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Complex-scaled equation-of-motion coupled-cluster method
with single and double substitutions for autoionizing excited states:
Theory, implementation, and examples

Ksenia B. Bravaya, Dmitry Zuev, Evgeny Epifanovsky, and Anna I. Krylov
Department of Chemistry, University of Southern California, Los Angeles, California 90089-0482, USA

(Received 10 November 2012; accepted 5 March 2013; published online 26 March 2013)

Theory and implementation of complex-scaled variant of equation-of-motion coupled-cluster method
for excitation energies with single and double substitutions (EOM-EE-CCSD) is presented. The
complex-scaling formalism extends the EOM-EE-CCSD model to resonance states, i.e., excited
states that are metastable with respect to electron ejection. The method is applied to Feshbach reso-
nances in atomic systems (He, H−, and Be). The dependence of the results on one-electron basis set
is quantified and analyzed. Energy decomposition and wave function analysis reveal that the origin of
the dependence is in electron correlation, which is essential for the lifetime of Feshbach resonances.
It is found that one-electron basis should be sufficiently flexible to describe radial and angular elec-
tron correlation in a balanced fashion and at different values of the scaling parameter, θ . Standard
basis sets that are optimized for not-complex-scaled calculations (θ = 0) are not sufficiently flexible
to describe the θ -dependence of the wave functions even when heavily augmented by additional sets.
© 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4795750]

I. INTRODUCTION

Autoionizing (or electron-detaching) states are ubiqui-
tous in physics, chemistry, biology, and technology. They are
common in energetic environments such as plasmas (electric
arcs, supersonic combustion, plasma displays, extremely hot
flames, lightning, polar aurorae, etc), as well as processes in
condensed media initiated by electron attachment to neutral
closed-shell species, as in radiolysis and DNA damage by
slow electrons.1, 2 Dissociative recombination via autoioniz-
ing states is important in interstellar chemistry.3, 4 A new wave
of interest to autoionizing states has been stimulated by ad-
vances in new light sources and, in particular, attosecond and
X-ray spectroscopies.5–9

Electronically excited states of closed-shell anionic
species are often resonances, which is relevant to the
gas-phase studies of several of biochromophores, such as
model chromophores of green fluorescent10–13 and photoac-
tive yellow14–16 proteins.

Resonance phenomena are not limited to electron ejec-
tion processes. Generally, resonances are associated with non-
stationary states of a system that has: (i) enough energy to
break up into two or more subsystems; and (ii) a lifetime long
enough to be characterized experimentally.17–19 This implies
that the decay process of such energetic system is long enough
compared to the time scale of an observation. Other exam-
ples of resonances include radioactive nuclear decay, molecu-
lar predissociation, predesorption from surfaces, and inelastic
scattering phenomena.17, 19

Depending on their decay mechanism, metastable states
are described as shape or Feshbach resonances.18–20 In the
context of autoionizing (or autodetaching) electronic states,
shape resonances are excited states that are above their own
electron-detached states, such as the π → π* state of the

phenolate form of the photoactive yellow protein (PYP) chro-
mophore, which lies above electron detachment from the π

orbital (Fig. 1, left). In this case, electron detachment is a
Koopmans-allowed one-electron process. A Feshbach reso-
nance is an excited state that is below its own continuum,
but above another ionization threshold, e.g., such as the π

→ π* state of the carboxylate isomer of the PYP chro-
mophore that lies above the lowest IE (corresponding to the
electron removal from a lone pair orbital), but below the de-
tachment from the π orbital (Fig. 1, right). In this case, elec-
tron ejection is a Koopmans-forbidden two-electron transition
and the excited-state decay is governed by electron correla-
tion. In the present paper, we consider atomic Feshbach res-
onances, 2s2 states in He and H− and 1s22p3s state in Be,
which are formally doubly excited states. In both cases, the
decay of the resonance involves the removal of one electron
and a simultaneous transition of the second electron to a lower
s-orbital.

Resonances belong to the continuum spectrum and
can be described either as non-stationary solutions of the
time-dependent Schrödinger equation or as stationary ex-
ponentially diverging solutions of the time-independent
Schrödinger equation.19, 21 Resonance wave functions ob-
tained in the latter formalism are not L2-integrable and can-
not be represented by expansions over Gaussian basis sets.
Moreover, the continuum part of the spectrum cannot be de-
scribed by methods such as Davidson diagonalization formu-
lated for discrete eigen-problems. Owing to these features,
standard excited-state methods cannot tackle resonances, as
illustrated in Fig. 2 which demonstrates the behavior of a
shape resonance in an excited-state calculation.22 However,
energies of resonances can be computed by standard meth-
ods if they are decoupled from the continuum by symmetry.
These symmetry-decoupled resonances are of Feshbach type
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FIG. 1. Lowest vertical excitation (S1) and detachment energies (D0, Dn)
for model photoactive yellow protein (PYP) chromophores in the phenolate
(left) and carboxylate (right) isomeric forms. The energies are in eV; these
are the best estimates from Ref. 14. The character of the resonance state is
different in the two isomers. In the phenolate, where electron detachment
from S1 to the lowest detachment continuum is a Koopmans-allowed one-
electron transition, the excited state is a shape resonance. Carboxylate, in
which the electron detachment from S1 to D0 is a Koopmans-forbidden two-
electron process, is an example of a Feshbach resonance.

and can only be coupled to the continuum by two-electron
excitations. For example, an A′ excited state that lies above
A′′ continuum (such as ππ* state in the carboxylate form
of PYP), is completely decoupled from the continuum at the
CIS (configuration interaction singles) level. However, at the

FIG. 2. CIS calculations of the excited states of the phenolate form of the
PYP chromophore. In a small basis set, which is not capable of represent-
ing continuum states, the ππ* transition (shown in red) appears as an iso-
lated eigenstate and its energy approximates the position of the resonance. As
the basis set is increased, numerous pseudo-continuum states appear below
the resonance, making it more and more difficult to compute sufficiently large
number of states such that the resonance is also included.22 Moreover, the tar-
get state of interest begins to mix with pseudo-continuum states loosing its
oscillator strength. In sum, standard excited-state methods are not capable
of yielding converged (with respect to the basis set) positions of the auto-
ionizing resonances and their lifetimes. The symmetry-decoupled Feshbach
resonances, such as the ππ* state in the carboxylate form of PYP, are uncou-
pled from the continuum at the CIS level and their positions can be computed
by standard approaches.

higher levels of theory, such as equation-of-motion coupled-
cluster with single and double substitutions (EOM-CCSD), a
weak coupling is present in the calculation.

There are three different computational strategies for
resonances.18, 19 The first one is grounded in Hermitian
quantum mechanics and entails using time-dependent
framework,23–25 stabilization techniques,26–28 Stieltjes-
Tchebycheff approach,29 or computing resonance energies
as poles of scattering matrix.30 The second approach is to
impose pure outgoing boundary conditions for the standard
molecular Hamiltonian.18, 19 The third strategy is based on an-
alytic continuation of the Hamiltonian to the complex plane,
e.g., via complex scaling17, 18, 31–33 or complex absorbing
potential (CAP)34, 35 approaches.

Following second approach, the so-called Siegert formal-
ism, one arrives to an exponentially decaying in time eigen-
state and a complex eigenvalue associated with it,

ψres(r, t) = φ(r)exp(−iEres t), (1)

Eres = ER − i�/2, (2)

where ER is a resonance position and � is a resonance width
(� = 1

τ
, where τ is a lifetime).17, 19, 21, 36 φ(r) resembles a

bound-state wave function inside interaction region (usually,
some sort of a potential well), but is exponentially diverging
outside. Alternatively, an identical energy expression can be
derived by using a diabatic representation37 in which reso-
nances are described as bound states coupled with the con-
tinuum and by applying a partitioning technique leading to a
non-Hermitian effective Hamiltonian.38

Complex scaling and CAP approaches provide a link
between quantum chemistry methods developed for bound
states and resonances such that the resonance wave function
is obtained as a square-integrable eigenfunction of a modified
non-Hermitian Hamiltonian (complex-scaled or augmented
by CAP). The CAP methods, in which complex potential
−iηŴ devised to absorb the diverging tail of the resonance
wave function is added to the Hamiltonian, were originally
developed for shape resonances, and a special care should be
taken when the approach is used for Feshbach resonances.39

Moreover, CAPs give rise to reflections, and, consequently,
the eigenvalues of the modified Hamiltonian coincide with
the resonance poles only in the limit of the zero CAP strength
(even in the complete one-electron basis set).40 Several ap-
proaches for construction of reflection-free CAPs have been
suggested.39–41

Complex scaling formalism17, 18, 31–33 is an elegant and
mathematically rigorous way to deal with the excited states
embedded in the continuum (it can also be used for nuclear
scattering problem). By scaling all electronic (and, in princi-
ple, nuclear) coordinates by a complex number eiθ (dilation
transformation), one arrives to a non-Hermitian Hamiltonian
operator that has the same discrete spectrum as the unscaled
operator and whose continuum states are rotated into the com-
plex plane by 2θ exposing the resonances, as illustrated in
Fig. 3. Under this transformation the resonance wave func-
tion becomes L2-integrable, provided that angle θ exceeds a
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FIG. 3. The transformation of the spectrum of the Hamiltonian upon
complex scaling of all coordinates as described by the Balslev-Combes
theorem.31–33

critical value θ c,19

θc = atan
�

2(ER − Et )
, (3)

where Et is the threshold, i.e., ionization or detachment en-
ergy. ER and −i�/2 are real and imaginary parts of the res-
onance eigenvalue, according to the Siegert representation
from Eq. (2).

Formally, complex scaling can be applied in the same
manner to both atomic and molecular systems; however, in
the latter case additional steps are necessary in order to ex-
tract physically meaningful potential energy surfaces from
complex-scaled Born-Oppenheimer calculations.19, 42

Complex scaling and CAP techniques have been ap-
plied to several ab initio methods. Complex-scaled and CAP
Hartree-Fock (HF)43, 44 and density functional theory (DFT)45

methods have been introduced; these approaches are only ap-
plicable for metastable ground electronic states. Complex-
scaled configuration-interaction (CI)43 and multiconfigura-
tional self-consistent field (MCSCF)44 were successfully used
to study resonances in atoms and small molecules, e.g., He,
H2, Be−.42–44, 46 Complex-scaled multiconfigurational time-
dependent HF method has been applied to describe doubly
excited resonance states in Be.47 Fock-space multireference
coupled-cluster methods combined with CAPs have been de-
veloped by Pal and co-workers.48, 49 Recently, a CAP version
of EOM-CCSD for electron attachment (EOM-EA-CCSD)
has been reported by Ghosh et al.50 and applied to study
electron-attached states of neutral molecules.

Here, we present an implementation of the complex-
scaled EOM-EE-CCSD method designed to study electron-
ically excited resonance states in systems with bound ground
electronic states. In EOM-EE-CC the excited-state wave func-
tion is described by excitation operators R acting on the
reference-state CC wave function,

|	〉 = R̂eT̂ |0〉 , (4)

where |0〉 is the reference Slater determinant (usually satis-
fying HF equations) and T̂ is a coupled-cluster operator. The
EOM-EE-CC ansatz enables simultaneous treatment of non-
dynamical and dynamical electron correlation, yields spin-
pure wave functions, and provides a balanced description
of states of different character. Thus, EOM-CC is a natural
choice for extending excited-state methodology to resonances
via complex scaling and CAP approaches.

The excitation level in operators T and R can be truncated
giving rise to the hierarchy of approximate EOM-CC models
converging to the exact solution. In this paper, we consider
EOM-CC with single and double substitutions, EOM-CCSD.
We present the complex-scaled EOM-EE-CCSD method (cs-
EOM-EE-CCSD) and provide the details of the implementa-
tion. We then consider Feshbach 2s2 resonances in He, H−,
and 1s2 2p3s resonance in Be. Since Feshbach resonances de-
cay is a two-electron process, it is governed by electron corre-
lation. Consequently, complex-scaled HF or CIS cannot pre-
dict lifetimes of Feshbach resonances.51

For two-electron systems such as He and H−, EOM-EE-
CCSD is equivalent to full configuration interaction (FCI)
and is, therefore, exact in terms of many-electron expansion.
Thus, we can focus on one-electron basis set dependence of
the results. One of the well-known drawbacks of complex
scaling approach is its extreme sensitivity to one-electron ba-
sis set size, which is commonly attributed to a more diffuse
character of resonances and their coupling with the contin-
uum. We analyzed the physical origins of this dependence
and found that for the Feshbach resonances the dependence is
due to electron correlation. In particular, a balanced descrip-
tion of angular and radial electron correlation is important for
obtaining converged results. These findings allow us to de-
velop guidelines for choosing basis sets which are optimal for
resonances.

The structure of the paper is as follows. The theory of
cs-EOM-EE-CCSD and implementation details are given in
Sec. II. The results of benchmark calculations are discussed in
Sec. III. The basis set effects are discussed in Sec. III A. The
application of cs-EOM-EE-CCSD to many-electron systems
and the importance of the reference-state choice are discussed
in Sec. III B. Our concluding remarks are given in Sec. IV.

II. COMPLEX-SCALING FORMALISM: GENERAL
THEORY AND EOM-EE-CCSD IMPLEMENTATION

Upon complex-scaling (or dilation) transformation the
original molecular Hamiltonian is transformed in such a way
that resonance wave function can be obtained as a square-
integrable eigenfunction of the complex-scaled Hamiltonian
[given that the complex-scaling parameter, θ , is greater than
the critical value, see Eq. (3)].17, 18, 31–33, 52 Both the electronic
and nuclear coordinates are scaled by the factor eiθ (r → reiθ ,
R → Reiθ ). The resulting Hamiltonian is non-Hermitian and,
therefore, can have complex eigenvalues. The scaled molecu-
lar Hamiltonian assumes the following form:

Hθ = e−2iθ TN + e−2iθ Te + e−iθVNN + e−iθVNe + e−iθVee.

(5)

The theoretical justification of complex scaling is given
by the Balslev-Combes theorem.31–33 As illustrated in Fig. 3
(i) the eigenvalues corresponding to the bound states of the
original Hamiltonian and the threshold energies (ionization or
electron-detachment energies) are unaffected by the complex-
scaling transformation; (ii) the segments of the continuum
starting at the thresholds are rotated by 2θ down to the com-
plex plane; (iii) new complex, discrete eigenvalues of Hθ may

Downloaded 24 Jun 2013 to 134.93.202.53. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



124106-4 Bravaya et al. J. Chem. Phys. 138, 124106 (2013)

appear in the lower half of the complex energy plane; they are
associated with the resonance states. The real (ER) and imag-
inary (-�/2) parts of the eigenvalue correspond to the reso-
nance position and width (�), respectively, and the lifetime
is 1/�, as in Eq. (2). As a result, an L2-integrable complex
eigenfunction of the Hθ associated with the resonance state
can be computed in a way similar to conventional quantum
chemistry calculations.

Mathematically, this transformation can be described as
a similarity transformation (see, for example, Ref. 18),

H (θ ) = ŜH Ŝ−1,

Ŝ = eiθr ∂
∂r .

As such, it does not alter the discrete spectrum of the Hamilto-
nian; yet, it converts resonance wave functions into “bound”-
like wave functions that can be considered as a part of the
“generalized” Hilbert space.19

The observation that complex scaling is a similarity trans-
formation highlights interesting parallels between complex
scaling and EOM-CC techniques. In the latter, the similarity
transformation permits obtaining accurate correlated many-
electron energies using compact expansions of the wave
function, i.e., one can perform a similarity transformation that
results in H̄ = e−T HeT (where T is coupled-cluster substitu-
tion operator) whose lowest eigenstate is just a single Slater
determinant, �0, and the respective eigen-energy is exact.
Such transformation would require the operator T to include
up to N-electron excitations; however, an approximate T in-
cluding only singles and doubles still yields rather compact
wave functions and accurate energies. In complex-scaling for-
malism, one obtains energies of continuum states from a spa-
tially compact (i.e., L2-integrable) wave function. In the case
of exact solution (that requires using a complete one-electron
basis set) the energies are independent of θ and the bound
states are unaffected by the transformation, but in a finite rep-
resentation, the approximate solutions deviate from the ex-
act result (energies of bound states may change, and energies
of resonances are θ -dependent). An important difference be-
tween the two cases, however, is that similarity transformation
in complex scaling formalism affects boundary conditions,
whereas in EOM it does not.

To implement a complex-scaled ab initio method, one
can either employ complex basis functions, or work with
real one-electron basis and to scale the Hamiltonian matrix
elements,

Hij = Tij + Vij → Hij (θ ) = e−2iθ Tij + e−iθVij . (6)

In the latter case (the so-called direct approach), a complex
wave function is represented by an expansion in the basis of
Slater determinants built from real orbitals, but with complex
expansion coefficients (amplitudes). Such approach allows
one to employ standard quantum chemistry codes for one-
and two-electron integrals computed using Gaussian basis
functions.53 Our implementation of the cs-EOM-EE-CCSD
method is based on the direct approach.

There are several subtleties related to the complex scal-
ing approach that deserve special attention. In particular, the

Balslev-Combes theorem is only strictly valid for the exact
solution, whereas truncated one- and many-electron basis sets
introduce dependency of eigenvalues on the complex-scaling
parameter, θ . Complex-scaling makes the Hamiltonian non-
Hermitian, which requires reformulation of variational prin-
ciple such that it can be used in the framework of variational
methods such as HF or CI (to emphasize the difference, the
name “complex stationary principle” is often used). These
implications of the complex-scaling of the electronic Hamil-
tonian for practical quantum-chemistry calculations are dis-
cussed below.

In addition, Born-Oppenheimer approximation applied to
complex-scaled molecular Hamiltonian results in electronic
Hamiltonian with nuclear coordinates shifted to the complex
plane (see discussion in the supplementary material54). How-
ever, this is not a concern for atomic resonances that are the
focus of this paper.

A. C-product versus scalar product

A non-Hermitian form of the complex-scaled Hamilto-
nian implies modifications of standard quantum chemistry ap-
proaches developed for bound states of the original molec-
ular Hamiltonian. One can use a generalized variational
principle based on bi-orthogonal formulation, similarly to
non-Hermitian EOM-CC theory.55, 56 In this approach, one
considers left and right eigenstates, 〈	L| and |	R〉, of the
Hamiltonian and formulates stationary principle by using the
following expectation value: 〈	L|H |	R〉

〈	L|	R〉 .
In the case when the initial Hamiltonian is Hermitian

complex-scaling transformation renders it into the complex-
symmetric form and bi-orthogonal variational principle turns
into a complex analogue of variational principle employing
so-called c-product,18, 57, 58 〈ψi |ψj 〉C = ∫

ψiψjdr , instead of
the standard scalar product, 〈ψi |ψj 〉 = ∫

ψ∗
i ψjdr . Sommer-

feld and Tarantelli59 compared the performance of c-product
and regular scalar product for iterative diagonalization of
complex-symmetric matrices in the context of CAP/CI.
Although both formulations are legitimate for the case when
real orbitals are involved, they found that the c-product ver-
sion is less numerically stable.59

Since EOM-CCSD similarity-transformed H̄ is non-
Hermitian by itself, the EOM-EE-CCSD equations can be for-
mulated exploiting stationary principle for the bi-orthogonal
space of left and right eigen-vectors (see Ref. 56 and ref-
erences therein), the validity of which is not affected by
complex-scaling transformation. For the implementation of
cs-EOM-EE-CCSD that involves non-complex-scaled HF and
non-complex-scaled CCSD, the difference between c-product
and scalar product only appears at the cs-EOM-EE-CCSD
stage of calculation. All calculations reported here for the He
and H− 2s2 resonances were performed using full diagonal-
ization of the Hamiltonian matrix. As the guess vectors em-
ployed in these calculations have no imaginary component, c-
product and regular scalar product formulations are equivalent
in this case. In the cs-EOM-EE-CCSD implementation based
on complex-scaled HF and CCSD, we employed c-product in
all three steps (HF, CCSD, and EOM).
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B. One- and many-electron basis sets

Balslev-Combes theorem is formulated for operators H
and Hθ . Thus, when their basis set representations are used,
the theorem is valid only in the limit of the exact representa-
tion of the Hamiltonian. That is, only when H and Hθ opera-
tors are represented in the complete one- and many-electron
bases, the theorem holds true. Obviously, this is not the case
for a finite one-electron basis set and truncated wave function
expansion.43, 57

When using incomplete one-electron bases, the eigenval-
ues become θ -dependent and θ -trajectories, E(θ ), need to be
computed. If eigenvalues become nearly stationary with re-
spect to θ at some value (θopt), one can reason that in the
vicinity of such θopt the Balslev-Combes theorem holds ap-
proximately and the respective E(θ ) exhibits the behavior as
in the exact limit. Thus, the “best” value of E(θ ) is E(θopt).
Moreover, stationary E(θ ) ensures that the virial theorem is
satisfied for the resulting resonance solution.19, 57 Moiseyev
et al. proved that optimal θ (dE/dθ = 0, θ = θopt) corresponds
to a cusp in the θ -trajectory plot when only real (imaginary)
part of θ is varied and imaginary (real) part is kept fixed.60, 61

From the practical point of view, the stationary point corre-
sponding to the minimal value of the | dE

dθ
| provides an esti-

mate of resonance’s position and lifetime. The value | dE
dθ

|θ=θopt

quantifies to which degree the stationary condition is satisfied
(or, rather, unsatisfied) at θopt.

As illustrated below, despite the L2-integrable character
of target wave functions the complex-scaled calculations are
much more sensitive to the completeness of one-electron basis
set than standard ab initio methods. The reasons for this sensi-
tivity are the following. First, the interaction of the resonance
state with continuum needs to be accurately described. Thus,
one needs to employ relatively diffuse basis sets. Second, al-
though complex-scaling does not change the eigenvalues of
bound states (in the complete one- and many-electron limit),
it does change the corresponding wave functions introducing
oscillatory behavior, which is most prominent for core elec-
trons in many-electron systems.62–64 To accurately describe
these changes of the wave function along θ -trajectories, suffi-
ciently flexible bases are necessary. Finally, as demonstrated
below, for Feshbach resonances (whose lifetimes are deter-
mined by electron correlation), basis sets need to be capable
of describing both radial and angular correlation accurately
and in a balanced way. Below we quantify these effects and
explore strategies for developing more compact basis sets,
which is necessary for applications of complex-scaling meth-
ods to realistic systems.

A number of approaches have been developed to tackle
the core electrons problem,63 the simplest of which is
a subtracted-core technique; it can be easily applied in
complex-scaled EOM-EE-CCSD by freezing core electrons
in post-cs-HF calculations.

C. Complex-scaled EOM-EE-CCSD

Detailed discussion of the EOM-EE-CCSD method is
available in numerous original and review papers (see, for ex-
ample, Refs. 55, 56, and 65–68). Here, only the main aspects

relevant for the comparison between the regular and complex-
scaled EOM-EE-CCSD approaches are summarized.

We begin with the excited-state wave function ansatz
given by Eq. (4) with R̂ including single and double exci-
tations,

R̂ = R̂0 + R̂1 + R̂2, (7)

R̂0 = r0, (8)

R̂1 =
∑
ia

ra
i a†i, (9)

R̂2 = 1

4

∑
ijab

rab
ij a†b†ji. (10)

The amplitudes T̂ are computed by solving the CCSD equa-
tions for the reference state. Since T̂ and R̂ commute, R |0〉 is
an eigenfunction of the similarity-transformed Hamiltonian,
H̄ = e−T HeT . Thus, amplitudes R̂ are found by diagonal-
ization of the normal-ordered similarity-transformed Hamil-
tonian (H̄N = H̄ − ECC , ECC = 〈0| H̄ |0〉) in the basis of the
reference, |0〉, singly, �a

i , and doubly, �ab
ij excited determi-

nants,
⎛
⎜⎝

0 H̄OS H̄OD

0 H̄SS − ECC H̄SD

0 H̄DS H̄DD − ECC

⎞
⎟⎠

⎛
⎜⎝

R0

R1

R2

⎞
⎟⎠ = ω

⎛
⎜⎝

R0

R1

R2

⎞
⎟⎠ .

(11)

As amplitudes T̂ satisfy the CCSD equations, HOS and HOD

equal to 0, and, therefore, excited states are not coupled to
the reference. Therefore, the diagonalization is performed in
the singles and doubles block of the H̄N matrix. To compute
several lowest eigenvalues of the H̄N matrix, the generalized
Davidson iterative diagonalization method is employed.69–71

The σ -vectors corresponding to the product of H̄ and trial
vectors required for Davidson diagonalization have the fol-
lowing form:

σa
i = [(H̄SS − ECC)R1]

a

i + [H̄SDR2]
a

i , (12)

σab
ij = [H̄DSR1]

ab

ij + [(H̄DD − ECC)R2]
ab

ij . (13)

These equations provide the starting point for the derivation
of the so-called programmable expressions.

Complex-scaled EOM-EE-CCSD can be formulated us-
ing three different approaches that can be arranged in the fol-
lowing hierarchical order: (i) cs-EOM-EE-CCSD/CCSD/HF
in which complex-scaling is introduced only in EOM; (ii) cs-
EOM-EE-CCSD/cs-CCSD/HF with both EOM and CC steps
performed employing complex-scaled Hamiltonian; (iii) fully
complex-scaled approach, cs-EOM-EE-CCSD/cs-CCSD/cs-
HF. We have implemented all three models. Since similarity-
transformed H̄ has the same spectrum as original H, the first
approach should yield the exact spectrum in the limit of com-
plete one and many-electron bases. Since the present imple-
mentation is aimed to autoionizing excited states for systems
with closed-shell bound ground states, the main focus of this
paper is on cs-EOM-EE-CCSD/CCSD/HF. For Be 1s22p3s
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resonance, we report the results computed with all three meth-
ods. The detailed comparison of the three schemes is the sub-
ject of the future work.

Zdanska and Moiseyev recently showed that complex-
scaled HF orbitals used in complex-scaled active-space CI
calculations of He atom doubly excited resonance state are
superior to real non-complex-scaled orbitals.43 One can ex-
pect similar behavior for cs-EOM-EE-CCSD, i.e., the refer-
ence state will affect the final solution in particular for large
values of complex-scaling parameter θ when conventional HF
reference is no longer a good approximation to a mean-filed
stationary solution for Hθ .

Practically, scaling of the H̄ θ matrix elements is
achieved by scaling all terms including two-electron integrals,
〈pq||rs〉, by the factor e−iθ and by splitting all terms contain-
ing the Fock matrix into two parts, i.e., the kinetic energy part
which is scaled by the factor e−2iθ , and the rest of one-electron
part and mean-field two-electron contribution scaled by e−iθ .
Therefore, complex-scaling transforms the EOM-EE-CCSD
matrix equations, Eq. (11), to the following form:
⎛
⎝

0 H̄ θ
OS H̄ θ

OD

H̄ θ
SO H̄ θ

SS − Eθ
CC H̄ θ

SD

H̄ θ
DO H̄ θ

DS H̄ θ
DD − Eθ

CC

⎞
⎠

⎛
⎝

R0

R1

R2

⎞
⎠= ω

⎛
⎝

R0

R1

R2

⎞
⎠,

(14)

where Eθ
CC = 〈0| H̄ θ |0〉.

Note that Eθ
CC , ω, and amplitudes in R0, R1, R2 opera-

tors are now complex. Using non-complex-scaled CCSD ref-
erence, which does not satisfy complex-scaled CCSD equa-
tions, introduces coupling between the reference and excited
states, i.e., H̄ θ

SO and H̄ θ
DO are no longer zeroes. Furthermore,

additional disconnected terms appear in the H̄ θ
DS block (see

supplementary material54). Therefore, in contrast to EOM-
EE-CCSD, ground and excited states interact and iterative
Davidson diagonalization of H̄ θ in the basis of |0〉, �a

i , and
�ab

ij has to be performed, similar to EOM-EE-CCSD(2,3).72

The cs-EOM-CCSD/cs-CCSD equations, in which the refer-
ence is decoupled from the target states, do not have such ad-
ditional terms; these equations are solved in the singles and
doubles block as in regular EOM-EE-CCSD.

The corresponding Davidson σ -vectors are

σ0 = H̄ θ
OSR1 + H̄ θ

ODR2, (15)

σa
i = (

H̄ θ
SOR0

)a

i
+ ((

H̄ θ
SS − Eθ

CC

)
R1

)a

i
+ (

H̄ θ
SDR2

)a

i
,

(16)

σab
ij = (H̄ θ

DOR0)ab
ij + (

H̄ θ
DSR1

)ab

ij
+ ((

H̄ θ
DD − Eθ

CC

)
R2

)ab

ij
.

(17)

The programmable equations are given in the supplementary
material.54 The resulting equations are implemented using our
new general tensor library.73, 74

III. RESULTS AND DISCUSSION

A very unfavorable feature of complex-scaling formalism
is that the incompleteness of one- and many-electron bases

leads to the θ -dependence of the eigenvalues of the scaled
Hamiltonian, for both the ground and target resonance states.
We address the effects of the one-electron basis set by consid-
ering two-electron systems, He and H−, for which cs-EOM-
EE-CCSD provides exact (in a given one-electron basis)
solution and which have been extensively studied.

A. Two-electron systems: 2s2 resonances
in He and H−

Although the resonances in complex-scaling formalism
become L2-integrable, the choice of the optimal basis set for
description of the resonance states is not trivial. The opti-
mal basis should be diffuse enough to be suitable for pseudo-
continuum states, which can be mixed with the resonance, and
flexible enough to describe the wave function transformation
upon complex scaling. Moreover, the basis should be suf-
ficiently flexible to accurately describe electron correlation,
which is essential for Feshbach resonances.

To gain insight into these effects, we performed the fol-
lowing sets of calculations:

� We demonstrate the convergence of the resonance en-
ergy and lifetime for the He 2s2 state using a large
even-tempered spd basis. This calculation also vali-
dates our implementation.

� We investigate the utility of standard basis sets in
complex-scaling calculations by considering various
polarized triple-zeta and higher-quality basis sets.

� The effect of adding diffuse basis functions to stan-
dard basis sets was analyzed by considering the same
valence set augmented by an increasing number of the
diffuse basis functions.

� The effect of higher angular momentum functions was
analyzed by comparing basis sets of approximately
same size but having different number of s, p, and d-
functions.

� The effect of uncontracting of the valence basis func-
tions in the standard bases was analyzed.

Each diffuse series (s, p, and d) used to augment stan-
dard basis sets consisted of even-tempered basis functions.
The first exponents in the series, which are basis-set spe-
cific, and the scaling factors are summarized in Table I. The
full diagonalization procedure of the similarity-transformed
Hamiltonian has been employed. The values of the resonance
energies and lifetimes for different bases are summarized in
Tables II and III.

1. Resonance energies and lifetimes convergence to
the exact limit: An even-tempered 30s15p10d basis

To demonstrate the convergence of the He 2s2 resonance
energy and lifetime with respect to the one-electron basis
set we employed an extensive and flexible basis, namely, an
even-tempered 30s15p10d basis from Ref. 43. The real and
imaginary parts of the resonance eigenvalue at the stationary
point of the resulting θ -trajectory (Fig. 4) are −0.77776 and
−0.00223 a.u., respectively. The values are in agreement with
the solution obtained employing Hylleraas basis:
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TABLE I. Gaussian basis set exponents (α) of the first basis function and scaling factors (k, αi + 1 = αi/k) used in the even-tempered series.

He

α [k], s α [k], p α [k], d
6-311(+,+)G(d,p) + [NsNpNd] 1.23 × 10−1 [2.000] 2.34 × 10−1 [2.000] 9.37 × 10−1[2.000]
aug-cc-pVTZ + [NsNpNd] 2.44 × 10−2 [2.000] 8.13 × 10−2 [2.000] 2.34 × 10−1 [2.000]
aug-cc-pVQZ + [NsNpNd] 2.44 × 10−2 [2.000] 8.13 × 10−2[2.000] 2.34 × 10−1[2.000]
30s15p10d 100 [2.043] 30 [2.295] 30 [3.201]
30s15p 100 [2.043] 30 [2.295] –
20s10p10d (a) 100 [2.043] 30 [2.295] 30 [3.201]
20s10p10d (b) 100 [2.976] 30 [3.642] 30 [3.642]

H−

6-311(+,+)G(d,p) + [NsNp] 1.80 × 10−2 [2.000] 3.75 × 10−1 [2.000] . . .
aug-cc-pVTZ + [NsNpNd] 1.26 × 10−2 [2.000] 5.10 × 10−2 [2.000] 1.24 × 10−1 [2.000]
aug-cc-pVQZ + [NsNpNd] 1.18 × 10−2 [2.000] 4.24 × 10−2 [2.000] 9.50 × 10−2 [2.000]

TABLE II. Complex energies of the 2s2 resonance in helium calculated by cs-EOM-EE-CCSD in different bases.

Number of Re(Eres), Im(Eres), �, θopt, | ∂E
∂θ

|,
Basis set basis functions hartree hartree eV rad hartree/rad

aug-cc-pvtz + [3s3p] 35 −0.7751 −0.00170 0.0925 0.200 0.00192
aug-cc-pvtz + [3s3p3d] 50 −0.7753 −0.00154 0.0838 0.175 0.00167
6-311(+,+)G(d,p) + [3s3p] 18 −0.7768 −0.00122 0.0664 0.375 0.00224
aug-cc-pvqz + [3s3p] 58 −0.7768 −0.00200 0.1088 0.225 0.00450
6-311(+,+)G(d,p) + [10s5p5d] 56 −0.7771 −0.00166 0.0903 0.300 0.00351
aug-cc-pvtz + [10s5p5d] 73 −0.7754 −0.00168 0.0914 0.200 0.00126
aug-cc-pvqz + [10s5p5d] 96 −0.7769 −0.00196 0.1067 0.225 0.00402
6-311(+,+)G(d,p) + [3s3p3d] 54 −0.7770 −0.00180 0.0980 0.200 0.00197
+ dodecahedron

30s15p10d 125 −0.7778 −0.00223 0.1214 0.325 5.24 × 10−5

30s15p 75 −0.7773 −0.00226 0.1227 0.325 1.64 × 10−4

20s10p5d (a)a 75 −0.7778 −0.00225 0.1223 0.300 4.88 × 10−5

20s10p5d (b)b 75 −0.7769 −0.00245 0.1332 0.175 0.01169

Ho75 −0.7779 −0.00227 0.1235 . . . . . .

a20s10p5d (a) is formed from 30s15p10d by exclusion of the 10 s-, 5 p-, and 5 d-type most diffuse basis functions.
b20s10p5d (b) even-tempered basis covers the same range of the gaussians’ exponents, but with a greater scaling factor (see Table I).

TABLE III. Energies of the 2s2 resonance in H− calculated by cs-EOM-EE-CCSD in different bases. �E is given relative to the 1s ground state of neutral
hydrogen computed for corresponding basis set.

Number of Re(Eres), �E, Im(Eres), �, θopt, | ∂E
∂θ

|,
Basis set basis functions hartree eV hartree eV rad hartree/rad

aug-cc-pvtz + [3s] 26 −0.1262 10.1667 −0.00070 0.0381 0.200 0.00295
aug-cc-pvtz + [3s3p] 35 −0.1484 9.5626 −0.00091 0.0495 0.225 0.00292
aug-cc-pvtz + [3s3p3d] 50 −0.1488 9.5517 −0.00089 0.0484 0.200 0.00321
6-311(+,+)G(d,p) + [3s3p] 18 −0.1251 10.1967 −0.00229 0.1247 0.325 0.00814
aug-cc-pvqz + [3s3p] 58 −0.1485 9.5633 −0.00083 0.0454 0.225 0.00048
aug-cc-pvtz + [10s5p5d] 73 −0.1487 9.5544 −0.00063 0.0342 0.250 0.00108
aug-cc-pvqz + [10s5p5d] 96 −0.1488 9.5551 −0.00069 0.0375 0.250 0.00018

Ho et al.85 . . . 9.5574 . . . 0.0472 . . . . . .
Bardsley and Junker86 . . . 9.5572 . . . 0.0474 . . . . . .
Bhatia87 . . . 9.5570 . . . 0.0458 . . . . . .
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FIG. 4. θ -trajectories for the 2s2 Feshbach resonance in He shown on different scale. Angle θ varies from 0 to 0.500 rad (step 0.025 rad). 30s15p10d basis
corresponds to even-tempered basis used in Ref. 43, the gaussians’ exponents values, α, vary within the range: 10−7 ≤ α ≤ 100, 2.66 × 10−4 ≤ α ≤ 30, and
2.66 × 10−4 ≤ α ≤ 30 for s, p, and d functions, respectively. 30s15p is the same basis without d-type basis functions. 20s10p5d (a) is formed from 30s15p10d
by exclusion of the 10 s-, 5 p-, and 5 d-type most diffuse basis functions. 20s10p5d (b) even-tempered basis covers the same range of the gaussians’ exponents,
but with a greater scaling factor.

−0.77787 and −0.00227 a.u.75 Even though the resonance
energy and lifetime are very close to the numerically exact
values, the ground-state energy still has a noticeable imagi-
nary part (7.46 × 10−4 a.u., θ = 0.450). We also obtained
satisfactory results by truncating the 30s15p10d basis by re-
moving the most diffuse 10 s, 5 p, and 5 d basis functions
(the size of the resulting basis is thus 75): −0.77778 and
−0.00224 a.u., for the real and imaginary parts, respectively.
In contrast, increasing the scaling factor used to form even-
tempered basis or removing d-type basis functions from the
basis have pronounced effects on the shape of the θ -trajectory
and the resulting eigenvalue at the stationary point (Fig. 4,
Table II). The origins of these effects are discussed in details
below.

These calculations illustrate the sensitivity of the results
to the basis set and provide validation of our implementation.
Our next step is to investigate whether highly optimized stan-
dard basis sets, such as series of Dunning bases that are known
to provide accurate and balanced description of electron cor-
relation in the ground and excited states, may be efficiently

employed in calculations of resonances. Our aim was to
reduce basis set size by combining these standard basis set
with additional even-tempered functions.

2. Standard basis sets and the effect
of diffuse basis functions

One may expect that accurate description of resonances
requires large number of diffuse basis functions. Even in
the complex-scaling case, when the wave function becomes
square-integrable, the exponent can be quite small featuring a
tail that (slowly) goes to zero at infinity.

To analyze the convergence of the results with respect
to adding diffuse basis functions, we augmented the aug-cc-
pVTZ basis by the diffuse basis functions: 3s, 3s3p, 3s3p3d,
and 10s5p5d (i.e., 3s3p set consists of three additional s-
functions and 9 p-functions). Figure 5 shows cs-EOM-EE-
CCSD (equivalent to FCI) total energies of the ground and
1S excited states of He and H− atoms for θ = 0.200 and
0.225 rad, respectively. Unless mentioned otherwise, θ is real,

FIG. 5. cs-EOM-EE-CCSD total energies for the ground and 1S excited states of He (left panel) and H− (right panel). θ values corresponding to θopt for the
aug-cc-pVTZ+[10s5p5d] basis are 0.200 and 0.225 for He and H−, respectively. Three rays with the origin at the three lowest IEs of He and H− and rotated
by the angle 2θ to the lower complex plain are shown in black. In the limit of the complete basis set the rays should coincide with the respective continuum
branches.
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FIG. 6. θ -trajectories for the 2s2 Feshbach resonance in He shown on different scale. Angle θ varies from 0 to 0.500 rad (step 0.025 rad). See text for the
diffuse subsets (3s, 3s3p, 3s3p3d, 10s5p5d) exponents definition.

which means that the cusp conditions for θ -trajectories are not
necessarily satisfied, as the optimal θ may be complex.

Extension of the 3s diffuse set to 3s3p and 3s3p3d does
not change the qualitative behavior of the spectrum upon com-
plex scaling but, as will be shown below, is crucial for the
quantitative description of the resonance energy and lifetime.
We observe three branches formed by discretized continuum
eigenstates corresponding to excitation to very diffuse molec-
ular orbitals. Those branches exhibit behavior dictated by the
Balslev-Combes theorem and are rotated by the angle close
−2θ to the lower complex plane with respect to the corre-
sponding ionization energy. The ground state energy lies very
close to the real axis and its energy is close to that of the
unscaled H̄ . The absolute values of the energy deviation are
1.67 × 10−3/1.64 × 10−3/1.64 × 10−3 and 3.08 × 10−4/1.69
× 10−4/1.69 × 10−4 hartree for the aug-cc-pVTZ basis with
3s/3s3p/3s3p3d diffuse sets for He and H−, respectively.
These energy deviations are mainly due to the drift in the real
part of the eigenvalue as θ changes from 0 to θopt, for example,
for aug-cc-pVTZ+[3s] the shifts in real and imaginary part
for He and H− are –1.65 × 10−3/–2.4 × 10−4 (Re/Im) and
–3.62 × 10−4/5.5 × 10−5, respectively. The 2s2 resonances in
both systems lie close to the real axis.

θ -trajectories for the He 2s2 resonance computed with the
aug-cc-pVTZ basis augmented with different diffuse subsets
are shown in Fig. 6. As discussed in Sec. II, the resonance
eigenvalues are identified as a point with the lowest absolute
value of energy derivative with respect to the complex scal-
ing parameter, | dE

dθ
|. Further extension of the 3s diffuse sub-

set to 6s basis functions results in only minor changes in the
resonance trajectories (not shown, see Fig. S1 of the supple-
mentary material54). Thus, the aug-cc-pVTZ+[3s] basis re-
covers the bulk of the radial electronic correlation. In con-
trast, additional diffuse p-orbitals (3s3p) are crucial for ac-
counting for angular electronic correlation in the resonance
state. As one can see, the shape of the resonance trajectory
changes dramatically upon switching from the 3s to the 3s3p
subsets. Further addition of higher angular momentum ba-
sis functions (3s3p3d) does not have notable effect on either
shape of the trajectory or the resulting resonance energy and
lifetime. Therefore, the aug-cc-pVTZ+[3s3p] basis is suffi-
cient to account for the most of the radial and angular elec-

tronic correlation contributions. Indeed, the real and imagi-
nary parts of the resonance energy for aug-cc-pVTZ+3s3p
(−0.7751 and −0.0017 hartree) are close to the exact solu-
tion for He 2s2 resonance (−0.7779 and −0.0023 hartree75)
The best agreement with the exact solution is achieved
for the aug-cc-pVQZ basis with the 3s3p diffuse subsets
(ERes = −0.7768 − i0.0020 hartree). Note that the values
change only slightly upon further extension of the diffuse set
to 10s5p5d (ERes = −0.7769 − i0.00196 hartree). We ob-
serve the same trends for the H− 2s2 resonance state. Addition
of the 3p diffuse functions results in dramatic change in the
trajectories shape (Fig. S2 of the supplementary material54).
The resulting resonance positions and widths are given in
Table III.

Despite being convenient for ab initio calculations, L2-
integrable Gaussian basis functions are not optimal for
the description of the continuum states. However, Gaus-
sians can be used to approximate the continuum states.76–78

In attempt to reduce the number of required diffuse
basis functions and to achieve more uniform approxi-
mation of the continuum states, we considered the 6-
311(+,+)G(d,p)+[3s3p3d] basis augmented by diffuse func-
tions distributed in the vertices on the dodecahedron grid
(one s-type basis function per vertex located 1 Å from
He, with the exponent of 0.02772). The θ−trajectories
for 6-311(+,+)G(d,p)+[3s3p3d] with grid-distributed basis
functions (54 basis functions), and atom-centered basis of
the comparable size 6-311(+,+)G(d,p)+[10s5p5d] (56 ba-
sis functions) are shown in Fig. S3 in the supplementary
material.54 Using the grid refines the solution, making the
trajectory more compact and the singularity point more pro-
nounced. However, there is no significant change in the re-
sulting resonance position and width. In addition, the em-
ployed basis functions are relatively compact, and the im-
provement in the resonance states description is likely to be
not because of better approximation of the continuum, but be-
cause of the better description of the angular electronic cor-
relation. The trajectories computed for the more sparse grid,
or more diffuse Gaussian exponent do not lead to any im-
provement in comparison to the atom-centered basis set (see
Fig. S3 in the supplementary material54). In short, the addi-
tion of grid-distributed functions does not lead to a significant
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improvement in the description of the resonance states rel-
ative to the atom-centered ones, which is consistent with a
rather compact wave function of the resonance state, as dis-
cussed below.

3. The effect of the valence basis set

Whereas it is not surprising that the description of res-
onance states is sensitive to the diffuseness of the basis,
the variations in the valence basis set also have a profound
effect on the shape of θ -trajectories. This is illustrated in
Fig. 7 that compares θ trajectories computed with three dif-
ferent valence basis sets [6-311(+,+)G(d,p), aug-cc-pVTZ,
and aug-cc-pVQZ] augmented with similar diffuse subsets.
Despite notable change in the shapes of θ -trajectories for
He 2s2 resonance (Fig. 7), the shift in the resonance posi-
tion and width is rather small, e.g., transition from the 6-
311(+,+)G(d,p) to aug-cc-pVQZ basis results in the shift of
< 1 × 10−4 (ER) and −0.0008 (�/2) hartree. Interestingly,
for the largest aug-cc-pVQZ+[3s3p] basis, there is no well-
defined stationary point: the minimal value of the dE

dθ
along

the trajectory is 4.5 × 10−3 hartree/rad and is more than twice
greater that for other bases. The effect of the valence basis set
is even more pronounced in the case of doubly excited reso-
nance state in H− (Fig. S4 in the supplementary material54).
Dunning’s aug-cc-pVTZ and aug-cc-pVQZ augmented with
3s3p diffuse functions result in similar trajectories, which dif-
fer strongly from the 6-311(+,+)G(d,p)+[3s3p] one. There-
fore, more flexible diffuse aug-cc-pVNZ bases perform better
than the corresponding Pople’s ones. Note, however, that the
trajectories are plotted for α = 1 (α = e−θIm ), which is not
necessarily an optimal value, and therefore the cusp condi-
tions do not hold in this case. Trajectories with pronounced
cusp features can be obtained by varying α, which is illus-
trated by the θ -trajectories for the 2s2 resonance of He shown
in Fig. S5 in the supplementary material.54

As mentioned above, the complex-scaling transformation
of the H̄ matrix changes bound-states wave functions. To an-
alyze the ability of basis sets to describe this wave function

FIG. 7. θ -trajectories for the 2s2 Feshbach resonance in He. Angle θ varies
from 0 to 0.500 rad (step 0.025 rad).

transformation, we considered aug-cc-pVTZ+[10s5p5d] and
its fully uncontracted counterpart. The resulting trajectories
for the ground state and 2s2 resonance of He are shown in
Fig. S6 (supplementary material54). As expected, uncontract-
ing the basis makes the ground state trajectory more compact,
i.e., the ground state approaches stationary condition, and the
basis set approaches convergence. As uncontracted s-type ba-
sis functions are compact and do not contribute significantly
to the description of the diffuse 2s2 state, uncontraction of the
basis has only a minor effect on the resonance state.

4. The character of the resonance wave function

To rationalize the effects of basis sets, we focus on the
changes in the wave function character upon complex-scaling.
Below we characterize the ground and 2s2 states of He by an-
alyzing the electronic densities, 〈R2〉 expectation values and
wave function expansion in terms of valence or diffuse exci-
tation for the case of unscaled (θ = 0) and scaled (θ = 0.200)
H̄ . The electronic densities for the He ground and 2s2 reso-
nance states are shown in Fig. 8. The densities are computed
from the unrelaxed EOM-EE-CCSD one particle density
matrix,

γpq = 〈0|e−T L|p+q|ReT |0〉. (18)

For θ = 0, the electronic densities are real (Fig. 8).
The ground-state density almost coincides with the square
of the He 1s orbital. The resonance state density has proper
nodal structure consistent with the squared 2s orbital. Com-
plex scaling transforms electronic density into a complex-
valued function79, 83, 84 of coordinates (Fig. 8). As one can see,
the real part of the ground state density resembles that for
θ = 0, whereas the imaginary part has more pronounced os-
cillatory behavior consistent with the wave function transfor-
mation discussed above.64 We observe similar patterns for the
electronic density of the resonance state. The real part resem-
bles that of the resonance state for θ = 0 , and the imaginary
part has more oscillating character. Overall, the changes in
the electron density are small and are similar in magnitude
to changes in hydrogenic 1s functions in the same range of θ

(see Fig. S7 in the supplementary material54).
As complex-scaling make resonance to appear as a sin-

gle L2-integrable eigenstate of the complex-scaled Hamilto-
nian, one may expect that the wave function becomes more
compact upon complex-scaling transformation. This is con-
firmed by the analysis of R2 expectation values. 〈R2〉 for the
ground and 2s2 states of He for θ = 0 is 2.40 and 25.96 Å2,
whereas for θ = 0.200 the corresponding values are 2.40
and 25.92 Å2. Therefore, the resonance wave function be-
comes slightly more compact, although the 〈R2〉 changes
are not dramatic due to the dominant contribution of va-
lence excitations to the wave function, which is discussed
below.

To quantify contributions of excitations to the pseudo-
continuum orbitals to the resonance wave function we di-
vided all doubly excited configurations into three groups:
excitations to the orbitals with 〈R2〉 <100 Å2 (valence),
〈R2〉 ≥ 100 Å2 (diffuse), and mixed excitations. The
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FIG. 8. cs-EOM-EE-CCSD/aug-cc-pVTZ+[3s3p] electronic densities for the ground state (top) and 2s2 resonance (bottom) of He atom plotted in regular (left)
and logarithmic (right) scale. Densities for θ = 0 and θ = 0.200 (real and imaginary parts, and the absolute value) are shown.

decomposition of the wave functions into the contributions
from each of these groups for θ = 0.200 is shown in Fig. 9(a)
for the three different basis sets: aug-cc-pVTZ augmented by
3s, 3s3p, and 3s3p3d diffuse sets. The 3s3p and 3s3p3d sets
result in qualitatively the same character of the wave func-
tions, which differ significantly from that for the 3s basis.
Note that the purely diffuse contributions decrease upon tran-
sition from 3s to 3s3p and 3s3p3d. In addition, the contri-
bution of mixed excitations is reduced thus increasing the
valence character of the resonance state. This can be ratio-
nalized as follows. In the absence of higher angular momen-
tum basis functions electron repulsion can only be mitigated
by electrons avoiding each other in a radial dimension (“one
in, one out,” radial electron correlation) which results in an
increased diffuseness of the wave function. Adding higher
angular momentum functions allows electrons to avoid each
other via correlated angular motions (angular electron corre-
lation) leading to a more compact wave function.80 In agree-
ment with a slightly decreased 〈R2〉 for the resonance wave
function for the complex-scaled Hamiltonian (θ = 0.200) rel-
ative to the wave function of the original unscaled Hamilto-
nian, the contribution of the excitations to the diffuse orbitals
also decreases (Fig. 9(b)).

As one can see from Fig. 8 and Fig. S7 of the supple-
mentary material,54 there is no visually pronounced effect
of the complex scaling on the one-particle electronic den-
sity for moderate values of the complex-scaling parameter,
θ . However, the energies of both the ground and resonance

FIG. 9. Decomposition of the He 2s2 resonance wave function into the ex-
citations to diffuse orbitals (〈R2〉 > 100 Å2, shown in blue), valence orbitals
(〈R2〉 < 100 Å2, shown in red), and mixed double excitations (green) for (a)
aug-cc-pVTZ basis augmented with 3s, 3s3p, and 3s3p3d diffuse subsets; θ

= 0.250; and for (b) θ = θopt = 0.200 and θ = 0; aug-cc-pVTZ+[3s3p3d]
basis set is used. Absolute values of amplitudes are used for the analysis.
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FIG. 10. Energy decomposition analysis for the ground state (top) and 2s2 resonance (bottom) of He. CS-EOM-EE-CCSD/aug-cc-pVTZ+[3s3p3d].

states do depend on θ giving rise to θ -trajectories. To better
understand the connection between energy θ -dependence and
the changes of the wave function, and consequently electronic
density, we performed the following energy decomposition
analysis. The energy of a state can be decomposed into the

contributions from one-electron and two-electron operators in
the following form:

E = T r[γ h] + T r[�II ], (19)
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where γ and � are one- and two-particle density matrices, re-
spectively, and h and II are the one-electron Hamiltonian ma-
trix and two-electron integral tensor. Upon complex-scaling
transformation the θ -dependent energy assumes the following
form:

Eθ = e−2iθ T r[γ θT ] + e−iθ T r[γ θVNe] + e−iθ T r[�θI ],
(20)

where γ θ and �θ are one- and two-particle density ma-
trices corresponding to the complex-scaled wave function.
The results of the analysis performed for the aug-cc-
pVTZ+[3s3p3d] basis for the He ground and resonance 2s2

states are shown in Fig. 10.
As the Feshbach resonance state decay is a two-electron

process, one may expect that the stationary point on the θ -
trajectory (which defined resonance lifetime) is due to two-
electron part of the energy decomposition [Eq. (20)]. In con-
trast, the θ -dependence of the ground-state energy can be
both due to correlation effects via two-electron part and one-
electron part as complex-scaling affects the wave function.
This is indeed confirmed by Fig. 10.

As illustrated by Fig. 10 (top), both the kinetic energy
(Tr[γ θT]) and electron-nucleus attraction (T r[γ θVNe]) con-
tributions to the total energy of the ground state depend
strongly on θ , the changes in the real and imaginary part
of energy are as large as ∼0.5-1.5 a.u. Importantly, the θ -
dependence of these terms is solely due to the θ -dependence
of the density matrix, γ θ . Therefore, energy decomposition
allows one to trace the origin of the θ -dependence to the den-
sity matrix changes upon variations of θ . Proper scaling of
kinetic energy and electron-nucleus attraction terms by e−2iθ

and by e−iθ , respectively, decreases the θ -dependence by an
order of magnitude. Moreover, summing up the two contribu-
tions results in partial cancellation of θ -dependence, and the
total one-electron part of the energy only varies within ∼0.01
a.u. for the real and imaginary parts. Interestingly, the shape
of the resulting trajectory is similar to that of the total energy.
Thus, the main cause of the total energy θ -dependence of the
ground state is due to the θ -dependence of the one-electron
density matrix.

The situation is quite different for the resonance state.
Similar to the ground state, the kinetic energy and electron-
nucleus attraction contributions noticeably depend on θ . Scal-
ing T and VNe parts by e−2iθ and by e−iθ , respectively, results
in more stable (i.e., constant) energies with respect to the θ

variations. The changes in e−2iθ Tr[γ θT] and e−iθ T r[γ θVNe]
are of the opposite sign and partially cancel out upon sum-
mation of the two terms. Note that, in contrast to the ground
state, the trajectory for the one-electron energy differs consid-
erably from the total energy trajectory. This is because the res-
onance state decay resulting in non-zero imaginary part of the
total energy (in a complete basis set limit) is a two-electron
process.

B. Many-electrons systems: Be atom

As an example of many-electron system, we consider
doubly-excited 1s22p3s resonance in Be. We employ spd un-
contracted basis sets derived from the basis optimized for

electron-attached resonance states in Be81 and used in calcu-
lations of the 1s22p3s resonance.47 The exponents of basis
functions are given in the supplementary material.54

We begin by considering cs-EOM-EE-CCSD based on
the non-complex-scaled HF and CCSD. In this case, EOM-
EE-CCSD results for many-electron atoms will depend on the
specific choice of the reference orbitals and amplitudes T.

Note that the cs-EOM-EE-CCSD θ -trajectories are plot-
ted for the total energy of the excited state, Ei = ωi

+ 〈0| H̄ θ |0〉, where ωi is an eigenvalue of the complex-scaled
H̄ θ

N and 〈0| H̄ θ |0〉 is an expectation value of H̄ θ for the non-
complex-scaled HF reference, |0〉. If the θ -trajectories are
plotted for the excitation energies instead, the cusp feature
may be masked by the evolution of the ground-state energy
and no stationary point may be observed. This was also men-
tioned in the context of cs-MCTDHF (multi-configurational
time-dependent HF) theory where no cusps were found on
excitation energies θ -trajectories and well-defined cusps were
only observed for the total energy trajectories.47

The θ -trajectories for the 15 lowest 1P states are shown
in Fig. S9A in the supplementary material.54 One can im-
mediately see that the computed trajectories do not follow
the Balslev-Combes theorem; they are shifted by 1.5 hartree
to the upper complex plane as θ changes from 0 to 0.475.
The origin of this behavior can be traced to the non-complex-
scaled HF reference. The latter is not a variational mean-field
solution for H̄ θ . The changes of 〈0| H̄ θ |0〉 and 〈0| Hθ |0〉
along the θ -trajectory (θ varies from 0 to 0.475) are illustrated
in Fig. S9B of the supplementary material.54 One can see
that upon the θ increase the imaginary part of 〈0| H̄ θ |0〉 rises
steeply by up to 1.5 hartree. Comparison of the trajectories re-
veals that all 15 eigenvalues are dominated by the 〈0| H̄ θ |0〉
expectation value beginning from relatively low values of the
complex-scaling parameter. This is due to the fact that the
conventional HF solution is no longer a good reference for
the cs-EOM-EE-CCSD H̄ θ solutions.82

This numeric result illustrates that complex-scaled HF
and/or complex-scaled CCSD that can account for orbital
relaxation via T1 operator, should be used for proper de-
scription of resonance states in many-electron systems.
Indeed, when fully complex-scaled calculation is performed,

FIG. 11. θ -trajectories for the 1s22p3s resonance in Be computed with cs-
EOM-EE-CCSD/cs-CCSD/cs-HF and cs-EOM-EE-CCSD/cs-CCSD/HF us-
ing the 14s11p basis set from Ref. 81.
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TABLE IV. Energies of the 1s22p3s resonance in Be calculated in different bases.

Number of Re(ERes), Im(ERes), �E, �, θ , | ∂E
∂θ

|
basis functions hartree hartree eV eV rad hartree/rad

cs-EOM-EE-CCSD/cs-CCSD/cs-HF
14s11p 47 −14.2479 −0.00993 11.22 0.5404 0.300 0.01222
14s14p 56 −14.2482 −0.00990 11.21 0.5388 0.250 0.00868
14s11p, FC 47 −14.2090 −0.0110 11.13 0.5986 0.300 0.01186
14s11p2d 57 −14.2549 −0.01140 11.07 0.6204 0.250 0.00746
14s11p5d 72 −14.2575 −0.00715 11.01 0.3891 0.225 0.01020
14s14p5d, FC 81 −14.2171 −0.00855 10.92 0.4653 0.275 0.00411

cs-EOM-EE-CCSD/cs-CCSD/HF
14s11p 47 −14.2425 −0.01022 11.36 0.5562 0.325 0.03212

CMCTDHF/14s14p5d47 81 . . . . . . 11.01 0.434 . . . . . .

Expt.88 . . . . . . . . . 10.89 0.531 . . . . . .

the solutions of cs-EOM-EE-CCSD behaves in accordance
to the Balslev-Combes theorem, as illustrated in Fig. 11 and
Figs. S10–S16 of the supplementary material.54 We note that
as long as complex-scaling is engaged at the CCSD level, the
shape of the trajectories is not very sensitive to the underlying
HF reference, as one can see from Fig. 11. This is because
coupled-cluster ansatz is rather orbital insensitive owing to
the ability of exp(T1) to describe orbital relaxation.

Table IV summarizes the computed values of the
position and width of the 1s22p3s resonance. The cs-EOM-
EE-CCSD/cs-CCSD/cs-HF calculation with the 14s14p5d
basis and using frozen core yields 10.92 and 0.465 eV for
the resonance position and width, respectively. The values
are in good agreement with the experimental values (�E
= 10.89 eV and � = 0.531 eV). Full cs-EOM-EE-CCSD
results (with all electrons active) are close to the frozen core
approximation, as validated for 14s11p basis for which the
values of resonance position and width computed with and
without frozen core approximation differ by less than 0.1 eV.
Detailed study of the basis set effects in the framework of
cs-EOM-EE-CCSD calculations of many-electron atomic
resonances is the subject of future work.

IV. CONCLUSIONS

We present the implementation of the complex-scaled
EOM-EE-CCSD approach, a method capable of describing
both shape and Feshbach resonances from the first principles.
As benchmark systems, we considered Feshbach 2s2 reso-
nances in He, H−, and 1s22p3s resonance in Be. We investi-
gated the basis set effects on the computed resonance energy
and lifetime and analyzed its origin. We found that even mod-
erately diffuse basis sets, e.g., aug-cc-pVTZ+[3s3p3d], are
sufficient to reproduce the resonance lifetimes with a reason-
able accuracy. This result is supported by the analysis of the
radial electronic densities, which exhibit no significant con-
tinuum tail even in the case of non-complex-scaled calcula-
tions. As Feshbach resonance decay is a two-electron process,
proper treatment of electron correlation is crucial. We show
that one has to use flexible enough bases which enable proper
account for both radial and angular electronic correlation. For
the 2s2 resonances, inclusion of at least p-type functions is re-
quired. Furthermore, the basis should be sufficiently flexible

to describe changes in the wave function along θ -trajectory.
That is why simple even-tempered bases show better perfor-
mance than highly optimized (for θ = 0) standard basis sets
augmented by additional diffuse sets.

Benchmark calculations on many-electron systems (Be)
point to the importance of using complex-scaled HF reference
and cs-CCSD for reliable description of resonance states
within the complex-scaled post-HF methods. cs-EOM-EE-
CCSD/CCSD/HF yields qualitatively incorrect shapes of the
θ -trajectories. Engaging cs-CCSD partially recovers orbital
relaxation via T1 coupled-cluster operator resulting in an
accurate description of the resonance position and width. The
most complete cs-EOM-EE-CCSD/cs-CCSD/cs-HF method
is a preferred approach; it provides quantitatively correct
description of resonance position and width for Be 2p3s
resonance, the model system of resonances in many-electron
atoms.
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