles of the linear response~i.e., in the first order! of the
reference state density matrix:21–24

S A B

B* A* D S X

YD 5vS 1 0

0 À1D S X

YD , ~10!

A ia, jb5~ea2e i !dabd i j 1
]Fia

]Pjb
, ~11!

Bai,b j5
]Fai

]Pjb
. ~12!

Within the TDA, one obtains25

AX I5v IX
I , ~13!

where v I denotes an excitation energy to theI th excited
state, whose density can be calculated from the corresp
ing response matrixXI as follows:

Pi j
I 5d i j 2(

a
X ia

I X ja
I , Pab

I 5(
i

X ia
I X ib

I . ~14!

The above equation allows one to interpret an electron e
tation in terms of changes in populations of the Kohn–Sh
orbitals. Likewise, Eqs.~13! and~11! show that there are two
different contributions to the excitation energyv I : the en-
ergy difference between the Kohn–Sham orbitals wh
populations change upon the excitation~this would be an
exact excitation energy for noninteracting electrons!, and the
correlation part which is folded into the dependence of
Fock matrix on the density matrix.

In the traditional TDDFT implementations,24,25 only
spin-conserving blocks, i.e.,aa andbb, of the response ma
trix X are allowed to be nonzero. In this case, number oa
Downloaded 05 Mar 2003 to 128.125.104.83. Redistribution subject to A
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andb electrons does not change upon excitation. In the
implementation, we consider onlyab blocks of X, which
results in a net change ofa andb electrons upon excitation
~one a-electron is promoted to the emptyb-orbital!. In the
subsequent section, we discuss contributions into theab,ab
block of the coupling matrixA from Eqs.~13! and ~11!.

A. Contributions to the coupling matrix

Similarly to the non-SF case, the diagonal part of t
matrix A is simply differences between energies
a-occupied andb-virtual Kohn–Sham orbitals. In case o
noninteracting electrons, these differences give exact exc
tion energies. The correlation effects are described by
dependence of the effective one-particle Hamiltonian on
electron density. This dependence couples different o
electron excitations. Below we discuss the contributions
the SF block of]F/]P by analyzing how different parts of th
Fock matrix from Eq.~5! depend upon the density matrixP.
Note that the Fock matrix~5! which appears in the excite
state equations@Eqs.~13! and ~11!# depends upon therefer-
ence state’s density.

The first two terms in Eq.~5!, i.e., the one-electron ki-
netic energy and nuclear–electron attraction, do not dep
on the density matrix, and therefore they do not contribute
the coupling part ofA. The third term, the Coulomb opera
tor, is represented in matrix form as

Jpq5E fp~x!F E dx8
r~x8!

ur 2r 8u
Gfq~x!dx

5E fp~x!F E dx8

(
st

Pstfs~x8!f t~x8!

ur 2r 8u
Gfq~x!dx

5(
st

E E dxdx8fp~x!f t~x8!
1

ur 2r 8u
fq~x!fs~x8!Pst

5(
st

^ptuqs&Pst ~15!

and the corresponding derivative is

]Jia

]Pjb
5^ ibua j&. ~16!

It vanishes for spin–flipping excitations because in t
2-electron repulsion integral̂ibua j& two spin–orbitals for
the first electron have opposite spin:a hasb-spin whilei has
a-spin. Similarly, the two spin–orbitals of the second ele
tron also have opposite spin. Therefore, the Coulomb po
tial does notcouple different spin–flipping single electro
excitations. This is hardly surprising, since neither t
a-electron nor theb-electron reference state density are
fected by changes in theba block of the density matrix.

The exchange-correlation potential from Eq.~5! can be
parameterized as follows:32

v̂xc~x!5c1v̂x~r !1c2v̂c~r !1c3v̂x
HF~x!, ~17!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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where the first two terms represent exchange and correla
potentials, respectively, and the last term is the Hartree–F
~or exact! exchange:

v̂x
HF~x!52E dx8

r~x,x8!

ur 2r 8u
P̂x,x8 , ~18!

whereP̂x,x8 is a permutation operator. Just like the Coulom
potential, pure exchange or correlation potentials dep
only on a- or b-electron densities and their gradients, a
therefore they do not couple single electron SF excitatio

The Hartree–Fock exchange, however, involves o
diagonal elements of the density matrix which can be
fected byab-block changes in the density matrix,

K pq52E fp~x!F E dx8
r~x,x8!

ur 2r 8u
P̂x,x8Gfq~x!dx

52E dxfp~x!E dx8

(
st

Pstfs~x!f t~x8!

ur 2r 8u
fq~x8!

52(
st
E E dxdx8fp~x!f t~x8!

1

ur 2r 8u
fs~x!fq~x8!Pst

52(
st

^ptusq&Pst . ~19!

The derivative is given by

]K ia

]Pjb
52^ ibu ja& ~20!

and is indeed nonvanishing for the SF excitations. Thus,only
the Hartree–Fock exchange contributes to the SF coupli
block of the matrixA.

B. Implementation and computational details

We have implemented the SF-DFT method in t
Q-CHEM ab initio package.58 This implementation is direct,58

meaning that no two-electron integrals are stored. Furt
more, all operations involving two-electron integrals are p
formed in the atomic orbital basis. Practically, a SF-D
calculation with a pure exchange functional~i.e., containing
no HF exchange! is trivial in the sense that the excitatio
energies are simply the orbital energy differences betw
a-occupied andb-virtual Kohn–Sham orbitals. The SF-DF
implementation with a hybrid exchange functional@such as
B3 ~Ref. 32! is similar to a SF-CIS calculation, the ma
difference being that the Hartree–Fock exchange contr
tion from Eq.~20! needs to be weighted in SF-DFT.

In our calculations, we use three exchange-correla
functionals: ~i! BLYP;29,30 ~ii ! B3LYP ~Ref. 32! @20%
Hartree–Fock18% Slater26172% Becke29 for exchange and
19% VWN ~Ref. 27!181% LYP ~Ref. 30! for correlation#;
and~iii ! the 50/50 functional~50% Hartree–Fock18% Slater
142% Becke for exchange and 19% VWN181% LYP for
correlation! which includes a larger fraction of the Hartree
Downloaded 05 Mar 2003 to 128.125.104.83. Redistribution subject to A
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Fock exchange relative to B3LYP. We shall denote calcu
tions with these functionals as SF-BLYP, SF-B3LYP, and S
5050, respectively.

Note that there is an interesting connection between
DFT and the DFT/MRCI method of Grimme and Waletzke53

They employ KS theory to obtain orbitals and orbital en
gies, and then perform truncated CI calculations w
screened integrals. The method of Grimme and Waletzk53

becomes equivalent to the SF-5050 model if the SF pro
dure of generating the CI determinantal space and the scr
ing parameter of 0.5 are used within their DFT/MRC
scheme.

In the next section, we discuss two chemically importa
situations where currently available DFT models fail: bon
breaking~ethylene torsional potential! and diradicals~equi-
librium properties and singlet–triplet gaps!. For ethylene, we
have employed a DZP basis set which is the stand
Huzinaga–Dunning DZ basis59 augmented by sixd-type
functions with the exponent 0.75 for carbons and by th
p-type functions with the exponent 0.75 for hydrogens. T
diradicals have been studied with the 6-31G* basis set.60 The
optimized geometries and total energies for diradicals’ trip
states have been calculated by using theMs50 SF states
rather than theMs51 reference states. In all the SF calcul
tions, spin-unrestricted triplet references have been u
Adiabatic energy separations have been calculated as d
ences between total energies calculated at the geometrie
timized at the same level of theory as used for the ene
calculation.

III. RESULTS AND DISCUSSIONS

A. Ethylene torsion

Ethylene’s torsional potential is a classical example
nondynamical correlation. At equilibrium, thep andp* or-
bitals are well separated in energy, and the Hartree–F
determinant, (p)2, is a qualitatively correct wave function
However, at 90°, thep andp* orbitals become degenerat
causing a breakdown of standard spin-restricted sin
reference methods. Thus, in order to accurately describe
torsional potential, the wave function should include bo
(p)2 and (p* )2 configurations. Moreover, qualitatively cor
rect wave functions should be flexible enough to treat th
configuration on an equal footing. This can be achieved,
example, by two-configurational SCF~TCSCF! augmented
by configuration interaction including single and double e
citations ~TC-CISD!. Below, we use TC–CISD curve13 as
the reference. Thep2p* degeneracy does not affect th
pap*a triplet state, which is well described by a single d
terminant at all torsional angles. Since both (p)2 and (p* )2

determinants are single spin–flipping excitations from
pap*a triplet, the SF model can accurately describe t
ground-state state wave-function at all torsional angles~see
Refs. 11–14!.

Potential energy curves along the torsional coordin
calculated by spin-restricted HF and DFT~using BLYP,
B3LYP, and 5050 functionals! methods are shown in Fig. 1
Since the second important determinant, (p* )2, is com-
pletely neglected by the Hartree–Fock model, RHF produ
a potential curve with an unphysical cusp and overestima
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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the barrier height by about 1.5 eV. Spin-restricted D
curves are qualitatively and quantitatively similar to the RH
one.

The spin-unrestricted HF method yields a smooth cur
but at the price of spin-contamination: at the barrier,^S2&
'1 which corresponds to an even mixture of singlet a
triplet states. Moreover, the barrier height and the shap
the unrestricted curve is not very accurate: UHF undere
mates the barrier height by 1.1 eV~the RHF error is 1.5 eV!.
The heavy spin-contamination is not rectified by using c
related wave functions.61 Likewise, correlated models whic
use UHF references yield only marginally more accurate
ergies than their RHF-based counterparts.61

Figure 2 shows spin-unrestricted curves calculated
the UHF, U-BLYP, U-B3LYP, and U-5050 models. The spi

FIG. 1. Ethylene torsional potential, DZP basis. All curves are shifted s
that the energy at 0° is zero. Spin-restricted Hartree–Fock and DFT cu
display a sharp cusp around the barrier. The barrier height is conside
overestimated.

FIG. 2. Ethylene torsional potential, DZP basis. All curves are shifted s
that the energy at 0° is zero. Spin-unrestricted Hartree–Fock and DFT m
ods yield smooth curves, at the price of spin-contamination. Moreover,
rier height is underestimated.
Downloaded 05 Mar 2003 to 128.125.104.83. Redistribution subject to A
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symmetry breaking improves DFT curves much more dra
cally than the wave function based models,61 for example,
U-B3LYP underestimates the barrier height by only 0.25 e
Nevertheless, the heavy spin-contamination and difficul
associated with finding an appropriate spin-symmetry bro
solution are discouraging as far as practical use of U-DFT
concerned.

Potential energy curves calculated by the SF-CIS, S
BLYP, SF-B3LYP, and SF-5050 methods are shown in F
3. SF-CIS, SF-B3LYP, and SF-5050 curves are all smo
around the barrier. In contrast, the SF-BLYP curve ha
cusp, due to the fact there is no coupling between differ
excitations in pure exchange-correlation functionals~see Sec.
II A !. The residual spin-contamination is very small for a
the methods: thêS2& values are less than 0.1. The SF-50
barrier height is less than 0.2 eV from the reference T
CISD value.

Selected total energies from Figs. 1–3 are given in Ta
I. Table II presents the optimized geometries and bar
heights. As far as optimized barrier heights are concern
SF-CIS underestimates the barrier by 0.32 eV, SF-B3L
overestimates the barrier by 0.65 eV~as compared with the
more accurate SF-OD model!. The SF-5050 optimized bar
rier height is 3.15 eV, which is 0.35 eV higher than th
SF-OD value.

B. Diradicals

As defined by Salem, diradicals are molecules with t
electrons occupying two ~near!-degenerate molecula
orbitals.15 While diradicals are essential in interpreting rea
tion mechanisms,62–65 their theoretical treatment is difficul
due to the multiconfigurational character of their sing
wave functions. Their high-spin triplet states, however,
single-configurational—just like the tripletpp* state in the
twisted ethylene example. As has been demonstrated in
recent benchmark study,14 the SF approach accurately d
scribes low-lying diradicals’ singlet states as spin–flippi

h
es
ly

h
th-
r-

FIG. 3. Ethylene torsional potential, DZP basis. All curves are shifted s
that the energy at 0° is zero. All SF curves~except for the SF-BLYP one! are
smooth.
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excitations from the high-spin triplet reference~which some-
times happens to be a diradical’s ground state, such a
methylene or trimethylenemethane!.

In this work, we investigate the performance of SF-D
for ~i! equilibrium structures and frequencies of sing
diradicals; and~ii ! energy gaps between the lowest sing
and triplet states~this is a chemically important question
because the reactivity of singlet and triplet diradicals is of
considerably different66!. We have selected the followin
eight moderate-size diradicals as our benchmark set:ortho-
benzyne~1!, meta-benzyne~2!, para-benzyne~3!, m-benzo-
quinodimethane (m-xylylene, C8H8 , 4!, propane-1,3-diyl
(C3H6 , 5!, 2,2-difluoropropane-1,3-diyl (C3H4F2 , 6!, cyclo-
pentane-1,3-diyl (C5H8 , 7!, and 2,2-difluorocyclo-
pentane-1,3-diyl (C5H8 , 8!.

TABLE I. Ethylene torsion, DZP basis. Total energies, hartree, for the
BLYP, SF-B3LYP, and SF-5050 models. Unoptimized barrier height,DE
5E(90°)-E(0°), is also shown.a Geometry used:r CC51.330 Å, r CH

51.076 Å, aHCH5116.6°.

Angle ~deg! SF-BLYP SF-B3LYP SF-5050

0 278.506 23 278.570 70 278.534 17
15 278.503 11 278.566 87 278.529 57
30 278.492 36 278.554 82 278.515 96
45 278.472 66 278.533 90 278.493 69
60 278.444 05 278.504 25 278.463 65
75 278.407 09 278.466 89 278.428 82
80 278.393 05 278.453 34 278.417 99
85 278.378 21 278.440 47 278.409 65
87 278.372 05 278.436 34 278.407 58
89 278.365 78 278.433 81 278.406 49
90 278.362 57 278.433 44 278.406 34

DE 3.91 3.74 3.48

aSF-CIS torsional potentials can be found in Ref. 11, the correspon
unoptimized barrier height is 2.92 eV. The unoptimized TC-CISD a
SF-OD barriers are 3.27 and 3.23 eV, respectively~Ref. 13!. The corre-
sponding values~in eV! for the traditional HF and DFT calculations are
4.76 and 2.15 eV~RHF/UHF! ~Ref. 61!, 4.12 and 3.11~R-BLYP and
U-BLYP!, 4.24 and 3.03~R-B3LYP and U-B3LYP!, 4.44 and 2.85~R-5050
and U-5050!.

TABLE II. Optimized geometries for ethylene at the equilibrium (D2h) and
at the barrier (D2d), DZP basis. Total energies and barrier height are a
given.

Method RCC, Å RCH , Å /HCH Etot , hartree DE, eV

Planar (D2h)
SF-CISa 1.352 1.077 117.1 278.069 24
SF-5050 1.335 1.080 116.9 278.534 24
SF-B3LYP 1.339 1.088 116.8 278.571 20
SF-CIS~D!a 1.345 1.084 116.9 278.346 81
SF-ODa 1.351 1.088 117.1 278.389 29

Twisted (D2d)
SF-CISa 1.472 1.080 117.3 277.978 17 2.48
SF-5050 1.450 1.083 116.7 278.418 37 3.15
SF-B3LYP 1.437 1.095 115.4 278.444 36 3.45
SF-CIS~D!a 1.463 1.088 116.8 278.244 01 2.80
SF-ODa 1.470 1.092 116.8 278.286 26 2.80

aReference 13.
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Figures 4–7 show SF-DFT optimized geometries of
above diradicals in their lowest triplet and singlet states. G
ometries calculated by the restricted and unrestricted HF
DFT models are not shown. Table III presents the cor
sponding adiabatic singlet–triplet energy gaps calculated
unrestricted HF and DFT~UHF, U-B3LYP, U-5050!, and by
the SF models~SF-CIS, SF-B3LYP, and SF-5050!. Table III
also presents experimental results67,68 and best available the
oretical estimates.14,69–72

Being the simplests-p aromatic diradicals, benzyne iso
mers ~Fig. 4! have attracted considerable theoretic
attention.14,34,42,43,73–87Additional interest inp-benzyne (3)
originates in its role as an antitumor agent.88 The ground
state of all the three isomers is a singlet, and the low
excited state is a triplet. The diradical character increase
the distance between the unpaired electrons increases i
ortho-→ meta-→ para- sequence. The increase in diradic
character results in a singlet–triplet energy gap decreas
the same order: as determined in ultraviolet photoelect
spectroscopy experiments of Wentholdet al.,67 DEst are 35.5
60.3, 21.060.3, and 3.860.3 kcal/mol, respectively. As
shown in Table III, RHF reverses the state ordering in all
three isomers. Restricted DFT models yield correct state
dering inortho- andmeta-isomers, however, the errors in th
correspondingDEst are quite large, e.g., R-B3LYP resul
are off by 8 and 5 kcal/mol foro- andm-C6H4, respectively.
Moreover, both R-5050 and R-B3LYP fail dramatically fo
the most problematicp-benzyne. Errors in the spin-restricte
methods are rather systematic: both RHF and R-DFT pl
the triplet too low with respect to the singlet, the imbalan
increasing with the increase in the diradical character in
sequence. Spin-unrestricted results for these three dirad
are much less systematic. Ino-benzyne, UHF yields correc
state ordering, however,DEst is off by 16 kcal/mol. U-5050
places the singlet too low with respect to the triplet. N
instabilities have been found for the B3LYP model.
m-benzyne, only the Hartree–Fock model exhibits instab
ties, however, the singlet’s stabilization due to the sp
contamination is not sufficient to yield the correct state
dering. No instabilities for the DFT models have been fou
at the corresponding equilibrium geometries. There are, h
ever, lower-energy spin-symmetry broken solutions at
triplet’s equilibrium geometries, but the total energies
these solutions at their optimized geometries are higher t
total energies of restricted solutions at their minima. This
because restricted models yield structures with the unph
cally short distance between two radical centers~see, for
example, Ref. 67!. In p-benzyne, all unrestricted mode
yield the correct state ordering, however, UHF again ov
stabilizes the singlet. The SF-CIS method predicts corr
multiplicity of the ground state for all three isomers. Th
SF-5050 results are in quantitative agreement with the
periment: errors do not exceed 4 kcal/mol.

Our next system,m-benzoquinodimethane (4, Fig. 5!, is
an example of a non-Kekule´ molecule. EPR studies68 have
suggested a triplet ground state for this molecule, which
been confirmed by the TCSCF/STO-3G calculations.69 For
this molecule, the SF models predict the triplet state to
7–10 kcal/mol below the singlet. Similarly to the previou
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FIG. 4. Optimized geometries for the singlet and triplet states of benzynes~bond lengths are in angstroms, angles in degrees, and nuclear repulsion en
in hartrees! using SF-CIS~normal!, SF-5050~italic!, and SF-B3LYP~underline! methods.
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example, restricted models place the triplet state too low
energy with respect to the singlet which results in the gros
overestimatedDEst . Spin-symmetry breaking improves th
results.

The next pair of molecules~Fig. 6!, propane-1,3-diyl~5!
and 2,2-difluopropane-1,3-diyl~6!, are an interesting ex
Downloaded 05 Mar 2003 to 128.125.104.83. Redistribution subject to A
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ly
ample, because the multiplicity of the ground state chan
upon fluorination: the former diradical has a triplet grou
state, and the latter has a singlet ground state.42,70 CASPT2/
6-31G* calculations70 have predictedDEst be20.7 kcal/mol
and 4.8 kcal/mol in~5! and ~6!, respectively. Restricted HF
and DFT fail to describe this change: in both cases, trip
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 5. Optimized geometries for the singlet and triplet states ofm-benzoquinodimethane~bond lengths are in angstroms, angles in degrees, and nu
repulsion energies in hartree! using SF-CIS~normal!, SF-5050~italic!, and SF-B3LYP~underline! methods.
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state is placed 10–80 kcal/mol below the singlet. Sp
unrestricted HF and DFT yield qualitatively correct resul
however, the changes between the two systems seem
underestimated by these methods~as compared with the
CASPT2 results!. Both the SF-CIS and the SF-5050 resu
are in quantitative agreement with CASPT2.

Similarly to ~5! and~6!, fluorine substitution reverses th
state ordering in Closs’s diradical~Fig. 7!. Cyclopentane-1,3-
diyl ~7! has a triplet ground state as determined in the E
and CISNP experiments,89,90and confirmed by the CISD cal
culations of Sherrillet al.71 who have reportedDEst be
Downloaded 05 Mar 2003 to 128.125.104.83. Redistribution subject to A
-
,
be

R

21.35 kcal/mol. The corresponding fluorinated molecu
2,2-difluorocyclopentane-1,3-diyl~8!, has a singlet ground
state 9.8 kcal/mol below the lowest triplet~as determined by
the CASPT2 calculations72!. The performance of the re
stricted and unrestricted HF and DFT models is very sim
to the previous example. The SF-CIS results are qualitativ
correct, while SF-5050 is in quantitative agreement w
CASPT2.

To summarize, the SF-CIS has been found to yield qu
tatively correct results in all eight diradicals. The most acc
rate results are obtained by the SF-5050 method; the co
in
FIG. 6. Optimized geometries for the singlet and triplet states of propane-1,3-diyl and 2,2-difluopropane-1,3-diyl~bond lengths are in angstroms, angles
degrees, and nuclear repulsion energies in hartree! using SF-CIS~normal!, SF-5050~italic!, and SF-B3LYP~underline! methods.
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FIG. 7. Optimized geometries for the singlet and triplet states of cyclopentane-1,3-diyl and 2,2-difluorocyclopentane-1,3-diyl~bond lengths are in angstroms
angles in degrees, and nuclear repulsion energies in hartree! using SF-CIS~normal!, SF-5050~italic!, and SF-B3LYP~underline! methods.
l
rs
t t
le
a

ule
s
te

n
im
H

at
a
S
th

t–
b
ls

ring
,

or

n-
dels
pur-

ds

c-
o

s

let
50
ri-
spondingDEst are within 4 kcal/mol from the experimenta
or ab initio values. Spin-restricted models yield large erro
they systematically place triplet state too low with respec
the singlet state. Therefore, for diradicals with a sing
ground state, the ST gaps calculated by RHF and RDFT
either too small, or state ordering is reversed. For molec
with a triplet ground state, the ST gaps are grossly overe
mated. Reference 14 explains the reasons for these sys
atic errors. Spin-unrestricted methods often~but not always,
e.g., m-benzyne! improve the results, however, they ofte
overstabilize singlets. The SF model provides systematic
provement over the spin-restricted and spin-unrestricted
and DFT. Moreover, SF-CIS and SF-DFT are multist
methods and are capable of describing higher singlet st
~see, for example, Ref. 14 which presents SF-CIS and
DFT results for the higher excited singlet states of trime
ylenemethane diradical!.

While SF-5050 gives a good account of the single
triplet gap for these medium-size radicals, it should
pointed out that SF-DFT apparently fails for small diradica
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For example, SF-5050 and SF-B3LYP reverse state orde
in CH2, and yield too small singlet–triplet gaps in the C, O
Si atoms, and in NH, NF, and O2. The reason why SF-DFT
fails for smaller molecules while it succeeds quite well f
the larger species is not clear to us.

In addition to equilibrium structures and adiabatic e
ergy gaps, we also investigate how accurately the SF mo
reproduce shapes of potential energy surface. For this
pose, we consider vibrational frequencies ofp-benzyne, a
challenging test case for theab initio methods. At the equi-
librium geometry of this molecule, spin-restricted metho
such as RHF, R-MP2, R-CCSD~T!, suffer from orbital insta-
bilities and fail to reproduce experimental vibrational spe
trum even qualitatively correct; for example, they yield tw
large imaginary frequencies.76,91 Spin-unrestricted method
have been more successful; U-CCSD~T! frequencies are in
reasonable agreement with experiment.76 Table IV presents
calculated harmonic vibrational frequencies for the sing
1Ag ground state ofp-benzyne as obtained by the SF-50
and SF-B3LYP methods with a 6-31G** basis set. Expe
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Downloaded 05 M
TABLE III. Adiabatic singlet–triplet energy gaps~kcal/mol! calculated by the restricted and unrestricted H
B3LYP, 5050, and the SF-CIS, SF-B3LYP, SF-5050 methods in a 6-31G* basis set. Zero-point energy
tions are not included into the theoretical results.

o-C6H4 m-C6H4 p-C6H4 C8H8 C3H6 C3H4F2 C5H8 C5H6F2

1 2 3 4 5 6 7 8

RHF 26.4 229.1 283.5 288.4 284.2 263.3 281.9 249.5
R-5050 21.4 8.1 236.4 247.4 242.4 227.2 246.0 214.9
R-B3LYP 29.4 14.2 214.9 231.6 224.0 211.5 229.4 20.6
UHF 22.0 26.5 12.9 224.8 21.0 1.2 21.0 2.7
U5050 56.4 ~a! 1.8 210.7 20.6 2.4 20.8 5.1
UB3LYP ~a! ~a! 2.4 26.72 20.2 3.4 20.6 7.1
SF-CIS 23.1 8.5 5.9 27.3 21.1 2.8 21.3 5.8
SF-B3LYP 53.9 n.a. 12.8 26.8 3.8 15.1 n.a. 22.7
SF-5050 41.7 22.3 3.5 210.6 20.2 6.8 21.13 12.6

Theor. 37.6b 19.3b 3.9b 210.0c 20.7d 4.8d 21.35e 9.8f

Expt. 37.560.3g 21.060.3g 3.860.3g ,0 h

aNo lower unrestricted singlet solution could be found.
bReference 14.
cReference 69.
dReference 70.
eReference 71.
fReference 72.
gReference 67.
hReference 68.
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mental values,91 restricted and unrestricted HF an
CCSD~T!, and unrestricted B3LYP results76 are also tabu-
lated for comparison. Note that the usually reliable CCSD~T!
method fails to improve RHF results and yield very lar
imaginary frequencies forv10 and v18. Unrestricted HF,
B3LYP, and CCSD~T! do not yield imaginary frequencies
For seven experimentally measured frequencies, the ag
ment between U-CCSD~T! and the experiment is good
ar 2003 to 128.125.104.83. Redistribution subject to A
e-

Moreover, U-B3LYP frequencies are very close
U-CCSD~T!. Both SF-B3LYP and SF-5050 yield real fre
quencies for these two problematic modes. Moreover,
5050 frequencies are following closely the U-CCSD~T! num-
bers. For the seven measured frequencies, the SF-5
frequencies are all slightly higher than experimental valu
~which is not surprising since no anharmonicity correctio
have been included!. Some of the SF-B3LYP frequencie
.

3

1
7

TABLE IV. Harmonic vibrational frequencies (cm21) for the ground1Ag state ofp-benzyne, 6-31G** basis set

Mode RHFa UHFa U-B3LYPa R-CCSD~T!a U-CCSD~T!a SF-B3LYP SF-5050 Expt.b

v1 (ag) 3414 3370 3264 3258 3220 3317
v2 (ag) 1379 1538 1342 1498 1269 1440
v3 (ag) 1256 1194 1174 1183 1170 1202
v4 (ag) 980 993 1018 1044 964 1065
v5 (ag) 775 630 608 620 705 660
v6 (au) 1004 965 913 938 896 994
v7 (au) 489 390 417 407 442 450
v8 (b1g) 961i 806 349 771 337 722
v9 (b2g) 946 943 832 897 865 961
v10 (b2g) 310i 673 5612i 577 493 616
v11 (b3g) 3396 3353 3250 3242 3205 3302
v12 (b3g) 1869 1624 1657 1683 1697 1738
v13 (b3g) 1335 1369 1301 1309 1248 1327
v14 (b3g) 592 625 586 584 552 597
v15 (b1u) 3391 3353 3238 3241 3200 3300
v16 (b1u) 1504 1559 1458 1482 1489 1402 1511 140
v17 (b1u) 1164 1074 1054 1058 1067 1081 1101 976
v18 (b1u) 621i 1024 940 3739i 953 669 973 918
v19 (b2u) 3415 3368 3263 3257 3221 3316
v20 (b2u) 1546 1411 1403 1388 1391 1477 1448 133
v21 (b2u) 1144 1388 1256 1275 1256 1107 1254 120
v22 (b2u) 306 1117 1068 1079 864 1076
v23 (b3u) 812 786 757 750 766 738 796 721
v24 (b3u) 519 443 445 443 439 463 477 435

aReference 76.
bReference 91.
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seem to be closer to the experimental values, however
v18 SF-B3LYP yields 669 cm21 which is too low as com-
pared with the experimental value of 918 cm21. This is simi-
lar to the ethylene example, where SF-B3LYP torsional
tential is too flat around the barrier. Thus, the SF-50
potential energy surfaces are more accurate than the
B3LYP ones.

IV. CONCLUSIONS

We have presented a simple extension of DFT to
scribe bond-breaking and diradicals. The method descr
target multiconfigurational states as spin–flipping excitatio
from a single-configurational high-spin triplet reference. T
resulting equations are identical to the TDDFT/TDA equ
tions, however, they are solved in a subspace of the sp
flipping ~e.g., Ms521) excitations. Similarly to DFT and
TDDFT, the SF-DFT model is formally exact~though not the
TDA! and therefore will yield exact answers with the exa
density functional. With the available inexact functiona
SF-TDDFT/TDA represents an improvement over its non-
counterparts. So far, the best performance has been ach
with the 50/50 functional~50% Hartree–Fock18% Slater
142% Becke for exchange and 19% VWN181% LYP for
correlation!. The SF-DFT/5050 model has been shown
yield accurate equilibrium properties and singlet–triplet e
ergy gaps in medium-sized diradicals, although some tr
bling failures for small molecules were observed.
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