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ABSTRACT
Natural orbitals are often used to achieve a more compact representation of correlated wave-functions. Using natural orbitals computed as
eigenstates of the virtual–virtual block of the state density matrix instead of the canonical Hartree–Fock orbitals results in smaller errors
when the same fraction of virtual space is frozen. This strategy, termed frozen natural orbital (FNO) approach, is effective in reducing the
cost of regular coupled-cluster (CC) calculations and some multistate methods, such as EOM-IP-CC (equation-of-motion CC for ionization
potentials). This contribution extends the FNO approach to the EOM-SF-CC ansatz (EOM-CC with spin-flip). In contrast to EOM-IP-CCSD,
EOM-SF-CCSD relies on high-spin open-shell references. Using FNOs computed for an open-shell reference leads to an erratic behavior of
the EOM-SF-CC energies and properties due to an inconsistent truncation of the α and β orbital spaces. A general solution to problems
arising in the EOM-CC calculations utilizing open-shell references, termed OSFNO (open-shell FNO), is proposed. By means of singular
value decomposition (SVD) of the overlap matrix of the α and β orbitals, the OSFNO algorithm identifies the corresponding orbitals and
determines virtual orbitals corresponding to the singly occupied space. This is followed by SVD of the singlet part of the state density matrix
in the remaining virtual orbital subspace. The so-computed FNOs preserve the spin purity of the open-shell orbital subspace to the extent
allowed by the original reference, thus facilitating a safe truncation of the virtual space. The performance of OSFNO is benchmarked for
selected diradicals and triradicals.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5138643., s

I. INTRODUCTION

The scope of applicability of correlated quantum chemical
methods is limited by their steep scaling with respect to the sys-
tem size.1 To formulate the algorithms in terms of basic lin-
ear algebra operations, such as matrix multiplication, many-body
wave-functions are represented by Slater determinants composed of
molecular orbitals, which are, in turn, represented as an expansion
over one-electron basis sets (i.e., atomic orbitals). Consequently, the
ultimate scaling of a many-body method is determined not only by
the number of electrons, but also by the number of basis functions.

For example, the overall N6 scaling of the coupled-cluster method
with single and double excitations (CCSD) comes from the compu-
tational step involving O2V4 operations, where O and V denote the
number of occupied and virtual orbitals, respectively.2 Whereas the
former is determined by the number of electrons, the latter depends
on the number of basis functions. Explicit treatment of triple exci-
tations, as in CCSDT,3 leads to N8 complexity, while perturbative
treatments, such as in (T),4–6 (T̃),7 (2),8 (dT),9 (fT),9 and related
approaches,10–12 give rise to N7 scaling.

There are various strategies for reducing computational
costs by using more compact representations of many-body
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wave-functions and the Hamiltonian. The sparsity of two-electron
repulsion integrals (ERI) can be utilized through the approximate
representation using auxiliary basis sets obtained by density fitting,
as in the resolution-of-identity (RI) methods,13–21 or by the Cholesky
decomposition of ERIs,22–31 or using alternative schemes such as
pseudospectral decomposition,32–34 chain-of-spheres exchange,35–37

and tensor hypercontraction.38–42 Decomposition of amplitudes can
also be used to reduce computational costs.43–46 A number of strate-
gies exploit the physical decay of Coulomb interaction with a dis-
tance by using localized orbitals.47–50 Based on orbital localization
and truncation of noninteracting orbital subsets, reduced-scaling
versions of MP2,51,52 CCSD,53,54 (T) correction,55–57 and beyond58

have been developed.
More compact representations of correlated wave-functions

can be achieved by using various flavors of natural orbitals (NOs),
which has been exploited since early days of quantum chemistry.
Natural orbitals, as introduced by Löwdin,59 are defined as eigen-
vectors of a state one-particle density matrix:

γpq = ⟨Ψ∣p†q∣Ψ⟩, (1)

where p†/q denote creation and annihilation operators correspond-
ing to spin orbitals ϕp/ϕq, and indices p, q run over all spin-orbitals.
The trace of γ equals the number of electrons and its eigenval-
ues are non-negative numbers between 0 and 1. The magnitude of
these eigenvalues, called occupation numbers, reflects the relative
weights of configurations in which the respective NO is occupied.
For example, for a single Slater determinant Φ composed of a sub-
set of {ϕp}, γpq is a diagonal matrix with γpp = 1 for the orbitals
occupied in Φ and zero otherwise. Thus, molecular orbitals from
a Hartree–Fock calculation are also natural orbitals of the under-
lying Hartree–Fock wave-function. Moreover, because all occupied
orbitals have unit occupancy and all virtual orbitals have zero occu-
pancy, any unitary transformation within the occupied or virtual
space yields a set of Hartree–Fock natural orbitals. For multide-
terminantal wave-functions, the occupation numbers become frac-
tional. Because the occupations are proportional to the relative
weights of the configurations in which a particular orbital is occu-
pied, one can use natural orbitals to compress the orbital space
by dropping the orbitals with low occupation numbers. This util-
ity of natural orbitals to compress correlated wave functions59 has
been exploited in a variety of configuration interaction methods.60–68

More recently, hybrid approaches using both localization techniques
and natural or pair-natural orbitals have led to the development
of very effective computer implementations of modern many-body
theories,69–77 enabling, for example, CC calculations on a protein
(crambin) consisting of more than 600 atoms and with more than
6000 basis functions.73

Here, we are concerned with a very simple strategy to reduce
the computational cost of single-reference correlated calculations,
that is, truncating the virtual orbital space while leaving the occu-
pied space untouched, such that the exact correlation energy of a
given method is smoothly recovered as the fraction of frozen vir-
tual orbitals approaches zero. By using perturbation theory argu-
ments, one can, of course, justify simply freezing high-lying canon-
ical Hartree–Fock orbitals. However, natural occupations provide a
much better gauge of the relative importance of orbitals in terms
of their contributions into the total correlation energy. In order to

preserve the definition of the vacuum (which is determined by
choosing a particular reference determinant), the concept of Frozen
Natural Orbitals (FNOs) was introduced.78 FNOs are eigenstates of
the virtual–virtual block of the one-particle density matrix; thus,
they can be used to transform only the virtual space, without chang-
ing the reference determinant, as sketched in Fig. 1. Of course,
to compute FNOs, one needs to know the full correlated wave-
function. A typical strategy of using FNOs as a mean to reduce
computational costs is to use a density matrix computed at a
lower level of theory (say, MP2, which scales as N5) to reduce the
cost of higher-level calculations, such as CCSD or CCSD(T). This
simple yet effective idea has been pioneered by Bartlett and co-
workers79–81 in the context of the ground-state CC calculations. The
benchmarks have shown that significant computational gains can
be achieved while introducing insignificant errors in the optimized
geometries, relative energies, barrier heights,80,81 as well as in nonco-
valent interactions.82 However, calculations of response properties
have proven to be more challenging, requiring modification of the
approach.83,84

By definition, natural orbitals are state-specific, reflecting the
state-specific nature of correlation. Consequently, exploiting natu-
ral orbitals within multistate calculations is not straightforward. The
difficulty of applying natural orbitals to excited states stems from the
fact that a one-size-fits-all truncation of the orbital space is likely to
introduce an imbalance in the excited-states description. One can
even imagine an extreme situation when the truncation based on
correlation for one state would exclude the orbitals that are needed
to describe the principal character of another state. For example,
choosing orbitals based on their contributions to the ground-state
correlation energy is likely to provide a reasonable virtual space
for low-lying valence states (e.g., HOMO-LUMO excitations); how-
ever, it would exclude orbitals needed for the description of Rydberg
states because diffuse orbitals are not very important for ground-
state correlation. Nevertheless, several ideas have been explored in
the context of single-reference excited-state calculations, including
using state-specific or averaged NOs,85 pair natural orbitals,86 and
natural transition orbitals.87,88

FIG. 1. Frozen natural orbitals (FNOs) are defined as eigenstates of the virtual-
virtual block of a correlated state density matrix. In the FNO approach, the occu-
pied space is unchanged, but the virtual orbital space is transformed such that
the orbitals can be ordered by their relative significance for the correction energy
and the orbitals with the lowest occupations can be frozen. Left and right panels
highlight the difference between calculations using closed- and open-shell refer-
ences. Because in the latter the α and β orbital spaces are different, a special care
is needed to arrange the orbitals by maximum correspondence, so that dropped
orbitals do not introduce an imbalance in the singly occupied space (marked by
dashed box).
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In contrast to general excited-state calculations, virtual space
truncation schemes based on a single-state density matrix are admis-
sible in selected multistate Fock-space methods, such as equation-
of-motion coupled-cluster (EOM-CC); see Fig. 2.89–92 For example,
multiple ionized states can be described in a balanced way by using a
virtual space truncation scheme based on the density matrix com-
puted for the closed-shell reference state93 because the principal
character of ionized (i.e., hole) states is confined to the occupied
orbital space. This idea,93 originally explored within FNOs,93 has
been recently extended to the domain local pair-natural orbitals.77

Here, we extend the idea of using reference-state FNOs to other
EOM-CC methods.

The EOM-CC family of methods89–92 is based on the Fock-
space parameterization of the wave-function. EOM-CC is a mul-
tistate approach in which different manifolds of target states are
described by choosing a particular combination of a reference state

FIG. 2. In the EOM-CC formalism, different manifolds of target states are described
by combining a particular reference state and a particular type of excitation opera-
tor (orbitals occupied in the reference state are marked by red dashed boxes). Note
that in EOM-IP and EOM-DIP, the principal character of target states is described
by the hole operators acting in the occupied orbital space (red boxes), whereas in
EOM-EA and EOM-DEA it is described by the particle operators acting in the virtual
space. In EOM-EE, the EOM operators act in both spaces. In EOM-SF (spin-flip),
the leading electronic configurations of the target states are confined to the singly
occupied orbital space.

and a general excitation operator. General excitation operators in
single-reference theories are defined with respect to the reference
state, which defines the separation of the occupied and virtual orbital
spaces; they can include only creation (i.e., particle) operators corre-
sponding to the virtual orbitals and annihilation (i.e., hole) opera-
tors corresponding to the occupied orbitals. The reference state is
described by the CC ansatz, which incorporates large amount of
correlation and endows the theory with such important property
as size-extensivity. Different flavors of EOM-CC are illustrated in
Fig. 2. Electronically excited states are described by particle- and
spin-conserving excitations from (usually) a closed-shell reference
corresponding to the ground state, giving rise to the EOM-EE-CC
method. Cationic or neutral doublet states can be described by ioniz-
ing operators such as 1-hole (1h) and 2-hole-1-particle (2h1p) acting
on a closed-shell reference, giving rise to EOM-IP.94,95 Doubly ion-
izing operators (2h and 3h1p) can be used to access diradical-type
or doubly ionized states (EOM-DIP). In a similar fashion, electron
attaching operators (1p, 1h2p) acting on a closed-shell reference pro-
vide access to anionic or neutral doublet states (EOM-EA).96 Double
electron attaching operators (2p and 3p1h) provide access to dirad-
ical states or to a subset of excited states derived from excitation
from HOMO (EOM-DEA). By using high-spin references and spin-
flipping operators,97–99 other types of multiconfigurational states can
be described (EOM-SF and EOM-DSF).

Figure 2 clearly distinguishes between three groups of EOM-
CC methods: one in which the principal character of target states
is described by annihilation operators (EOM-IP and EOM-DIP),
one in which the principal character is described by creation oper-
ators (EOM-EA and EOM-DEA), and one in which the principal
character is described by both creation and annihilation operators
(EOM-EE, EOM-SF, and EOM-DSF). For the first group of meth-
ods, FNOs derived from the reference state density matrix should
provide a reasonable recipe for the virtual space truncation, since
the virtual space is primarily responsible for describing correlation
of the target states. However, for the second group, truncation of
the virtual space affects the description of the leading configurations
of the target states, thus suggesting that the FNOs derived from the
reference-state density matrix may not provide an optimal and bal-
anced truncation scheme. The methods from the third group present
an interesting case. Whereas, the quality of the EOM-EE states can
be adversely affected by the virtual space truncation based on the
ground-state correlation (as in the hypothetical example of Rydberg
and valence states discussed above), the quality of the EOM-SF states
should not be compromised by the virtual space truncation based on
the reference-state correlation because the virtual orbitals needed to
describe the target spin-flip states should have the same character
as the occupied orbitals hosting the unpaired electrons in the high-
spin reference. In other words, because the singly occupied orbital
space (see Fig. 1) is well defined by the choice of the high-spin ref-
erence, one can develop an effective truncation scheme of the rest of
the virtual space based on the FNOs defined by the reference-state
density matrix. Here, we develop this idea into a practical algorithm
of virtual space truncation by using the singular value decomposi-
tion (SVD) procedure and illustrate the performance of the result-
ing method by calculations of multiple electronic states and inter-
state properties in selected diradicals and triradicals. We note that
although EOM-SF-CC is a single-reference method and does not
employ active spaces, the singly occupied orbital space defined by
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our procedure is conceptually similar to an active space of strongly
correlated orbitals used within multireference formalisms.67,100,101

The utility of natural orbitals computed for high-spin states in mul-
tireference calculations of ground and low-lying excited states has
been successfully exploited67,68 by Lu and Matsika.

II. THEORY
A. Equation-of-motion coupled-cluster methods

The wave-function in the EOM-CC methods is parameterized
as

∣ΨI⟩ = R̂IeT̂ ∣Φ0⟩, (2)
where T̂ is a coupled-cluster excitation operator, Φ0 is a refer-
ence determinant, and R̂ is an excitation102 (EOM-EE-CCSD), spin-
flip97–99 (EOM-SF-CCSD and EOM-DSF-CCSD), ionization94,95

(EOM-IP-CCSD and EOM-DIP-CCSD), or electron-attachment96

(EOM-EA-CCSD and EOM-DEA-CCSD) operator. EOM ampli-
tudes R are obtained by diagonalization of the similarity-
transformed Hamiltonian H on the basis of the determinants from
the corresponding sector of the Fock space as follows:

H = e−THeT , (3)

HRI = EIRI , (4)

LIH = LIEI . (5)

Because H is non-Hermitian, it has distinct right and left eigenvec-
tors, which can be chosen to form a biorthogonal set as follows:

LIRJ = δIJ . (6)

Once the left and right eigenstates of H are computed, proper-
ties are evaluated as contraction of the corresponding integrals
with appropriate density matrices. Evaluation of the expectation
value of a one-electron operator Â requires one-electron density
matrix γ,

Â =∑
pq
⟨ϕp∣A∣ϕq⟩p†q, (7)

⟨ΨI ∣Â∣ΨJ⟩ =∑
pq
⟨ϕp∣A∣ϕq⟩⟨ΨI ∣p†q∣ΨJ⟩ =∑

pq
⟨ϕp∣A∣ϕq⟩γI→J

pq , (8)

where the labels I and J enumerate electronic states. Because of
the non-Hermitian nature of EOM-CC, I → J and J → I tran-
sition densities are different, resulting in different numerical val-
ues of the AIJ and AJI matrix elements. Geometric102 or arithmetic
average103–105 of the matrix elements can be used to handle this
discrepancy.

When R̂ includes all possible excitations, EOM-CC is equiva-
lent to full configuration interaction (FCI). Practical approximate
methods are based on truncation of R̂ (and T̂) at some excitation
level, i.e., in EOM-SF-CCSD, R̂ is truncated at single and double
excitations,

RSF
=∑

ia
rai a

†i +
1
4∑ijab

rabij a
†b†ji, (9)

where i and a denote occupied and virtual (with respect to Φ0) spin-
orbitals. T̂ is usually truncated at the same excitation level and has
the same general form as Eq. (9), except that T̂ is an MS = 0 operator
(i.e., only the αα and ββ blocks are nonzero in T1), whereas RSF is an
MS = −1 operator (only the αβ block is nonzero in RSF

1 ). The trun-
cation at the level of double excitations results in the N6 scaling of
the method. The approximations used within the EOM-CC frame-
work preserve a number of important properties, such as orbital
invariance with respect to the rotations in the occupied or vir-
tual spaces and size consistency (or size-intesivity). The accuracy of
EOM-SF can be systematically improved (up to the FCI limit) by
including higher excitations. The benchmarks illustrate that even
the lowest-level of EOM-SF methods yield accurate energy gaps
due to the built-in balanced treatment of multiple electronic states.
For example, when applied for calculating singlet and triplet states
in diradicals, EOM-SF-CCSD provides excitation energies with the
error bar of 0.03–0.05 eV;9,106 the benchmark study on dicopper
single-molecule magnets (SMMs)107 have shown that even very
small energy gaps of several hundreds or tens of wave numbers can
be resolved.

B. FNO algorithm for closed- and open-shell
references

The original closed-shell FNO approximation is defined by the
following algorithm:93

1. Start from canonicalized orbitals.
2. Compute MP2 T2 amplitudes.
3. Compute the VV part of the MP2 density matrix for the

reference state, γvv .
4. Diagonalize γvv to obtain NOs, sort them according to their

occupation numbers in the descending order.
5. Freeze the NOs with the lowest occupation numbers according

to a given criterion (either a fixed fraction of the virtual space
or a fraction of the virtual space needed to recover the specified
population threshold93).

6. Semicanonicalize active orbitals (this step is optional; it is
recommended for faster convergence of iterative eigensolvers).

7. Carry out the transformation of the required integral blocks
into the new orbital basis (only the blocks involving virtual
orbitals need to be transformed).

8. Execute CCSD, CCSD(T), EOM-IP-CCSD, EOM-DIP-CCSD,
etc. in the truncated orbital space.

As illustrated below by numerical examples, the application
of this procedure to an open-shell reference results in an erratic
behavior, attributed to an unbalanced truncation of the α and β
virtual orbital spaces. To solve this problem, we developed an algo-
rithm for separating the virtual β space into a subspace match-
ing the orbitals which are singly occupied in the high-spin ref-
erence and the rest. This procedure (which we named OSFNO)
effectively determines the singly occupied subspace and uses the
same strategy as proposed in Ref. 108. We note that the issue
of unbalanced truncation of α and β spaces does not appear
in fully spin-adapted formulations, such as the one used by Lu
and Matsika.67,68

The correspondence between two sets of orbitals can be estab-
lished by means of SVD of the overlap matrix: singular values of one
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reveal the orbitals matching exactly, whereas smaller values corre-
spond to partial overlap and zeros correspond to orthogonal sub-
spaces. Thus, SVD of the overlap between the α occupied and β
virtual orbitals allows us to identify the orbitals from the singly occu-
pied subspace. In all considered systems, two (for triplet references)
or three (for quartet references) singular values of the overlap matrix
are very close to one, clearly identifying the open-shell electrons,
while all other singular values are much smaller.

Assuming that the reference is a high-spin state in which the
number of α electrons is larger than the number of β electrons, the
OSFNO algorithm proceeds as follows:

1. Compute the overlap matrix between the occupied α and
virtual β orbitals: Sαβov = (CMO

α,o )
†SAOCMO

β,v .
2. Perform SVD of the overlap matrix: Sαβov = USVD

α Σ(VSVD
β )

†.
3. Save singular vectors USVD and VSVD.
4. Compute new C-matrices:

CSVD-MO
α,o = CMO

α,o USVD
α ,

CSVD-MO
β,v = CMO

β,v V
SVD
β .

5. Using near-unity singular values as a guide, eliminate open-
shell subspace v and β to form a virtual subspace ṽ from
which the open-shell orbitals are excluded.

6. Compute MP2 T2 amplitudes in the basis of the original MOs.
7. Compute the VV part of the MP2 state density matrix γvv in

the basis of the original MOs.
8. Carry out MO→ AO transformation (without multiplication

by S−1) of γvv , make γAOαα and γAOββ .
9. Extract the singlet density γAO,S

=
1√

2
(γAOαα + γAOββ ).

10. Transform γAO ,S to the new αβ ṽ orbitals:

γṽṽ,S
αβ = C†

α,ṽS
AOγAO,SSAOCβ,ṽ .

11. Perform SVD of γṽṽ,S
αβ .

12. Sort density singular values, freeze αβ pairs according to a
given criterion (the criteria are the same as in the original
FNO scheme93).

13. Semicanonicalize the active orbitals (optional).
14. Transform the required integral blocks to the new orbital

basis.
15. Carry out CCSD and EOM-SF-CCSD in the truncated orbital

space.
Steps 1–5 separate the open-shell space from the rest of the orbitals.
The singlet part of the density is taken because it has the same αα
and ββ parts and it is consistent with the closed-shell case. The
correspondence between the α and β NOs is established through
SVD of the density matrix between the α and β orbitals. The selec-
tion criterion for the αβ pairs is the respective singular values. We
implemented this algorithm in the Q-Chem electronic structure
package.109,110

C. Computational details
We investigated the performance of the FNO approximation

within the EOM-SF-CCSD method for the set of prototypical dirad-
icals and triradicals:

1. Methylene (CH2) and isolectronic species: NH+
2 , SiH2, and

PH+
2 . We used geometries of the 3B1 states from Ref. 111.

Dunning’s cc-pVTZ basis set was used.

FIG. 3. Structures of benzynes and dehydro-meta-xylylenes.

2. Benzynes: ortho-, meta-, and para-benzynes (Fig. 3). We used
geometries of the 3B2 states from Ref. 111 (optimized with NC-
SF-TDDFT/LDA/cc-pVTZ). We used the cc-pVTZ basis set.

3. 2- and 5-dehydro-meta-xylylene (DMX) triradicals (Fig. 3).
The geometries were optimized with the CCSD/cc-pVDZ for
the quartet states and are given in the supplementary material.
Single-point EOM-SF-CCSD calculations were performed
with the cc-pVTZ basis set.

4. Two-center copper SMMs: PATFIA (without ferrocene group,
see Fig. 4), CITLAT, and BISDOW. The geometries (opti-
mized with ωB97X-D/cc-pVTZ for the triplet state) were
taken from Ref. 107. Triplet’s ωB97X-D/cc-pVTZ geome-
try of CUAQAC02 is given in the supplementary material.
The EOM-SF-CCSD calculations of SMMs were carried out
using single precision for CCSD, the intermediates, and EOM
amplitudes,112 and with the Cholesky decomposition of ERIs29

(threshold of 10−2). Most of the EOM-SF-CCSD calculations
were performed with the cc-pVDZ basis set; for PATFIA, one
single point calculation was also evaluated with the cc-pVTZ
basis set.

The reported symmetry labels of the electronic states and MOs
correspond to Mulliken’s convention.113,114

FIG. 4. Structures of SMMs. Color scheme: Bronze (copper), blue (nitrogen), red
(oxygen), gray (carbon), and white (hydrogen).
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TABLE I. Vertical excitation energies relative to the 3B1 state in the methylene series
computed with EOM-SF-CCSD/cc-pVTZ in the full virtual space at the triplet state
geometry. UHF and ROHF references were used.

UHF ROHF

Systems b̃1B1 ã1A1 c̃1A1 b̃1B1 ã1A1 c̃1A1

CH2 1.52 0.94 3.29 1.52 0.94 3.29
NH+

2 1.94 1.82 3.57 1.94 1.82 3.57
SiH2 1.13 −0.42 3.40 1.13 −0.42 3.40
PH+

2 1.27 −0.17 3.72 1.27 −0.18 3.72

To compare the compactness of virtual spaces obtained with
the FNO and OSFNO schemes with the results of spin-adapted
FNO-CISD calculations by Lu and Matsika,67 we considered the
lowest triplet state of formaldehyde at the ground-state CCSD/cc-
pVDZ geometry; the Cartesian coordinates are given in the supple-
mentary material.

Core electrons were frozen in correlated calculations. All calcu-
lations were carried out with the Q-Chem package.109,110

III. RESULTS AND DISCUSSION
Tables I–III summarize relevant energy gaps computed with

EOM-SF-CCSD/cc-pVXZ for the diradicals and triradicals used as a
benchmark in this work. The structures of the molecules are shown
in Figs. 3 and 4. Detailed discussion of their underlying electronic
structure can be found in Refs. 106, 115, 116, and 107. The singlet–
triplet gaps in copper diradicals are given in Table III. For the methy-
lene series, we consider the manifold of all 4 diradical states (2
closed-shell singlets, open-shell singlet, and triplet), whereas for the
rest of the systems we focus on the two lowest states and consider
only the singlet-triplet and doublet-quartet gaps.

A. Analysis of the original FNO approximation
and comparison with OSFNO

As the first example, we consider the methylene diradical.
Direct application of the original FNO scheme to the CCSD

TABLE II. Vertical singlet–triplet and doublet–quartet gaps (eV) computed with EOM-
SF-CCSD/cc-pVTZ in the full virtual space at the triplet/quartet state geometry (nega-
tive sign corresponds to the singlet/doublet ground states) using UHF and unrestricted
Kohn-Sham DFT/PBE reference orbitals.

Reference S T o-C6H3 m-C6H3 p-C6H3
a

UHF 1A1
3B2 −0.99 −0.51 −0.14

PBE 1A1
3B2 −1.00 −0.52 −0.14

Reference D Q 2-DMX 5-DMX

UHF 2B2
4B2 0.45 −0.53

PBE 2B2
4B2 0.42 −0.20

aFor para-benzyne the symmetries of electronic states in the full point-group symmetry
are 1Ag and 3B1u .

TABLE III. Singlet–triplet gaps in SMMs (cm–1) computed with UHF EOM-SF-
CCSD/cc-pVDZ in full virtual spaces (negative sign corresponds to the singlet ground
state).

Molecule ΔE

PATFIA −85
CITLAT 121
CUAQAC02 −191
BISDOW −225

calculation of the high-spin triplet state yields errors of a similar
magnitude as in the closed-shell FNO calculations,93 as illustrated
in Fig. S2 in the supplementary material. However, errors in the
EOM-SF-CCSD energies are considerably larger, as shown in Fig. 5.
Already at a small truncation of the total population (a few per-
cent), the errors reach a magnitude of one electron-volt. Such a rapid
growth of the errors can be explained in terms of contributions of
the physically important orbitals responsible for strong correlation
(i.e., those from the singly occupied subspace) to the frozen virtual
orbital space. The singlet–triplet gap between the two lowest EOM
states also shows large errors (Fig. S3). The origin of the problem-
atic behavior is revealed by the ⟨S2

⟩ calculations: as shown in the top
panel of Fig. 6, the trends in spin contamination of the open-shell
states follow each other in a symmetric manner, suggesting that these
two states are mixed. We rationalize this trend in ⟨S2

⟩ by considering
the following model for open-shell states:

ΨT =
1

√

1 + λ2
(Ψ○T + λΨ○S), (10)

⟨ΨT ∣S
2
∣ΨT⟩ =

2
1 + λ2 , (11)

where T and S denote the triplet and the singlet, respectively. Let
us denote the states computed with the full virtual orbital space
as Ψ○T and Ψ○S and the states computed with the truncated virtual

FIG. 5. Errors in energy differences (ΔΔE, eV) between the four EOM-SF-CCSD
target states (MS = 0 triplet component, open-shell singlet, and two closed-shell
singlets) and the reference high-spin triplet CCSD state of CH2 computed with
cc-pVTZ. Two schemes are shown: the original FNO (dashed lines) and the new
open-shell variant (solid lines). The errors are computed relative to the full spaces
EOM-SF-CCSD values.
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FIG. 6. ⟨S2⟩ for open-shell singlet and triplet states of CH2 obtained by the original
FNO approximation (top) and OSFNO (bottom); EOM-SF-CCSD/cc-pVTZ.

space as ΨT and ΨS. The mixing parameter λ connects ⟨S2
⟩ and the

occupancies of frontier natural orbitals,

nα − nβ =
2λ

1 + λ2 , (12)

(nα − nβ)
2
= −⟨ΨT ∣S

2
∣ΨT⟩

2 + 2⟨ΨT ∣S
2
∣ΨT⟩, (13)

where nα and nβ are the occupancies of the corresponding α and β
frontier natural orbitals of the triplet state. For spin-pure open-shell
states with zero spin projection, nα = nβ. Figure 7 shows (nα−nβ)2 vs

FIG. 7. Analysis of the imbalance between the α and β orbital spaces in the FNO
EOM-SF-CCSD/cc-pVTZ calculation of the Ms = 0 triplet state of CH2, see the text
and Eq. (13).

⟨S2
⟩, both computed for the EOM-SF-CCSD wave-functions of CH2

as a function of the FNO threshold. A close correlation between the
two quantities confirms that the above model of state mixing indeed
captures the essence of the problem.

Because the αα and ββ blocks of the density matrix were
diagonalized separately, there is no guarantee of direct correspon-
dence between the α and β NOs. Moreover, the numerical values
of the α and β occupancies are different. Sometimes, the α and
β orbitals are ordered in a different manner. This introduces an
imbalance between the frozen α and β orbital subspaces, causing spin
contamination.

As described in Section II B, the OSFNO algorithm allows one
to identify the open-shell orbitals and to match the virtual natural
orbitals in a consistent manner, without introducing an imbalance
between the α and β orbital spaces. Consequently, the spin contami-
nation of the resulting states is minimal, as illustrated in the bottom
panel of Fig. 6. The errors in energy gaps are also greatly reduced
(Fig. 5).

We observe consistent robust performance of OSFNO for all
test cases. We note that the orbital space truncation is far less detri-
mental to the CCSD energies than to the EOM-CCSD ones: the
errors in FNO-CCSD relative to the full-space CCSD are always
small and behave smoothly with respect to the truncation threshold.
This observation is consistent with small errors reported by Neese
and co-workers76 for their DLPNO scheme. Consequently, OSFNO
and FNO results for the high-spin triplet reference states are very
similar for all considered systems, as shown in Fig. S2 in the sup-
plementary material. For the target EOM-SF states, OSFNO leads
to consistent improvement over the original FNO scheme: the posi-
tion of the EOM-SF-CCSD states relative to the reference as well
as the energy gaps between the target EOM states are improved
dramatically (Fig. 5, S1, and S3).

Figure 8 compares errors in energy differences between the
four EOM-SF-CCSD target states computed with the same number
of frozen virtual orbitals using the OSFNO scheme and canonical

FIG. 8. Errors in energy differences (ΔΔE, eV) between the four EOM-SF-CCSD
target states (MS = 0 triplet component, open-shell singlet, and two closed-shell
singlets) and the reference high-spin triplet CCSD state of CH2 computed with
cc-pVTZ. Two schemes are compared: OSFNO and freezing the same fraction of
canonical orbitals (canonical freezing, CF).
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Hartree–Fock orbitals. Just as in the closed-shell case,93 OSFNO per-
forms better than freezing the same number of the canonical orbitals.
Interestingly, freezing canonical orbitals leads to erratic behavior
when very small number of orbitals is frozen (∼10%), likely also
because of the mismatch between the canonical α and β virtual
spaces.

Overall, for the methylene-like diradicals, mean errors of
OSFNO for a typical total population of 99% are 0.02–0.03 eV
(130 cm−1 for an open-shell singlet-triplet gap, 200 cm−1 for a gap
between closed-shell singlet and the triplet states).

B. Benzynes
An excellent performance of the SF methods in calculations

of singlet–triplet gaps in benzynes and similar aromatic diradi-
cals and triradicals has been illustrated in several benchmark stud-
ies.9,106,116–121 An important prerequisite for accuracy is using not
too spin-contaminated reference. In the case of large spin contam-
ination of the UHF reference, ROHF orbitals, orbitals optimized
for a correlated ansatz (i.e., approximate Brueckner’s orbitals122),
such as OO-CCD123 or OO-MP2,124,125 or even Kohn-Sham DFT
orbitals126–128 can be used. As shown below, the spin contamina-
tion of the reference state also affects the performance of the OSFNO
approximation.

In the ortho → meta → para-benzyne series, the computed
singlet–triplet energy gaps (−0.99, −0.51, and −0.14 eV) reflect an
increased diradical character. In calculations with the UHF orbitals,
we observe the largest error due to OSFNO in the singlet–triplet gap
for the meta isomer, up to 200 cm−1 at 99% of the total unfrozen
population (Fig. 9, UHF). The large errors for meta-benzyne can
be attributed to the significant spin contamination of the refer-
ence determinant. To mitigate the effect of spin contamination, we
explored using the ROHF orbitals, Kohn-Sham DFT/PBE orbitals,
and OO-MP2 orbitals (computed with the RI approximation for the
MP2 part).

Table IV compares the degree of spin contamination with dif-
ferent orbital choices. For benzynes, PBE and OO-MP2 provide a
comparable reduction of spin contamination of the reference deter-
minant, reducing the error in the singlet–triplet gap at 99% of total
population to 54 and 60 cm−1, respectively. The errors in singlet–
triplet gaps with the ROHF orbitals for meta- and para-isomers
are similar to those with the PBE and OO-MP2 orbitals: 66 and
8 cm−1, respectively. We could not converge a ROHF calculation
for ortho-benzyne.

C. Triradicals
To investigate the applicability of the OSFNO algorithm

beyond diradicals, we considered two isomers of the dehydro-meta-
xylylene (DMX) triradicals117,129, 2- and 5-DMX. Previous stud-
ies117,129 have shown that the ground state of 2-DMX is quartet
4B2 and the ground state of 5-DMX is doublet 2B2. The computed
doublet–quartet energy gaps are: 0.45 and −0.53 eV for 2-DMX and
5-DMX, respectively. Figure 10 shows the errors in doublet–quartet
gaps in 2- and 5-DMX. As in the case of benzynes, the UHF refer-
ence determinant of DMX is significantly spin-contaminated: ⟨S2

⟩ is
4.45 for 2-DMX and 4.29 for 5-DMX. The spin contamination of the
reference determinant is eliminated almost entirely using the PBE

FIG. 9. Errors in singlet–triplet energy gaps for ortho-, meta-, and para-benzynes
computed with EOM-SF-CCSD/cc-pVTZ and different orbitals (ROHF, UHF, PBE,
and OO-MP2).
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TABLE IV. ⟨S2⟩ values of the reference determinant for different orbital choices in
benzynes; the cc-pVTZ basis set.

Isomer UHF PBE OO-MP2

Ortho 2.206 2.007 2.011
Meta 2.681 2.015 2.025
Para 2.022 2.007 2.010

orbitals, which also significantly reduces the errors of OSFNO for
doublet–quartet gaps.

D. Dicopper SMMs
The lowest singlet and triplet states in the dicopper SMMs have

nearly perfect diradical character.107,116 The interaction between
the two radical centers is rather weak, owing to the large spa-
tial separation between them and a relatively compact size of the
d-orbitals. Consequently, the dynamic correlation in the singlet
and triplet states is very similar, leading to rather small errors
in the OSFNO calculations of the singlet–triplet gaps not exceed-
ing 18 cm−1 (Fig. 11). Encouraged by small errors introduced by
OSFNO, we carried out the EOM-SF-CCSD calculation for PAT-
FIA with cc-pVTZ (1038 orbitals in total). Using the threshold, 99%
of total population corresponds to freezing 429 virtual orbitals. The
resulting exchange constant differs by less than 1 cm−1 from the
cc-pVDZ result, thus validating the computational protocol used in
Ref. 107.

E. Properties
To benchmark OSFNO beyond energy gaps, we computed

spin–orbit coupling constants (SOCC) in the methylene series
between the triplet and closed-shell EOM-SF states within mean-
field spin-orbit approximation using the algorithm described in

FIG. 10. Errors in doublet–quartet gaps in the two DMX triradicals computed with
cc-pVTZ.

FIG. 11. Errors in the singlet–triplet gaps in selected SMMs calculated with
cc-pVDZ.

TABLE V. Spin–orbit coupling constants (cm–1) in selected diradicals, computed with
EOM-SF-CCSD/cc-pVTZ in the full virtual orbital space. Couplings of the triplet and
two states of closed-shell character are shown.

System 3B1/ã1A1
3B1/c̃1A1

CH2 10.9 20.7
SiH2 56.7 86.0
NH+

2 18.3 68.4
PH+

2 119.9 175.6

Ref. 105. The results are collected in Table V and shown graphi-
caly in Fig. 12. In all cases, we observed that the errors in SOCC
due to OSFNO are less than 2.5 cm−1, which is comparable with
the accuracy of the mean-field approximation. The good perfor-
mance of OSFNO for properties indicates that the truncation does
not compromise the quality of the wave-functions.

F. Compactness of the OSFNO truncated virtual space
We conclude by comparing the compactness of the truncated

virtual space obtained with the OSFNO and FNO schemes. Table VI
shows the number of frozen orbitals in the calculation of the lowest
triplet state of formaldehyde for the population threshold of 99%.
The OSFNO leads to smaller numbers of frozen orbitals than FNO.

FIG. 12. Errors in spin–orbit coupling constant for transitions between triplet and
two closed-shell singlet states of XH2, EOM-SF-CCSD/cc-pVTZ.
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TABLE VI. The number of frozen orbitals in different FNO approaches for the lowest
triplet state of formaldehyde. The same freezing criterion was applied: occupation
truncation threshold preserving 99% of virtual space population.

Basis FNO-CISDa FNO OSFNO

cc-pVDZ 4 6 5
cc-pVTZ 30 32 30
cc-pVQZ 97 96 92

aFrom Ref. 67.

However, the differences between the two schemes are very small
and the overall compactness of the resulting active virtual spaces is
similar. We also compare our results with the FNO-CISD results of
Lu and Matsika obtained within the spin-adapted framework and
observe similar behavior.

IV. CONCLUSION
Using natural orbitals computed as the eigenstates of the

virtual–virtual block of the state density matrix instead of the canon-
ical Hartree–Fock molecular orbitals results in smaller errors when
the same fraction of virtual orbitals is frozen.93 Moreover, the errors
due to the virtual space truncation decrease monotonically when the
FNO scheme is used. However, the direct application of the FNO
strategy to open-shell references, as needed in EOM-SF calculations,
leads to much larger errors than in the case of closed-shell refer-
ences. We analyzed the applicability of the FNO approximation for
open-shell CCSD and investigated the reasons for its breakdown in
open-shell systems within the EOM-SF-CCSD framework. The main
cause of the breakdown is the mismatch between the α and β FNOs
and the consequent imbalance between the α and β active orbital
spaces. A similar mismatch happens when canonical Hartree–Fock
orbitals are frozen, leading to large errors in the computed ener-
gies. To address these issues, we developed a new scheme, called
OSFNO. Benchmark calculations illustrated that OSFNO delivers
robust performance, similarly to the original FNO scheme in the
case of closed-shell references. A typical OSFNO population cut-
off of 99% leads to the errors in singlet–triplet gaps of 130 cm−1

for same-center diradicals, ∼10–60 cm−1 for benzynes, 20–50 cm−1

for dehydro-meta-xylylenes, and <18 cm−1 for dicopper SMMs. For
SMMs, this approach reduces the virtual space by ∼22% for cc-
pVDZ and by ∼46% for cc-pVTZ. Using OSFNO has enabled the
EOM-SF-CCSD calculations with more than 1000 basis functions on
a single node. Finally, this approximation has a negligible impact on
the spin–orbit coupling constants, enabling calculations of magnetic
properties in large systems.

SUPPLEMENTARY MATERIAL

See the supplementary material for mean errors and standard
deviations, relevant Cartesian coordinates.
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