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The theoretical description of electronic resonances is extended beyond calculations of energies and
lifetimes. We present the formalism for calculating Dyson orbitals and transition dipole moments
within the equation-of-motion coupled-cluster singles and doubles method for electron-attached
states augmented by a complex absorbing potential (CAP-EOM-EA-CCSD). The capabilities of the
new methodology are illustrated by calculations of Dyson orbitals of various transient anions. We
also present calculations of transition dipole moments between transient and stable anionic states as
well as between different transient states. Dyson orbitals characterize the differences between the
initial neutral and final electron-attached states without invoking the mean-field approximation. By
extending the molecular-orbital description to correlated many-electron wave functions, they deliver
qualitative insights into the character of resonance states. Dyson orbitals and transition moments are
also needed for calculating experimental observables such as spectra and cross sections. Physically
meaningful results for those quantities are obtained only in the framework of non-Hermitian quantum
mechanics, e.g., in the presence of a complex absorbing potential (CAP), when studying resonances.
We investigate the dependence of Dyson orbitals and transition moments on the CAP strength and
illustrate how Dyson orbitals help understand the properties of metastable species and how they are
affected by replacing the usual scalar product by the so-called c-product. C 2016 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4940797]
I. INTRODUCTION

Depending on the sign of the electron affinity,1,2 electron attachment to neutral molecules yields stable or
transient anions. The latter are metastable electron-molecule
compound states with finite lifetime that can decay through
autodetachment. Although their survival time often is as short
as a few femtoseconds, transient anions play an important
role as doorway states opening new reaction channels that are
inaccessible in neutral species.
The attached electron can act as a catalyst by modifying
the bonding pattern. The catalytic process can proceed
via either bound3,4 or transient anions.5,6 For example, in
dissociative electron attachment,7–9 an initially populated
transient anionic state undergoes internal conversion to
another anionic state in which bond dissociation becomes
possible. In this way, barriers that are insurmountable on the
potential energy surface of the neutral species can be overcome
in the presence of low-energy electrons, leading to unexpected
products. Metastable anionic states are also often encountered
in photodetachment experiments on stable anions. Population
of these higher-lying states followed by autodetachment can
compete with direct detachment into the continuum, leaving
distinct spectroscopic fingerprints.10–13
The analysis of the underlying anion wave functions in
terms of molecular orbital (MO) theory is important for a
qualitative understanding of such processes. For example, the
shape of the MO hosting the attached electron determines the
changes in bonding pattern and trends in photoelectron angular
distributions. Dyson orbitals14–19 for electron-attached states
0021-9606/2016/144(5)/054113/10/$30.00

are defined as overlaps between neutral and anionic wave
functions thus extending MO concepts to correlated manyelectron wave functions. Dyson orbitals and transition dipole
moments between different anionic states are also needed for
the quantitative modeling of experimental observables such
as total and differential photodetachment cross sections.18,20,21
These quantities as well as accurate detachment energies
can be routinely computed for bound anionic states using
the equation-of-motion coupled-cluster singles and doubles
method for electron-attached states (EOM-EA-CCSD).22
To be able to model processes involving transient anions
including the rates of competing pathways and spectroscopic
observables, robust electronic structure methods developed
for bound states need to be extended to resonances. The target
quantities are energies, lifetimes, transition dipole moments,
and Dyson orbitals.
The theoretical description of transient anions is
challenging as they are embedded in the detachment
continuum.23,24 In Hermitian quantum mechanics, they can
only be represented as wave packets and not as discrete
eigenstates of the Hamiltonian. However, the problem can be
reformulated such that resonances can be described as discrete
eigenstates with complex energies. This can be achieved by
imposing outgoing boundary conditions for the resonance
wave function25 or by treating the resonance as a bound
state diabatically coupled to the continuum.26,27 Both of these
methodologies lead to a non-Hermitian Hamiltonian.
Several approaches have been proposed for the computation of resonances. The list comprises artificial stabilizing potentials,28–31 stabilization methods,32,33 complex
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scaling,34–38 exterior complex scaling,39,40 complex basis
functions,41,42 and complex absorbing potentials (CAPs).43–48
Here, we employ the CAP approach, where an imaginary
potential is added to the Hamiltonian in order to describe the
resonance as an L2-integrable discrete state. CAP methods are
conceptually simple and easy to apply within the quantum
chemistry framework. Yet, they have a solid theoretical
foundation as they can be related to the rigorous theory
of exterior complex scaling.45,46,49–51
CAPs have been combined with several electronicstructure methods including density-functional theory,52
electron-propagator theory,53,54 multireference configuration
interaction,55,56 Fock-space coupled-cluster theory,57,58 and
EOM-CCSD.59–63 Our recent implementation of CAPs within
the EOM-CCSD family of methods61–63 enabled several
applications that have demonstrated that this approach
describes transient anions of small and medium-sized
molecules with an accuracy allowing for quantitative
comparisons with experimental data.64,65 Importantly, in
CAP-EOM-CCSD, bound and metastable anionic states
are obtained as biorthonormal eigenfunctions of the same
model Hamiltonian, which ensures their balanced description.
Consequently, the conversion of resonances into bound states
is described correctly, which is important for the computation
of complex potential-energy surfaces.66 Another attractive
feature of the CAP-EOM-CCSD approach is that it does
not involve solving the Hartree-Fock (HF) equations for the
transient anion and thus is not subject to the convergence
problems often encountered in other methods.
In this article, we use CAP-EOM-CCSD wave functions
to compute Dyson orbitals and transition dipole moments
involving transient anionic states. This is a key step towards
a quantitative modeling of processes involving metastable
states. We note that electronic resonances rarely have
been characterized beyond energy and lifetime. For some
species, contour plots of HF orbitals42,64,65,67 and attachment
densities68 have been reported. Our article presents the first
implementation and calculation of transition moments and
Dyson orbitals for metastable states.
The article is structured as follows. Section II describes
the theory for the evaluation of Dyson orbitals and transition
dipole moments within the CAP-EOM-CCSD framework with
an emphasis on the differences relative to standard EOMCCSD theory for bound states. In Section III, we present
illustrative calculations for transient anions of different types.
We consider several diatomics as well as benzoquinone,
benzene, and N-methylformamide. Our concluding remarks
are given in Section IV.
II. THEORY

In CAP methods, the position E R (i.e., energy) and
width Γ (i.e., inverse lifetime) of a resonance are obtained
from the discrete complex eigenvalues E = E R − iΓ/2 of the
non-Hermitian Hamiltonian
H(η) = H0 − iηW ,
(1)
where H0 stands for the usual molecular Hamiltonian and W
for the CAP, which is characterized by its strength η and
onsets r 0x , r 0y , r z0,
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W = W x + W y + Wz ,

(2)
if |r α | < r α0
0
Wα = 
0
2
 (r α − r ) if |r α | > r 0 , α = x, y, z.
α
α

For a broad class of CAPs, the exact resonance position and
width are obtained in the limit η → 0 for the exact solution of
the Schrödinger equation in a complete basis.44 In a practical
calculation, in which a finite basis set is employed and the
Schrödinger equation is solved approximately, a finite optimal
value for η has to be determined. η should be sufficiently large
to stabilize the resonance; however, using finite η perturbs the
resonance energy. The strategy for finding η opt is based on a
perturbative analysis of the energy, which yields
η · dE/dη = iη⟨Ψ|W |Ψ⟩

(3)
44

for the perturbation of the energy in first order. Thus,
the standard condition for finding η opt as min [η · dE/dη] is
equivalent to minimizing the perturbation due to the CAP,
η⟨Ψ|W |Ψ⟩. We recently showed61 that better results, which
are also less dependent on the CAP onset, are obtained by
considering the first-order corrected energy
U = E − η · dE/dη

(4)

and determining the optimal η by minimizing the second-order
term η · dU/dη. Moreover, since the energy is complex, the
optimal η values may be different for the real and imaginary
parts. Thus, we evaluate E R and Γ at different CAP strengths.
An energy-only scheme achieving the same goal has been
proposed by Moiseyev and coworkers who employed Padé
approximants of the resonance energy to remove the CAP
perturbation.69
The CAP-EOM-EA-CCSD ansatz for the electronic wave
function of a transient anion is
|Ψanion) = REA|Ψref) = REAeT |ΦHF) ,

(5)

where |Ψref) and |ΦHF) stand for the CAP-CCSD and CAPHF wave functions of the parent stable neutral state. The
corresponding bra states are
(Ψanion| = (ΦHF|e−T L EA† ,

(6)

(Ψref| = (ΦHF|e (1 + Λ ) .
−T

†

(7)

The operators T and Λ are particle-conserving excitation
operators, whereas REA and L EA are electron-attaching
excitation operators, i.e., of 1p and 2p1h (1-particle and
2-particle-1-hole) type in EOM-EA-CCSD. The amplitudes
of the operators T, Λ, REA, and L EA are complex; they
are determined by solving the usual CC, Λ, and EOMCC equations.22,70 The form of the equations need not be
modified if the CAP is added at the HF stage, as is the case
in our implementation. With a different choice of R and L,
Eqs. (5)–(7) can describe metastable excited and ionized
states. 1h1p and 2p2h give rise to CAP-EOM-EE-CCSD,
whereas 1h and 2h1p define the CAP-EOM-IP-CCSD model.
In all equations, it is necessary to use the c-product instead
of the proper scalar product because H(η) is not Hermitian
but complex-symmetric.24,71 Consequently, here and in the
following A† denotes the transpose of operator A and not its
adjoint. We indicate this change of metric by using parentheses
instead of chevrons. The c-product of two wave functions is
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defined as



(Ψi |Ψ j ) =

J. Chem. Phys. 144, 054113 (2016)



d1d2 . . . dn Re(Ψi )Re(Ψ j ) − Im(Ψi )Im(Ψ j )

+ i Re(Ψi )Im(Ψ j ) + i Im(Ψi )Re(Ψ j )
(8)

and is, in general, complex. In contrast to the usual norm, the
c-norm is not invariant to multiplication of the wave function
by an arbitrary complex number of the form eiα . Moreover,
Eq. (8) implies that the real and the imaginary parts of a
c-normalized wave function are orthogonal to each other,



1 = (Ψ|Ψ) = d1d2 . . . dn Re(Ψ)Re(Ψ) − Im(Ψ)Im(Ψ)



d1d2 . . . dn Re(Ψ)Im(Ψ) ,




(9)

=0

which also differs from the Hermitian case, where the relation
between the real and imaginary parts is not fixed. We note that
Whitenack and Wasserman emphasized a similar behavior of
the real and imaginary parts of the electron density in densityfunctional theory calculations of resonances.72,73 On the other
hand, the expectation value of an operator X, (Ψ|X |Ψ)/(Ψ|Ψ),
is still invariant with respect to multiplying the resonance
wave function by a phase factor. It was also pointed out that,
once the resonance wave function is available, the resonance
position and width can be obtained as expectation values of
H0 and W with respect to the Hermitian scalar product.44,74,75
The orthogonality relationship for the many-body wave
function, Eq. (9), carries over to one-electron quantities such
as the CAP-HF orbitals and, in particular, the Dyson orbitals
φ d . The latter are defined for an anionic state—be it stable or
metastable—with respect to a neutral reference state as

√
φ d (n + 1) = n + 1 d1d2 . . . dn Ψanion(1, . . . , n + 1)
× Ψref(1, . . . , n)

(10)

and are analogues to transition densities for states with
different number of electrons. A Dyson orbital can be
expanded in terms of the HF orbitals of the reference state as

φd =
γp φp .
(11)
p

For truncated CAP-EOM-CC schemes, two sets of expansion
coefficients γ R and γ L are obtained as17
γ pL = (ΦHF|(1 + Λ†)e−T a p eT REA|ΦHF),
γ pR

= (ΦHF|L

µ AB = (Ψ A | µ|ΨB),
µ B A = (ΨB | µ|Ψ A),
√
µ ≡ µ AB · µ B A,

=1


+ 2i

orbitals, and their norm is one. Due to the biorthogonal nature
of EOM-CC, the norms of the left and right Dyson orbitals
are arbitrary, and it is only the geometric mean of the two that
can be related to observables,17,18 similar to other interstate
properties.76 For visualization purposes, we use normalized
Dyson orbitals.
Within the expectation-value formulation of properties,77
the transition dipole moment between two electronic states A
and B is defined as

EA† −T

e

a†p eT |ΦHF),

(12)
(13)

with a†p and a p as the usual creation and annihilation operators
because the similarity-transformed Hamiltonian e−T HeT has
different left and right eigenvectors. The differences between
γ L and γ R are small as long as the involved states are well
represented within the CCSD/EOM-CCSD approximations.
Dyson orbitals defined by Eq. (11) are not normalized, and
their norm is a measure for the one-electron character of
the attachment process. When starting from a HF description
of the neutral state and applying Koopmans’ theorem to the
attached state, the Dyson orbitals reduce to the canonical HF

(14)

with µ as the dipole operator. Within the c-product metric,
µ is in general complex. When evaluating transition dipole
moments between two anionic states described by truncated
CAP-EOM-EA-CC wave functions, two different expressions
for µ AB and µ B A are obtained as76
−T
µ AB = (ΨHF|L EA†
µ eT REA
B |ΨHF) ,
A e

(15)

.

(16)

µB A =

−T
(ΨHF|L EA†
µ eT REA
A |ΨHF)
B e

These expressions are identical to the CAP-free case apart
from the different metric. Again, the quantity that is
unambiguously defined is µ AB · µ B A.
We have implemented the computation of CAP-EOMCCSD Dyson orbitals and transition dipole moments in the QChem program package.78 The implementation builds on the
general implementation of CAP-EOM-CCSD in Q-Chem62,63
and uses the libtensor library for high-performance tensor
operations.79 In addition to the evaluation of Eqs. (12), (13),
(15), and (16), our implementation includes the computation
of analogous expressions involving CAP-EOM-IP-CCSD and
CAP-EOM-EE-CCSD states.
III. APPLICATIONS

To illustrate the utility of Dyson orbitals for the analysis
of resonance wave functions, we consider shape resonances
in polar (CO−, CuF−) and non-polar (N−2 , H−2 ) diatomics, as
well as larger molecules (anions of benzoquinone, benzene,
and N-methylformamide). We then proceed to the analysis
of transition dipole moments. Computational details such as
basis sets, structures, and CAP parameters are provided in the
supplementary material.80
A. Dyson orbitals

As a first application, we discuss a shape resonance in a
non-polar molecule, N−2 . We begin with CAP-free EOM-EACCSD calculations and consider the six lowest-lying solutions
of 2Πg symmetry in N−2 at the equilibrium distance of neutral
N2 (1.1 Å). The attachment energies of these solutions are
0.18 eV, 0.53 eV, 1.20 eV, 2.23 eV, 2.97 eV, and 5.22 eV. The
positive values indicate that the attached states lie above the
parent neutral state and are, therefore, unbound.
Figure 1 shows Dyson orbitals of these electron-attached
states. Here, and in all following figures, we show the
c-normalized “left” Dyson orbital computed according to
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FIG. 1. Dyson orbitals for the six lowest-lying solutions of 2Πg symmetry in N2 + e − computed by EOM-EA-CCSD/aug-cc-pVTZ+6s6p6d(C) at R(NN) = 1.1
Å and ordered by increasing energy from left to right. On the far right, the Dyson orbital of the bound 2Πg state of N−2 at R(NN) = 1.6 Å is shown. The orbitals
are plotted at an isovalue of 0.004.

Eq. (12). In addition, Figure 1 shows the Dyson orbital of the
bound 2Πg state of N−2 at an NN distance of 1.6 Å (attachment
energy = −0.92 eV). This orbital looks like a regular π ∗
orbital in contrast to the Dyson orbitals computed at R(NN)
= 1.1 Å, which have very different shapes. This is because
there are no bound anionic states at R(NN) = 1.1 Å: The
spectrum of the Hamiltonian is continuous when represented
in a complete basis. The solutions of the EOM-EA-CCSD
equations computed here are pseudocontinuum states, where
the excess electron is not bound to the N2 molecule. As
expected, the number of nodal planes grows with increasing
energy and the excess electron density is located farther away
from the molecule for solutions with lower energy. We point
out that the energies and Dyson orbital shapes are determined
by the discretization brought about by the finite basis set. In
particular, the energy and Dyson orbital of the lowest solution
are governed by the most diffuse function in the basis set.
In the complete basis set limit, the attachment energy will
approach zero and the Dyson orbital will become a plane
wave. In sum, Figure 1 demonstrates that a resonance cannot
be associated with a single eigenstate of the Hamiltonian in
Hermitian quantum mechanics. However, it has been shown
that resonance positions and widths can be extracted from
such calculations by means of stabilization methods32,33 or
Stieltjes moment theory.81,82
The changes brought about by turning on the CAP are
illustrated in Figure 2 where we show the non-Hermitian

CAP-EOM-EA-CCSD Dyson orbital of the 2Πg shape
resonance of N−2 at different CAP strengths η. In the plots
of the imaginary part, the onset of the CAP is indicated
as a dashed line. Figure 2 demonstrates how one of the
pseudocontinuum states (the one corresponding to the fifth
Dyson orbital from the left in Figure 1 in this particular case)
turns into a discrete resonance state once the CAP strength
has reached a critical value. The Dyson orbitals of the other
pseudocontinuum states in Fig. 1 also undergo changes with
increasing CAP strength that are in some cases similar to
those shown in Figure 2. An unambiguous identification of
the resonance state is, however, always possible by analyzing
the behavior of the energy as a function of η.61–63
At CAP strengths larger than ∼0.004 a.u., the shape of
the real part of the resonance Dyson orbital is similar to the
Dyson orbital of the bound N−2 shown on the right of Figure 1.
Importantly, past this value of η, the orbital does not undergo
significant changes anymore, indicating that the resonance
has been stabilized. The imaginary part of the resonance
Dyson orbital grows quickly when the CAP is turned on
and then shrinks slowly when η is increased further. This
shrinkage mainly affects the part of the Dyson orbital in the
region where the CAP is operational. Interestingly, even at
CAP strengths above the stabilization point, both the real and
imaginary parts of the Dyson orbital have finite amplitudes in
regions exposed to the CAP. As one can see, the imaginary
part has one more nodal plane than the real part, which is

FIG. 2. 2Πg resonance of N−2 computed by CAP-EOM-EA-CCSD/augcc-pVTZ+6s6p6d(C). Upper panel:
Real (upper row) and imaginary (lower
row) parts of the Dyson orbital at
different CAP strengths η plotted at
an isovalue of 0.003. The dashed lines
indicate the onset of the CAP. Lower
panels: Real (left) and imaginary (right)
parts of the resonance energy and the
expectation value of R 2 as a function of
CAP strength.
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a consequence of the orthogonality relation from Eq. (9).
We add that the c-norm of the Dyson orbital depends only
weakly on η. In the present case, the real part of the averaged
norm of the left and right Dyson orbitals is between 0.90 and
0.95 for η = 0–0.008 and the imaginary part does not exceed
0.02.
The lower panels of Figure 2 illustrate that the behavior
of the Dyson orbital is consistent with the changes in the
resonance energy and the expectation value of R2. We show
zeroth-order energies E, i.e., the uncorrected eigenvalues of
the CAP-EOM-EA-CCSD equations and first-order energies
computed according to Eq. (4). The difference between E and
U provides a measure of the perturbation of the resonance
wave function by the CAP. The expectation value of R2 is a
measure of the spatial extent of the resonance wave function61
and is approximately constant at larger CAP strengths, similar
to the behavior of the Dyson orbital. It is also noteworthy
that the rapid growth of the imaginary part of the Dyson
orbital at small η is paralleled by pronounced changes in
Im(E) and Im(⟨R2⟩). The optimal CAP strengths determined
from the uncorrected and first-order corrected energies are
0.0022 and 0.0036 a.u., respectively. The resonance positions
and widths evaluated at these CAP strengths are E R = 2.511
eV, Γ = 0.407 eV and E R = 2.458 eV, Γ = 0.419 eV in zeroth
order and first order, which is in agreement with the seminal
value from Ref. 83 (E R = 2.316 eV, Γ = 0.414 eV). We note
that both ⟨R2⟩ and the Dyson orbital are not yet stationary
at the zeroth-order optimal CAP strength, but rather reach
stability around the optimal η determined from the first-order

J. Chem. Phys. 144, 054113 (2016)

corrected energy. This provides additional justification for
using this criterion.61
To further illustrate their properties, we computed CAPEOM-EA-CCSD Dyson orbitals for several shape resonances
of small to medium-sized molecules. These are compiled in
Figure 3 along with the corresponding resonance positions
and widths. The c-norms of all Dyson orbitals computed
here have a real part well above 0.90 confirming distinct
one-electron character of the electron attachment, which is
expected for shape resonances. The corresponding imaginary
parts are loosely connected to the widths of the resonances;
for the present examples, they are around or below 0.01.
The upper panel of Figure 3 shows Dyson orbitals for
attachment to the diatomics N2, CO, CuF, and H2. The real
parts of these orbitals can be described as a symmetric π ∗
orbital (N−2 ), a slightly distorted π ∗ orbital (CO−), a highly
distorted π ∗ orbital (CuF−), and a symmetric σ ∗ orbital (H−2 ).
The shape of the imaginary parts can be rationalized in
terms of Eq. (9) as discussed above. We emphasize that for
all anions, calculations on the basis of Hermitian quantum
mechanics would yield results similar to those shown for N−2
in Figure 1.
The symmetry of a Dyson orbital can be related to
the corresponding resonance lifetime, which is particularly
interesting for the isoelectronic species N−2 (Γ = 0.42 eV) and
CO− (Γ = 0.64 eV). Since the stabilized resonance state can be
interpreted as the initial state of the autodetaching electron in a
time-dependent framework, the symmetry of its Dyson orbital
is related to the wave function of the outgoing electron.64

FIG. 3. CAP-EOM-EA-CCSD Dyson
orbitals of various transient anions.
For N -methylformamide (lower right
panel), CAP-HF orbitals are shown as
well. The upper and lower plots in each
panel show the real and imaginary parts,
respectively. Isovalues are 0.003 for all
diatomics, real parts of orbitals for benzoquinone and benzene, and the imaginary part of the 2B2g benzene resonance
orbital; 0.001 for the imaginary parts
of the 2E2u benzene resonance orbital
and the benzoquinone resonance orbital; 0.005 for all N -methylformamide
orbitals.
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Experiments have shown that the latter is of pure d-character
for N−2 but contains p-wave contributions for CO−.84 This
lower angular momentum barrier results in a shorter lifetime
of CO− compared to N−2 . We add that the resonance positions
and widths of all species considered here roughly agree
with those from previous theoretical studies55,62–64,66,85,86 and
experiment.64,83,84,87–89
The lower left panel of Figure 3 shows Dyson orbitals
for attachment to benzoquinone (2Au resonance) and benzene
(2E2u and 2B2g resonances). The real parts of all orbitals
and the imaginary part of the 2B2g benzene resonance orbital
were plotted at the same isovalue as the previous examples,
whereas the imaginary parts of the remaining two orbitals
are of so low magnitude that their visualization required a
lower isovalue. This illustrates again that the magnitude of the
Dyson orbital’s imaginary part is connected to the width of the
resonance. For all three examples, the shape of the real parts is
consistent with qualitative predictions by Hückel theory, i.e.,
attachment to the lowest-lying π ∗ orbital of benzoquinone
and the lower- and higher-lying π ∗ orbitals of benzene.
The imaginary parts can again be rationalized in terms of
Eq. (9).
Our results for E R (2.88 eV) and Γ (0.012 eV) of the
2
Au resonance of the benzoquinone anion are in very good
agreement with recent CAP-EOM-EA-CCSD results65 and
also with the experimental value for E R 90 (2.5 eV). Our
values for the position and width of the 2E2u resonance
of the benzene anion (E R = 1.64 eV, Γ = 0.04 eV) also
show reasonable agreement with experimental results91
(E R = 1.12 eV, Γ ≈ 0.12 eV) and EOM-EA-CCSD values
obtained with the stabilization method.85,92 However, for
the higher-lying 2B2g resonance of the benzene anion, we
observe a substantial discrepancy between our results
(E R = 6.75 eV, Γ = 0.35 eV), EOM-EA-CCSD stabilization calculations92 (E R = 5.93 eV), and experiment91 (E R
= 4.82 eV). A possible reason could be that the 2B2g
resonance is not fully stabilized in our calculations and
is affected by the artificial stabilization of a lower-lying
pseudocontinuum state. This points at deficiencies in the basis
set and a suboptimal choice of the CAP onset. However,
we did not modify these parameters as they are adequate
for the 2E2u resonance, and the evaluation of transition
properties between the two resonances necessitates using
the same parameters for both states. This issue is discussed
again in Section III B in conjunction with transition dipole
moments.
The lower right panel of Figure 3 displays CAP-HF and
CAP-EOM-EA-CCSD Dyson orbitals for attachment to Nmethylformamide. In terms of MO theory, this 2A′′ resonance
can be interpreted as attachment to the π ∗ orbital of the
C-O bond with appreciable additional contributions located
at the nitrogen atom. Two aspects of this example should be
highlighted. First, the imaginary parts of the Dyson and the HF
orbital have one nodal plane less than the real parts, whereas
the opposite applies to all previous examples. Second, the
plots illustrate visible differences between the CAP-EOM-EACCSD Dyson orbital and the CAP-HF orbital. This deviation
from Koopmans’ theorem is also apparent from the EOM-EA
vectors, which feature several sizable elements corresponding
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to attachment to different HF orbitals. It should be added that
the composition of the EOM-EA vector always changes as a
function of η because different MOs are affected to a different
extent by the CAP. In particular, analysis at too low η would
suggest deviations from Koopmans’ theorem for most of the
resonances discussed before. However, upon increasing the
CAP strength, Koopmans’ character is recovered for all cases
except N-methylformamide.
Little experimental information on the 2A′′ resonance of
N-methylformamide is available from the literature. However,
a recent study93 on dissociative electron attachment to that
molecule reports low-lying resonances at 1.4-1.7 eV and at
2.9 eV depending on the dissociation channel. Although our
computational value from Figure 3 (2.91 eV) seems to agree
with the second value, we point out that structural changes of
the anion and the basis-set error ought to be quantified to allow
for a rigorous comparison to these experimental data. Hence,
it cannot be ruled out that the experimentally observed peak
at 1.4-1.7 eV stems from the 2A′′ resonance characterized
here.
B. Transition dipole moments

Transition dipole moments involving metastable states
can be interpreted in the same way as transition moments
between bound states, that is, as a measure of the probability
of an optical transition. For anions with a stable ground
state, the transition dipole moment between that state and
a higher-lying resonance is a key quantity for modeling
photodetachment experiments. If no stable ground state exists,
the transition moment between two metastable anion states
could be accessed experimentally in a two-step process
in which electron attachment is followed by an optical
transition. Another area where transition moments involving
resonances are important is non-Hermitian Floquet theory,94,95
which has been applied, for example, to laser-induced
ionization in quantum dots.96 Moreover, transition moments
are important not only for optical transitions but also play a
role in radiationless energy transfer processes,97–99 which may
involve metastable states as well.
An example where optical transitions between bound
states and resonances are possible is the benzoquinone radical
anion with its stable 2B2g ground state and the 2Au shape
resonance. Figure 4 shows the transition dipole moment
between these two states calculated as geometric mean of the
“right” and “left” CAP-EOM-EA-CCSD transition moments
(cf. Eqs. (15) and (16)) as a function of CAP strength. Also
shown are the expectation value of R2 for the resonance state
and its energy.
Figure 4 illustrates that the real part of the transition
moment increases from 0.985 to 1.030 a.u. as the CAP is turned
on and changes very little when η is increased further. The
initial increase is due to the different description of resonances
in Hermitian and non-Hermitian quantum mechanics. In a
calculation at η = 0, the resonance character is distributed
over several pseudocontinuum states all of which feature
sizable contributions to the transition moment. At finite η,
a single resonance state emerges and comprises the overall
transition moment. As the 2Au resonance of the benzoquinone
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FIG. 4. 2Au resonance of the benzoquinone anion computed by CAP-EOMEA-CCSD / aug-cc-pVTZ+24s. Upper
panels: Real (left) and imaginary (right)
parts of the resonance energy as a function of CAP strength. Lower panels:
Real (left) and imaginary (right) parts of
the transition dipole moment between
the 2Au resonance and the bound 2B2g
ground state and expectation value of
R 2 for the 2Au resonance as a function
of CAP strength.

anion is quite narrow (Γ = 0.012 eV), the initial increase of
the transition moment is small. One may expect that broader
resonances to which more pseudocontinuum states contribute
at η = 0 feature a more substantial initial increase of the
transition moment. This is confirmed by Figure 5 that shows
the transition moment between the stable 1Σ+ ground state
and the 2Π resonance of CuF− (Γ = 0.60 eV, cf. Figure 3)
as a function of η. In this example, the value of the real part
of the transition moment more than doubles from 1.03 to
2.25 a.u. when going from η = 0 to finite η.
The imaginary part of the transition moment is more
difficult to interpret. The imaginary part of the expectation
value of an operator can be rationalized in terms of
the Hellmann-Feynman theorem as the response of the
resonance width to that operator;24,71 however, extending such
interpretation to transition properties is not straightforward.
As Figure 4 shows for benzoquinone, Im(µ[2Au ↔ 2B2g ])
decreases quickly at low η, then passes a minimum and
asymptotically assumes a value of −0.007i a.u. Thus, our
best value for the transition moment is (1.030-0.007i) a.u.,
which yields an oscillator strength of 0.072 a.u. We note
there is no fundamental reason for the asymptotic value of the
imaginary part of the transition dipole moment to be negative,
which complicates a qualitative interpretation as an intrinsic
uncertainty in the transition moment due to metastability. This

is also illustrated by calculations for the 2Π resonance of CuF−
reported in Figure 5. Our best value for the transition moment
µ[2Π ↔ 2Σ+] is (2.251 + 0.111i) a.u. yielding an oscillator
strength of 0.246 a.u.
Figure 4 also shows that the changes in the raw and
first-order corrected energies E and U and the spatial extent
⟨R2⟩ are consistent with the behavior of µ[2Au ↔ 2B2g ]. At
larger η, the real part of the raw energy E depends linearly
on η, whereas the real parts of U, ⟨R2⟩, and µ[2Au ↔ 2B2g ]
become stationary. This can be interpreted as stabilization of
the resonance wave function as explained in Ref. 61. The
corresponding imaginary parts exhibit a similar pattern with
the exception that Im(U) is not as stationary as Re(U), a
behavior known from previous studies.61 We add that the real
and imaginary parts of all quantities become stationary at
different CAP strengths, which was also observed previously.
An interpretation of the dependence of the transition
moment on η in terms of one resonance state is only possible
if the other state involved in the transition is not affected by
the CAP. This is the case for the stable 2B2g ground state of the
benzoquinone anion; in the present calculation, its artificial
width is less than 0.0003 eV. The situation is different if
transitions between two metastable states are investigated. An
example for such a system is the benzene anion that features
a 2E2u and a 2B2g resonance (cf. Figure 3). Figure 6 shows

FIG. 5. 2Π resonance of CuF− computed by CAP-EOM-EA-CCSD/augcc-pVTZ+6s6p6d(A). Upper panels:
Real (left) and imaginary (right) parts
of the resonance energy as a function
of CAP strength. Lower panels: Real
(left) and imaginary (right) parts of the
transition dipole moment between the
2Π resonance and the bound 2Σ + ground
state as a function of CAP strength.
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FIG. 6. 2E2u and 2B2g resonances
of the benzene anion computed by
CAP-EOM-EA-CCSD / aug-cc-pVTZ
+36s. Upper panels: Real (left) and
imaginary (right) parts of the resonance
energies as a function of CAP strength.
Lower panels: Real (left) and imaginary
(right) parts of the transition dipole
moment between the two resonances
and expectation values of R 2 as a
function of CAP strength.

energies and ⟨R2⟩ values for these two states together with the
transition moment between them.
As observed for benzoquinone, the real part of the
transition moment µ[2 E2u ↔ 2 B2g ] grows substantially from
0.1 to 0.6 a.u. at low CAP strengths when discrete resonance
states are formed from pseudocontinuum states. However, in
contrast to the previous case, no clear stabilization occurs
at higher CAP strengths. Also, the imaginary part of the
transition moment only exhibits a temporary stabilization at
around η = 0.015–0.030 and then diverges. It should be also
noted that the imaginary part of the transition moment is one
order of magnitude larger here than for the benzoquinone
anion. The behavior of µ[2 E2u ↔ 2 B2g ] can be related to the
plots of the resonance energies in Figure 6, which look similar
to those from Figure 4 for the lower-lying and narrower
2
E2u state (albeit on a different η scale), but different for the
higher-lying and broader 2B2g state. This can be interpreted
as insufficient stabilization of the latter resonance, as was
mentioned above. The same can be inferred from the different
scale on which the energies of the two resonances change.
Interestingly though, the Re(⟨R2⟩) values of both resonances
are rather stable, and the asymptotic values are quite similar
(482 and 489 a.u.). We note that a customization of basis set
and CAP onset might stabilize the 2B2g resonance to a higher
degree, but would likely perturb the 2E2u resonance more. For
the same reason, we refrained from going to CAP strengths
larger than η = 0.05. Our best value for µ[2 E2u ↔ 2 B2g ] has
been evaluated at the optimal CAP strength for the 2B2g state,
η = 0.03 a.u. and reads (0.724 + 0.254i) a.u., which results in
an oscillator strength of 0.054 a.u.
IV. CONCLUDING REMARKS

In this article, we have presented the framework for evaluating Dyson orbitals and transition dipole moments using
CAP-EOM-EA-CCSD wave functions. Selected examples
illustrate that these quantities can be computed straightforwardly within non-Hermitian quantum mechanics where
discrete resonance states can be formulated. In contrast,
calculations on the basis of Hermitian quantum mechanics
do not provide direct access to Dyson orbitals or transition moments involving metastable states.

Specifically, Dyson orbitals from CAP-free calculations
describe pseudocontinuum states rather than resonances,
whereas CAP-EOM-EA-CCSD Dyson orbitals can be
employed to characterize electron attachment to transient
anions. In contrast to their Hermitian counterparts, the relation
between the real and imaginary parts of CAP-EOM-CCSD
Dyson orbitals is fixed. Their real parts meet expectations
based on qualitative considerations from MO or Hückel theory,
whereas the shape of the imaginary parts is governed by the
requirement that the real and imaginary parts be orthogonal.
Similar differences between Hermitian and nonHermitian quantum mechanics are exemplified by transition
dipole moments. In the former framework, the resonance
character is distributed over several pseudocontinuum states
all of which feature appreciable contributions to the overall
transition dipole moment. In contrast, in the presence of
a CAP, a discrete resonance state emerges for which the
transition dipole moment and oscillator strength can be readily
evaluated. For cases involving just one metastable state, nearly
CAP strength-independent results could be obtained, whereas
transition moments between two resonances are subject to
a more pronounced dependence on the CAP strength. The
latter behavior arises from a principle feature of the CAP
approach in its present form, namely, that a set of optimal
CAP parameters is specific to a particular resonance state.
In sum, we have presented, for the first time, Dyson
orbitals and transition dipole moments for metastable
states. This enables a more comprehensive characterization
of resonances beyond position and lifetime. Our results
demonstrate that chemical concepts for stable states such as
MO theory can be applied to transient anions and encourage
the implementation of other molecular properties for CAP
methods.
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