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ABSTRACT
We present a general formulation of analytic nuclear gradients for the coupled-cluster with single and double substitution (CCSD) and
equation-of-motion (EOM) CCSD energies computed using Cholesky decomposition (CD) representations of the electron repulsion integrals.
By rewriting the correlated energy and response equations such that the storage of the largest four-index intermediates is eliminated, CD leads
to a significant reduction in disk storage requirements, reduced I/O penalties, and an improved parallel performance. CD thus extends the
scope of the systems that can be treated by (EOM-)CCSD methods, although analytic gradients in the framework of CD are needed to extend
the applicability of (EOM-)CCSD methods in the context of geometry optimizations. This paper presents a formulation of analytic (EOM-)
CCSD gradient within the CD framework and reports on the salient details of the corresponding implementation. The accuracy and the
capabilities of analytic CD-based (EOM-)CCSD gradients are illustrated by benchmark calculations and several illustrative examples.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5100022., s

I. INTRODUCTION

Analytic gradient techniques are of major importance in mod-
ern quantum chemistry.1,2 Thus, the development of an analytic
scheme for the evaluation of nuclear forces at the Hartree-Fock
level by Pulay3 opened the path for the routine computational
determination of molecular geometries, something which until
today is one of the main applications of quantum chemistry. Over
the years, essentially for all available quantum-chemical schemes,
analytic-derivative techniques have been developed.4–16 Focusing
on coupled-cluster (CC) theory17 as the current standard for high-
accuracy computations, the first implementation of analytic gradi-
ents within the CC singles and doubles (CCSD) approximation18

was reported by Scheiner et al.12 Analytic gradients for the CCSD(T)
scheme,19 which augments the CCSD approximation with a

perturbative treatment of triple excitations, were first implemented
by Scuseria;13 a more efficient implementation was provided some-
what later by Lee and Rendell.14 Today, CC analytic gradients as well
as analytic second-derivative techniques are available for essentially
all CC models with arbitrary excitation levels as well as additional
approximations.15,16,20–28

CC theory can be elegantly extended in its applicability via
the equation-of-motion CC (EOM-CC) approach,29–40 which has
become the method of choice for the treatment of excited, ionized, or
electron-attached states. Analytic gradients for these methods have
also been reported.41–47

In recent years, significant effort has been made to extend the
applicability of existing quantum-chemical methods to larger sys-
tems.48–53 Many ideas have been pursued, ranging from the use
of integral-direct techniques,54–57 efficient integral screening,55,58
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Laplace transformation,59,60 exploitation of the local character of
correlation,61,62 multilevel approaches,63–65 and use of pair-natural
orbitals (PNOs)51,53,66,67 up to the representation of the two-electron
integrals by means of resolution-of-identity techniques (RI, also
referred to as density fitting)68–70 or Cholesky decomposition
(CD).52,71–77

RI schemes are nowadays routinely used in density-functional
theory (DFT), second-order Møller-Plesset perturbation theory
(MP2), and CC calculations,70,78–83 as well as multiconfigurational
methods.84–86 These developments together with a local correlation
treatment have made it, for example, possible to carry out CC cal-
culations on a protein (crambin) consisting of more than 600 atoms
and with more than 6000 basis functions.66 The CD scheme is also
routinely used in quantum chemistry, but it was, due to its associ-
ated cost for the decomposition step, until only recently applied in
the framework of multiconfigurational self-consistent field (SCF),84

CASPT2,85 or CC theory.82 Owing to the recently introduced new
decomposition algorithm,77 which removes the storage bottlenecks
of the original procedure, the use of CD in quantum chemistry will,
most likely, expand.

While all these developments significantly enhance the appli-
cability of single-point energy computations for larger systems,
somewhat less work has been done with respect to analytic gradi-
ents.78,87–93 The reason for this is simply that all of the mentioned
schemes that speed up computations complicate the theory and, in
this way, also the formulation of analytic gradient theory. Neverthe-
less, in the context of RI, analytic gradients have been reported for
DFT, MP2,78 CC methods,80,81,88,89 as well as various multireference
schemes;90,94,95 for the CD schemes, gradient implementations have
been described for CASSCF92 and MP2.91 Even less work has been
done so far for local correlation and PNO treatments.93,96–99 Most
of the work here has been limited to MP2 theory,97,99 although the
theory for local CC gradients has been put forth in the literature96

and an analytic scheme for the evaluation of first-order properties is
available for the local PNO-CC approach.98

However, no analytic gradients using CD have been so far
reported for CC and EOM-CC methods, despite the fact that the CD
scheme significantly extends their range of applicability77,82,83 and
in this way renders calculations for medium-size molecules with a
few dozens of heavy atoms and 400–800 basis functions feasible on
a modest hardware (e.g., midrange single computing nodes).77,100,101

The present paper addresses this issue and describes our implemen-
tation of analytic CCSD and EOM-CCSD gradients when using CD
for the treatment of the two-electron integrals. Our work builds
upon Ref. 82 in which implementations for RI and CD based
(EOM-)CC methods were reported. We will describe in Sec. II
the underlying theory with a special focus on how the required
derivatives of the Cholesky decomposed two-electron integrals are
obtained together with a reformulation of (EOM-)CC gradient the-
ory suitable for use with the decomposed integrals. This is followed
in Sec. III by a sketch of our implementation within the Q-Chem
program package102,103 (we note that the implementation naturally
includes the RI gradients as a special case). Section IV demonstrates
in test calculations the accuracy as well as the applicability of our
implemented analytic gradient schemes. The latter is documented by
geometry optimizations for the ground and excited electronic states
of a dicopper single-molecule magnet (Cu2O10C8H16) with 36 atoms
and 202 electrons (418 basis functions).

II. FORMALISM
The coupled-cluster (CC) wave function has the following

form:17

∣ΨCC⟩ = eT ∣Φ0⟩, (1)

where Φ0 is the reference determinant, usually the Hartree-Fock
(HF) wave function, and T is the cluster operator. In the CCSD
approximation (CC with single and double substitutions), T is
truncated at the double excitation level,18

T ≈ T1 + T2, (2)

with
T1=∑

ia
tai a

†i,

T2=
1
4∑ijab

tabij a
†ib†j.

(3)

Here, we use indices i, j, k, . . . and a, b, c, . . . to denote the spin
orbitals from the occupied (in Φ0) and virtual subspaces, respec-
tively. To denote generic orbitals that can be either occupied or
virtual, we use letters p, q, r, s, . . .; letters µ, ν, λ, σ, . . . label
atomic orbitals. Equations for the CCSD energy (ECC) and the cluster
amplitudes tai , tabij are obtained by projecting the Schrödinger equa-
tion onto the subspace of the reference, singly, and doubly excited
determinants,

ECC = ⟨Φ0∣e−(T1+T2)He(T1+T2)
∣Φ0⟩,

⟨Φa
i ∣e−(T1+T2)He(T1+T2)

∣Φ0⟩ = 0,

⟨Φab
ij ∣e−(T1+T2)He(T1+T2)

∣Φ0⟩ = 0.

(4)

EOM-CC (equation-of-motion CC) and the closely related linear-
response CC theory extend the CC formalism to treat multiple
electronic states of various nature.29–40,43,46 Using general CI-like
excitation operators R, the EOM-CCSD wave functions are given by

R∣ΨCC⟩ = ReT ∣Φ0⟩. (5)

Different types of target states can be accessed by using different
definitions of the operator R and different Φ0. In EOM-EE-CCSD,
operator R is particle and spin conserving (1h1p and 2h2p, h = hole
and p = particle), describing the excited states of the reference with
N electrons,30,32,33

R ≈ R0 + R1 + R2, (6)

R0 = r01̂, (7)

R1 =∑
ia
rai a

†i, (8)

R2 =
1
4∑ijab

rabij a
†ib†j. (9)

In EOM-SF, the R operator is also of 1h1p and 2h2p type, but it
changes the spin of the state (actually Sz and also, but not nec-
essarily, S2).35,104 In EOM-IP-CCSD, the operator R is of 1h and
2h1p type, allowing access to (N − 1)-electron states.43 In EOM-EA-
CCSD, the R operator is of 1p and 1h2p type, providing access to
(N + 1)-electron target states.34

By introducing the similarity-transformed Hamiltonian,
H̄ ≡ e−THeT , the EOM-CC equations can be cast in the form of a

J. Chem. Phys. 151, 014110 (2019); doi: 10.1063/1.5100022 151, 014110-2

Published under license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

non-Hermitian eigenvalue problem,

H̄R = RE. (10)

In the truncated space of determinants, Eq. (10) yields

⟨Φ0∣H̄ − E∣RΦ0⟩ = 0,

⟨Φa
i ∣H̄ − E∣RΦ0⟩ = 0,

⟨Φab
ij ∣H̄ − E∣RΦ0⟩ = 0.

(11)

The EOM states in this formulation are just CI-like vectors and the
ground state is represented by Φ0 (i.e., R= 1̂), which is an eigen-
state of H̄ by virtue of Eq. (4). The EOM amplitudes satisfy a
bivariational principle,37 which is exploited in gradient and prop-
erty calculations.25,42–45,105 Within this bivariational formalism, the
left eigenstates of H̄ are defined using excitation operators L,

⟨Φ0∣(L†
0 + L†

1 + L†
2), (12)

L1 =∑
ia
lai a

†i, (13)

L2 =
1
4∑ijab

labij a
†ib†j, (14)

and their amplitudes are determined by

⟨Φ0∣L†
(H̄ − E)∣Φ0⟩ = 0,

⟨Φ0∣L†
(H̄ − E)∣Φa

i ⟩ = 0,

⟨Φ0∣L†
(H̄ − E)∣Φab

ij ⟩ = 0.

(15)

For the EOM states, L0 = 0, and for the CC reference state,
L0 = 1 (historically,106 the left L† operator for the reference state is
denoted by the (1 + Λ) operator). The left and right EOM states form
a biorthogonal set,

⟨Φ0∣L†
I RJ ∣Φ0⟩ = δIJ . (16)

The theory for analytic gradients and higher derivatives can
be conveniently derived using a Lagrangian formulation.106 The
EOM-CC Lagrangian is43–45,105,107

L(T,L,R,Z,Λ,Ω) = ⟨Φ0∣L†e−THeTR∣Φ0⟩ − E(⟨Φ0∣L†R∣Φ0⟩ − 1)

+ ⟨Φ0∣Z†e−THeT ∣Φ0⟩ +
1
2∑pq

λpq

× ( fpq − δpq𝜖pp) +∑
pq

ωpq(Spq − δpq), (17)

where the first term is the EOM-CC energy, the second term imposes
the biorthogonality constraint, the third term represents the con-
straints imposed by the CC equations [Eq. (4)], Z is an operator
whose amplitudes are the Lagrange multipliers (for the reference
CCSD state, with Z being 0), and the last two terms incorporate the
Hartree-Fock equations (f and S denote the Fock and overlap matri-
ces, respectively, and 𝜖 denotes the orbital energies), accounting
for the orbital-response contributions to the gradient.108 The equa-
tions for the amplitude response and orbital response for standard
EOM-CCSD gradients, as well as the expression for the gradient in
terms of density matrices can be found, for example, in Refs. 43–46.

In the following, we extend the available analytic-gradient formula-
tions to CD-CCSD and CD-EOM-CCSD.

The expression for CCSD/EOM-CCSD energy gradients has
the following form (see, for example, Ref. 45):

dE
dξ
=∑

pq
hξpqρpq +

1
4 ∑pqrs
⟨pq∣∣rs⟩ξΠpqrs +∑

pq
ωpqSξpq, (18)

where hξpq and ⟨pq||rs⟩ξ are

hξpq =
∂hpq
∂ξ
=∑

µν
CµphξµνCνq, (19)

hξµν = ⟨χµ∣
∂ĥ
∂ξ
∣χν⟩ + ⟨

∂χµ

∂ξ
∣ĥ∣χν⟩ + ⟨χµ∣ĥ∣

∂χν

∂ξ
⟩, (20)

⟨pq∣∣rs⟩ξ =
∂⟨pq∣∣rs⟩

∂ξ
= ∑

µνλσ
CµpCνq⟨µν∣∣λσ⟩ξCλrCσs, (21)

⟨µν∣∣λσ⟩ξ = ⟨
∂χµ

∂ξ
χν∣∣χλχσ⟩ + ⟨χµ

∂χν

∂ξ
∣∣χλχσ⟩

+ ⟨χµχν∣∣
∂χλ

∂ξ
χσ⟩ + ⟨χµχν∣∣χλ

∂χσ

∂ξ
⟩, (22)

and Sξpq is

Sξpq =∑
µν

CµpCνq(⟨
∂χµ

∂ξ
∣χν⟩ + ⟨χµ∣

∂χν

∂ξ
⟩) (23)

and Cµp denotes the molecular orbital (MO) coefficients. The effec-
tive density matrices ρ and Π are

ρ = γ′ + γ′′ + γ′′′, (24)

Π = Γ′ + Γ′′ + Γ′′′, (25)

with γ′ and Γ′ denoting the nonrelaxed density matrices, γ′′ and
Γ′′ accounting for the amplitude-response contributions, and γ′′′
and Γ′′′ representing the orbital-response contributions. Detailed
expressions for all density matrices as well as the orbital- and
amplitude-response equations are found, for example, in Ref. 45.

Because the matrix II of electron-repulsion integrals (ERIs)
is positive-semidefinite, it can be decomposed according to the
Cholesky decomposition procedure (CD).71 Using Mulliken nota-
tion106 for the ERIs,

IIµν,λσ ≡ (µν∣λσ) ≈ (µν∣λσ)(CD) =
M
∑

P=1
BP
µνB

P
λσ, (26)

where M is the rank of decomposition and (µν|λσ)(CD) is referred
to as CD-ERI (Cholesky-decomposed ERI) in this paper. The max-
imum of M is N2 (full rank), where N is the total number of AO
basis functions. When M equals the full rank, the “≈” becomes “=” in
Eq. (26), indicating that the ERI is fully recovered from the Cholesky
vectors BP

µν. The error, which is the maximum deviation between
(µν|λσ) and (µν|λσ)(CD), can be controlled by letting it be smaller
than the CD threshold 10−δ. Depending on the requested accuracy,
the size of M can be much smaller than N2 (empirically, M is close
to δN, where δ is the same as in the definition of the threshold).
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The Cholesky vectors defined by Eq. (26) can be transformed to
the MO basis,

BP
pq =∑

µν
CµpCνqBP

µν, (27)

so that the CD representation of the antisymmetrized ERIs (in Dirac
notation106) in the MO basis becomes

⟨pq∣∣rs⟩ ≈∑
Q
BQ
prB

Q
qs −∑

Q
BQ
psB

Q
qr = P−rs∑

Q
BQ
prB

Q
qs, (28)

where P−rs performs antisymmetrization with respect to the two
indices r and s. Expressions for the CCSD/EOM-CCSD energy and
the equations in the spin-orbital basis for the amplitudes in terms
of the CD representation of the ERI can be derived by substitut-
ing Eq. (28) into Eq. (4). The corresponding expressions for the
amplitude equations together with those for the respective inter-
mediates were given in Ref. 82. Here, we report the expressions
for the left EOM eigenproblem (and the CCSD Λ equations), the
EOM amplitude-response equations, and the density matrices. The
corresponding expressions are given in the supplementary mate-
rial. Although our spin-orbital implementation of standard and CD
(EOM-)CC codes takes advantage of permutational, point-group,
and spin symmetries via the libtensor library,109 additional savings
may be achieved by using a spin-adapted implementation in atomic
orbital basis (see, for example, Refs. 110–112).

A note is warranted whether the CD is used only in the corre-
lation part of a CCSD/EOM-CCSD calculation or in the full compu-
tation. One can consider here two definitions of CD-(EOM-)CCSD
energy: one using the HF energy computed using CD-ERIs and the
other using the HF energy computed with the original ERIs. Both
schemes converge to the same result when the CD threshold is tight-
ened. One can consider both options, and one needs to be only con-
sistent by using an appropriate definition of the Lagrangian, Eq. (17),
when deriving the orbital-response equations. Our results in Sec. IV
illustrate that the differences between the two schemes are minute.
In our production code, we choose to implement the approach based
on the definition of the CD-(EOM-)CCSD energy using the standard
HF energy computed with original ERIs.

A. Evaluation of the derivatives of Cholesky vectors
To simplify the expressions, in this section, we introduce the

labels bI and kJ to denote pairs of basis functions µν, i.e.,

IIµν,λσ ≡ (µν∣λσ) = IIIJ ≡ (bI ∣kJ). (29)

The indices bI and kJ run over all basis pairs µν, i.e., kJ = 1. . .N
(N + 1)/2 − 1, where ≤ N(N + 1)/2 is the number of the unique µν
pairs. Using this notation, (b|k) denotes the full matrix of ERIs. The
right-hand side of Eq. (26) becomes

(µν∣λσ)(CD) = (bI ∣kJ)CD =
M
∑

P=1
BP
bIB

P
kJ . (30)

The canonical algorithm for the CD decomposition72,75,82,113 pro-
ceeds in an iterative manner, leading to the following recurrent
expression for the Cholesky vectors, BP

b :

BJ
b = (

̃kJ ∣kJ)
−

1
2
[(b∣kJ) −

J−1

∑

K=1
BK
b B

K
kJ], (31)

(
̃kJ ∣kJ) = (kJ ∣kJ) −

J−1

∑

K=1
BK
kJB

K
kJ , (32)

where (b|kJ) denotes one column in the (b|k) matrix. We note
that it is possible to reduce memory requirements and to signifi-
cantly improve the efficiency of the decomposition by using the new
algorithm recently reported by Koch and co-workers.77

To obtain expressions for the nuclear derivatives of the ERIs
within the CD representation, we differentiate (b|k)(CD) with respect
to the nuclear coordinate ξ,

∂(b∣k)(CD)

∂ξ
=

M
∑

P=1
(

∂BP
b

∂ξ
BP
k + BP

b
∂BP

k
∂ξ
)

≡∑

P
(XP

bB
P
k + BP

bX
P
k ). (33)

In Eq. (34), XP
b denotes the derivative of the Pth Cholesky vector.

These derivatives of the CD-ERI ultimately enter the expressions for
the derivative of the CD-(EOM-)CCSD energy. XP

b can be obtained
by differentiating Eq. (31),

XJ
b ≡

∂BJ
b

∂ξ
= (
̃kJ ∣kJ)

−
1
2
(
∂(b∣kJ)
∂ξ

−

J−1

∑

K=1
XK
b B

K
kJ −

J−1

∑

K=1
BK
b X

K
kJ)

−
1
2
(
̃kJ ∣kJ)

−1
BJ
b(

∂(kJ ∣kJ)
∂ξ

− 2
J−1

∑

I=1
XI
kJB

I
kJ) (34)

and is evaluated recursively in a similar manner as the original
Cholesky vectors. The CD algorithm needs to be modified for this
purpose such that the derivative vectors, XJ

b, are computed simul-
taneously with the respective Cholesky vectors, BJ

b. Alternatively, it
is possible to compute the derivatives in a separate routine, but this
would require some additional bookkeeping. At the Jth iteration of
the CD procedure, the following quantities are actually needed for
evaluating XJ

b: the Cholesky vectors and their derivatives from the
previous steps, {BK

b ,XJ
b}

J−1
I=1 ; a column of derivative integrals, ∂(b∣kJ)

∂ξ ;

updated diagonal ERI vector and its derivative, (kJ |kJ) and ∂(kJ ∣kJ)
∂ξ .

The algorithm for computing the Cholesky vectors and their
derivatives is then as follows:

1. Compute the diagonal elements of the ERI matrix D0
J = (kJ ∣kJ)

for all kJ .
2. Find out the index k1 that corresponds to the maximum

element M1 = (k1|k1) of D0.
From this step, the algorithm proceeds in an iterative

way until the new maximum element is smaller than the
threshold, 10−δ.

3. Compute the column of ERIs (b|ki), the new Cholesky vector
Bi, and its nuclear gradient Xi according to Eqs. (31) and (34).

4. Update the diagonal vector via Di
= Di−1

− (Bi)
2.

5. Find out the index ki+1 that corresponds to the maximum ele-
ment Mi+1 = (ki+1|ki+1) of Di. If the Mi+1 is greater than the
decomposition threshold 10−δ, go back to step 2. Otherwise,
collect all B and X vectors and go to step 6.

6. Unpack B and X vectors from the basis pairs, b, to the product
AO basis, µν, for subsequent CC/EOM-CC calculations.
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B. CD orbital response
The CCSD/EOM-CCSD orbital-response equations in terms

of one- and two-particle density matrices, γ′′′ and Γ′′′ from
Eq. (25), can be found, for example, in Ref. 45. In the CD
formalism, one needs to rewrite these equations by replacing
the term ∑rst⟨pr||st⟩Γqrst by 2∑s B

P
psΓPqs and ∑qs⟨pq||rs⟩λqs by

∑qs λqsP−rs∑Q B
Q
prBQ

qs, where

ΓPpr =∑
qs
BP
qsΓpqrs (35)

and λpq are the Lagrange multipliers from Eq. (17).

C. Evaluation of the CCSD/EOM-CCSD gradient
The CCSD/EOM-CCSD gradient is evaluated based on

Eq. (18). The equations for the nonrelaxed CCSD/EOM-CCSD den-
sity matrices are the same as in the standard implementation, so
this code can be reused. However, the Λ-, amplitude, and orbital
response equations need to be solved using the CD integrals. An
effective implementation involves a rewrite of the response equa-
tions using the CD-ERIs, as it was already done in our CD imple-
mentation for CCSD and EOM-CCSD energy calculations.82 The
resulting equations, which we derived and implemented, are given
in the supplementary material.

The final step consists in evaluating Eq. (18) via a straightfor-
ward contraction of all density matrices with the derivative integrals
built from the Cholesky vectors and their derivatives. In the imple-
mentation reported here, we rewrite these contractions as the con-
tractions of the two-particle density matrix with Cholesky vectors,
i.e.,

∑

pqrs
⟨pq∣∣rs⟩ξΠpqrs =∑

pqrs
∑

P
[BP

prX
P
qs + XP

prB
P
qs − B

P
psX

P
qr − X

P
psB

P
qr]Πpqrs

= 4∑
P
∑

pr
ΠP

prX
P
pr , (36)

where
ΠP

pr =∑
qs
BP
qsΠpqrs (37)

and XP
pr is defined by Eq. (34). To obtain our final expressions, we

apply Eq. (36) separately to all blocks of the two-particle density
matrix (i.e., Πijkl, Πabcd, Πijka, Πijab, Πiabc, and Πiajb) and collect the
respective terms,

∑

pqrs
⟨pq∣∣rs⟩ξΠpqrs =∑

ikP
ΠP

ikX
P
ik +∑

acP
ΠP

acX
P
ac +∑

jaP
ΠP

jaX
P
ja, (38)

with
ΠP

ik = 4∑
jl
ΠijklB

P
jl + 2∑

ja
ΠijkaB

P
ja +∑

jl
ΠikabB

P
ab, (39)

ΠP
ac = 4∑

bd
ΠabcdB

P
bd + 2∑

ib
ΠiabcB

P
ib +∑

ij
ΠiajcBP

ij , (40)

ΠP
ia = 4∑

jb
ΠijabB

P
jb + 2∑

bc
ΠibacB

P
bc + 2∑

jk
ΠjikaB

P
jk − 2∑

jb
ΠibjaB

P
jb.

(41)

III. IMPLEMENTATION
Our expressions for evaluating analytic derivatives of the CD-

CCSD and CD-EOM-CCSD energies have been implemented in
the Q-Chem electronic structure program package.102,103 The imple-
mentation is available both in double and in single precision ver-
sions of the (EOM-)CC codes.114 In the latter, the CD decomposition
and the integral transformation, however, are carried out in double
precision.

The main benefit of the CD or RI representation of the ERI
is the reduced memory requirement. In our implementation82 of
the CCSD and EOM-CCSD equations, we eliminated the need to
compute the full VVVV and OVVV intermediates, which are most
demanding in this respect. However, we do compute the OOOO,
OOVV, and OVOV intermediates for the right EOM vector calcu-
lations. A detailed discussion of the storage requirements for the
standard and RI/CD CCSD/EOM-CCSD equations has been given
in Ref. 82. We follow the same strategy in the implementation of the
equations for left EOM vectors, Λ, and amplitude response contri-
butions. For the Λ-equations and left EOM vectors, we only com-
pute the OOOO and OOOV intermediates (see the supplementary
material for the programmable equations). The reduction in mem-
ory requirements is similar to those in the energy calculations. The
main benefit of using CD in the gradient calculations is that the
four-index two-particle density matrix is not needed.

IV. VALIDATION, BENCHMARKS,
AND ILLUSTRATIVE APPLICATIONS

In this section, we discuss the validation of our implementation
and present numerical results that quantify the errors due to the use
of CD. In addition, we demonstrate with an illustrative application
the merits of using CD.

To validate the implementation and to quantify the errors
of CD-CCSD in comparison to standard CCSD, we consider a
set of 5 small closed-shell molecules from Ref. 87: H2, N2, C2H2,
CH3OH, and HCOCl (set I). To benchmark the accuracy of various
CD-EOM-CCSD schemes, we use the following examples (set II):
the lowest A′ excited state of uracil (EOM-EE-CCSD), the low-
est singlet state of para-benzyne (EOM-SF-CCSD), the electronic
ground state of the uracil cation (EOM-IP-CCSD), and the elec-
tronic ground state of Na(NH3)4 (EOM-EA-CCSD). To illustrate
the capabilities of the CD-(EOM-)CCSD, we consider a di-copper
single-molecule magnet from Ref. 101.

In the analyses below, we compare the results obtained with
different CD thresholds against those obtained with the standard
implementation. To quantify the differences between two vectors
(i.e., representing the Cartesian coordinates or forces), V and Vref ,
we use the maximum absolute deviation (MD, marked by ∆),
the norm of the error (NE), and the average absolute difference
(AAD),

MD ≡ ∆V = max(∣V i
− V i

ref ∣), i ∈ 3N, (42)

NE =

¿

Á
ÁÀ

3N
∑

i
(V i
− V i

ref )
2, (43)

AAD =
1

3N

3N
∑

i
∣V i
− V i

ref ∣. (44)
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All benchmark calculations were carried out in double pre-
cision. All electrons were correlated in CCSD benchmarks (set I).
In the EOM-CCSD calculations (set II), the frozen-core approxi-
mation was used. The calculations for the single-molecule magnet
(Sec. IV C), however, were carried out in single precision and with
the frozen-core approximation.

In the geometry optimizations, the convergence thresholds
were 3 × 10−6 a.u. for the maximum gradient component,
1.2 × 10−5 a.u. for the maximum atomic displacement, and
1 × 10−8 a.u. for the energy change in successive optimization cycles.
All relevant geometries are given in the supplementary material.

A. Validation
We validated the correctness of our implementation using set

I. In the first set of tests, we computed the CCSD gradients (with
the cc-pVDZ basis115,116) using CD-ERIs with thresholds of 10−3,
10−4, 10−5, and 10−8 for the CD by using both the analytic proce-
dure described above and numerical differentiation. In these cal-
culations, the HF equations were also solved using CD-ERIs. For
selected examples, we computed in addition the numerical deriva-
tives of the Cholesky vectors using two-point finite differences, to
test the correctness of analytic nuclear gradient of the CD vectors.
In these finite-difference calculations, the decomposition sequence
at the displaced geometries was the same as for the actual geom-
etry. The convergence threshold in all of these calculations was
10−11 a.u. for the SCF and CCSD energies. The step size was chosen
as 10−5 Å.

Both the numerical differentiation of the Cholesky vectors and
the gradient calculations confirmed the correctness of our imple-
mentation: the differences between the numerical and analytic val-
ues for the individual gradient components were in all cases less than
10−7 a.u. (see Table S1 in the supplementary material).

B. Benchmarks
To assess the errors introduced by CD and the impact of using

a standard HF reference (i.e., one obtained with the standard ERIs)
instead of one that also uses CD, we again carried out CCSD/cc-
pVDZ calculations for set I. All electrons were active in these cal-
culations. These results are compiled in Tables I and II. Let us first
consider the differences between the standard and CD gradients
computed with thresholds of 10−3, 10−4, 10−5, and 10−8. As one can
see, the magnitude of the differences smoothly decreases with tight-
ening the Cholesky threshold. Even when using a relatively loose
threshold of 10−3, the differences between the Cholesky and stan-
dard gradient are small (∼10−4 a.u.) However, a more relevant quan-
tity than the differences in the gradient is the differences between
the optimized geometries. The errors in bond lengths introduced by
CD are very small: a threshold of 10−3 results in errors that are in
the largest case about 0.0004 Å, which are smaller than the intrinsic
accuracies of the underlying CCSD method. Our results are consis-
tent with those reported by Lindh and co-workers87 based on density
functional theory calculations.

Table III reports the errors in the optimized structures and
forces when computed using CD gradients but using a standard
(non-CD) HF solution. The errors are essentially the same as for the
proper CD calculation in which in all steps the CD-ERIs are used

TABLE I. Norm of the errors (a.u.) between analytic CD-CCSD and standard CCSD
forcesa for different CD thresholds, δ.

δ

Molecule 10−3 10−4 10−5 10−8

H2 7.9× 10−5 1.3× 10−6 1.5× 10−6 1.1× 10−11

N2 8.3× 10−4 3.8× 10−4 5.3× 10−5 4.2× 10−8

C2H2 3.2× 10−4 6.9× 10−5 8.8× 10−6 1.6× 10−8

CH3OH 2.1× 10−4 1.1× 10−4 1.8× 10−5 2.0× 10−8

HCOCl 4.6× 10−4 5.8× 10−4 5.3× 10−5 1.5× 10−7

acc-pVDZ basis; all electrons correlated; at the geometries given in the supplementary
material.

(Table III). These results justify the use of the standard HF procedure
with regular ERIs in our production-level implementation.

To illustrate the accuracy of the CD-EOM-CCSD gradients, we
consider the examples from set II. In these calculations, we used the
aug-cc-pVTZ basis115,117,118 together with the frozen-core approx-
imation. The results are collected in Table IV. The errors in the
optimized geometries follow the same trend as in the CD-based
CCSD calculations. The largest errors are observed for Na(NH3)4:
9 × 10−5 Å for a CD threshold of 10−3 and 8 × 10−6 Å for a CD
threshold of 10−4.

In contrast to the RI scheme with preoptimized auxiliary bases,
the errors due to CD may vary along potential energy surfaces
because the rank of the CD may change. The variations in the energy
are limited by the CD threshold. The numerical tests (see, for exam-
ple, Fig. 1 in Ref. 82) show that these variations are sufficiently small
not to cause false minima and that one can consider the CD energies
as locally continuous. In the course of the geometry optimization,
however, the rank of decomposition may be different at different
optimization steps, especially when the steps are large. This can slow
down the convergence of the optimization, however, it should not
affect the quality of the optimized structures. Figures S1–S3 in the
supplementary material show the total energies and the rank of CD
in the course of CD-EOM-CCSD geometry optimizations for bench-
mark set II (the respective optimized geometries are summarized in

TABLE II. Errors in CD-CCSD/cc-pVDZ geometry optimizations using analytic gradi-
ent with different CD thresholds, δ. The errors are computed with respect to standard
CCSD values and reported as maximum deviation (MD). The MD for the optimized
bond lengths and the forces at the first optimization cyclea are denoted by |∆r |
(pm = 10−2 Å) and by |∆F| (10−2 a.u.), respectively.

|∆r|, pm |∆F|, 10−2 a.u.

Molecule 10−3 10−4 10−5 10−3 10−4 10−5

H2 0.0077 0.0002 0.0001 0.0056 0.0001 0.0001
N2 0.0105 0.0021 0.0003 0.0588 0.0271 0.0037
C2H2 0.0216 0.0028 0.0011 0.0257 0.0048 0.0008
CH3OH 0.0108 0.0057 0.0011 0.0137 0.0070 0.0011
HCOCl 0.0353 0.0217 0.0007 0.0311 0.0371 0.0034

aAt the geometries given in the supplementary material.
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TABLE III. Errors in CD-CCSD/cc-pVDZ geometry optimizations using analytic gradient with different CD thresholds, δ, and
a standard HF solution with regular ERIs. The errors are computed against the standard CCSD values and reported as
maximum deviation (MD). The MDs for the optimized bond lengths and the forces at the first optimization cyclea are denoted
by |∆r | (pm = 10−2 Å) and by |∆F| (10−2 a.u.), respectively.

|∆r|, pm |∆F|, 10−2 a.u.

Molecule 10−2 10−3 10−4 10−5 10−2 10−3 10−4 10−5

H2 0.0095 0.0002 0.0003 0.0001 0.0061 0.0001 0.0001 0.0001
N2 0.2080 0.0121 0.0005 0.0003 0.8601 0.0318 0.0048 0.0032
C2H2 0.0170 0.0112 0.0031 0.0008 0.0399 0.0298 0.0050 0.0006
CH3OH 0.3176 0.0117 0.0103 0.0036 0.2919 0.0134 0.0079 0.0031
HCOCl 1.5495 0.0434 0.0138 0.0010 0.9654 0.0455 0.0391 0.0036

aAt the geometries given in the supplementary material.

Table IV). As one can see, there are small variations in the rank of
decomposition along the optimization pass and in cases when the
variations are larger, we observe that the optimization takes more
steps. Importantly, these variations do not affect the final converged
structures.

TABLE IV. Errors in CD-EOM-CCSD/cc-pVTZ geometry optimizations using analytic
gradients with different CD thresholds, δ, and a standard HF solution with regular
ERIs. Core electrons were frozen. The errors are computed with respect to the stan-
dard EOM-CCSD values and reported as maximum deviation for bond lengths by |∆r |
(pm = 10−2 Å).

|∆r|, pm

Molecule (Method) 10−3 10−4

Uracil (EE) 0.0012 0.0002
Uracil cation (IP) 0.0011 0.0001
para-benzyne (SF) 0.0004 0.0001
Na(NH3)4 (EA) 0.0090 0.0008

FIG. 1. Structure of CUACACO2 (Cu2O10C8H16, complex 2 from Ref. 101). Cop-
per atoms are shown in bronze, oxygens in red, carbons in gray, and hydrogens
in white. Shown are the key distances (in Å): Cu–Cu, Cu–O, and Cu–water as
determined from the X-ray structure (underlined), optimized CD-CCSD triplet state
(plain), and optimized CD-EOM-SF-CCSD singlet state (italics).

C. Illustrative calculation
To illustrate the merit of the CD analytic gradients, we car-

ried out a geometry optimization for a single-molecule magnet from
Ref. 101, i.e., CUAQUACO2 (complex 2) shown in Fig. 1. The struc-
ture of this molecule has Ci symmetry, and, in the calculation, one
has to deal with 36 atoms (nuclei), 202 electrons, and 418 basis
functions (cc-pVDZ basis set115,119). The computation also invoked
the frozen-core approximation and used a CD threshold of 10−3.
We optimized the geometry of both the lowest triplet and singlet
states using CD-CCSD and CD-EOM-SF-CCSD, respectively; both
calculations used an unrestricted HF triplet reference.

In this calculation, the number of Cholesky vectors varied
between 1440 and 1449. The decomposition procedure required
about 0.9 GB and 91 GB of RAM for computing the Cholesky vec-
tors and their derivatives, respectively. While the Cholesky vectors
were stored on disk throughout the calculation, the derivatives of
the Cholesky vectors were processed directly after the decomposi-
tion procedure to evaluate the nuclear gradient, and the RAM was
released. Thus, the overall disk usage for CD is the size of Cholesky
vectors, which is small compared to the high disk usage required by
EOM-CCSD calculations.82

The main results are summarized in Fig. 1. As one can see, the
differences in the key structural parameters between the X-ray and
the optimized structures are relatively small. Most importantly, the
effect of the geometry optimization on the computed singlet-triplet
energy gap is not large. At the X-ray structure, the gap between
the states is 180 cm−1 and the adiabatic gap between the optimized
singlet and triplet states is 195 cm−1.

V. CONCLUSION
CD of the two-electron integrals is one of many possibili-

ties to reduce computational cost in electronic structure calcula-
tions and to extend their applicability to larger systems. In this
work, we have presented a formulation and implementation of ana-
lytic nuclear gradients using CD for the CCSD and EOM-CCSD
schemes. Our gradient formulation is consistent with our previously
reported CD energy implementation by using the proper deriva-
tives of the CD two-electron integrals. The errors in computed
structural parameters due to the use of CD, in comparison with

J. Chem. Phys. 151, 014110 (2019); doi: 10.1063/1.5100022 151, 014110-7

Published under license by AIP Publishing

https://scitation.org/journal/jcp
https://doi.org/10.1063/1.5100022#suppl


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

treatments using the regular two-electron integrals, are shown to
be more or less negligible and, furthermore, can be controlled via
the tunable Cholesky threshold. Our calculations finally document
that the CD-based gradient scheme is indeed applicable to larger
systems and render geometry optimizations for such systems on a
routine basis possible. Future work will focus on the extension of
the current work to CCSD(T) gradients as well as the formulation
of CD-based second derivatives and in this way will further enhance
the applicability of CC methods in the computation of molecular
properties.

SUPPLEMENTARY MATERIAL

See the supplementary material for programmable equations,
relevant Cartesian coordinates and results of finite-difference calcu-
lations.
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