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ABSTRACT

We report a production-level implementation of the equation-of-motion (EOM) coupled-cluster (CC) method with double electron-attaching
(DEA) EOM operators of 2p and 3p1h types, EOM-DEA-CCSD. This ansatz, suitable for treating electronic structure patterns that can
be described as two-electrons-in-many orbitals, represents a useful addition to the EOM-CC family of methods. We analyze the performance of EOM-DEA-CCSD for energy differences and molecular properties. By considering reduced quantities, such as state and transition one-particle density matrices, we compare EOM-DEA-CCSD wave functions with wave functions computed by other EOM-CCSD
methods. The benchmarks illustrate that EOM-DEA-CCSD is capable of treating diradicals, bond-breaking, and some types of conical
intersections.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0041822., s

I. INTRODUCTION
The robust black-box treatment of open-shell and electronically excited species remains elusive, despite the progress in our
understanding of electron correlation and advances in algorithms
and computer hardware. The essential challenge in designing a general strategy is a great diversity of open-shell patterns, the same
trait that is responsible for chemical versatility of transition metals,
multiple roles of reaction intermediates, and vast variety of photoinduced reactions. The great variety of open-shell patterns can
be adequately captured, in general, by only the exact treatment, full
configuration interaction (FCI). More compact formulations rely on
specific approximations, which are grounded in concrete physics
and, therefore, have a limited scope of applicability. Nevertheless,
quantum chemistry has developed several uniform and well-defined
approaches for treating broad classes of electronic structure.
The coupled-cluster (CC) hierarchy of approximations1,2 provides the best set of tools for ground states of molecules with
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moderate non-dynamical correlation, such as closed-shell molecules
with large spectral gaps or simple open-shell species (i.e., such as
high-spin states with the maximal spin projection). If the wave function is well described by a single Slater determinant, then CC methods account for dynamical correlation with an impressive accuracy
achieved already at low rungs of many-body treatments.3,4
Equation-of-motion coupled-cluster (EOM-CC) theory5–15
provides an extension of CC theory to open-shell species and electronically excited states. EOM-CC theory is not a single method;
rather, it is a general framework. Using the Fock-space formalism,
it provides a strategy for describing different classes of electronic
structure in an efficient and robust manner. Different variants of
EOM-CC provide access to different types of target electronic states,
such as electronically excited, electron attached, or ionized states. It
is important to note that the description of the target states relates to
electronic structure patterns and not to a particular phenomenon
or experiment. For example, in the EOM terminology, electronattached states refer to the states that can be described as the result
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of adding an electron to a closed-shell reference and not to the states
produced by actual attachment of an electron to a molecule.
In this contribution, we focus on a variant of the EOMCC targeting electronic structure that can be described as a twoelectrons-in-many-orbitals pattern, as observed in diradicals and
molecules with small spectral gaps (often colloquially referred to
as HOMO–LUMO gaps). This approach, which was introduced16
by Nooijen and Bartlett for similarity transformed EOM in 1997,
was later further developed17,18 and used in several illustrative calculations.18–21 However, its full potential has not been appreciated
by the computational chemistry community. Here, we report an
efficient implementation, including energies and properties, and
illustrate the capabilities of this method by a broad set of examples. The examples highlight the ability of EOM-CC to treat a variety of situations, often described as “multi-reference,” in an efficient and robust single-reference framework.12,14,18,22 In particular,
we show that EOM-DEA is a useful tool for treating diradicals,
doubly excited states, bond-breaking, and some types of conical
intersections.
II. THEORY
The EOM-CC wave function is expressed as
∣Ψ⟩ = ReT ∣Φ0⟩,

(1)

where the linear operator R acts on the reference CC wave function,
eT |Φ0 ⟩. The operator T is an excitation operator satisfying the CC
equations for the reference state,
–
⟨Φμ ∣H∣Φ0 ⟩ = 0,
(2)
–
where H = e−T HeT and Φμ are the μ-tuply excited determinants
with respect to the reference determinant Φ0 . In EOM-CCSD, the
CC operator is truncated as3
T ≈ T1 + T2 ,

(3)

where T 1 and T 2 are spin- and particle-conserving single and double
excitation operators of one-hole-one-particle (1h1p) and two-holestwo-particles (2h2p) types,
T1 = ∑ tia a† i,
ia

T2 =

1
ab † †
∑ tij a b ji,
4 ijab

(4)

and the truncation of R is done in a consistent manner. Here and
below, p† and q are electron creation and annihilation operators
corresponding to orbitals ϕp and ϕq (following the standard convention, indices i, j, k, . . . denote orbitals occupied in Φ0 , a, b, c,
. . . denote virtual orbitals, and p, q, r, . . . denote orbitals from both
subspaces).
Different variants12–14 of EOM-CC are defined by different
choices of the reference state and the type of EOM operators R, as
illustrated in Fig. 1. The focus of this work is on EOM-DEA.17,18,21,24
In this method, the operators R1 and R2 are of 2p and 1h3p types,
1
R1 = ∑ rab a† b† ,
2 ab
1
R2 = ∑ riabc a† b† c† i.
6 iabc

J. Chem. Phys. 154, 114115 (2021); doi: 10.1063/5.0041822
Published under license by AIP Publishing

FIG. 1. Different types of target states can be accessed by a different combination of the reference state and EOM operators. Reproduced with permission from
D. Casanova and A. I. Krylov, Phys. Chem. Chem. Phys. 22, 4326–4342 (2020).
Copyright 2020 Royal Society of Chemistry (Great Britain).

The EOM amplitudes and the corresponding energies are found by
diagonalizing the matrix of the similarity transformed Hamiltonian,
–
H, in the basis of determinants generated by the EOM operators R
–
acting on the reference Φ0 . Since H is a non-Hermitian operator, its
left and right eigenstates are not Hermitian conjugates but form a
biorthonormal set,
–
HR∣Φ0⟩ = ER∣Φ0⟩,
(5)
–
⟨Φ0 ∣LH = ⟨Φ0 ∣LE,
(6)
⟨Φ0 ∣LM RN ∣Φ0 ⟩ = δMN ,

(7)

where M and N denote the Mth and Nth EOM states and
L = L1 + L2 =

1
1
ab
abc †
∑ l ba + ∑ li i cba.
2 ab
6 iabc

(8)

For energy calculations, right eigenstates are sufficient, but for
property calculations, both left and right eigenstates need to be
computed.
The left and right amplitudes are found by diagonalizing the
–
corresponding matrix representation of H. For example, an EOMEE-CCSD calculation entails the diagonalization of the effective
–
Hamiltonian H in the basis of the reference and singly and dou–
bly excited determinants, in an EOM-DEA-CCSD calculation, H is
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diagonalized in the basis of 2p and 1h3p determinants, and so on.
Schematically, this can be written in the matrix form as
–
H SS − Ecc
( –
H DS

–
H SD

R1
R1
)( ) = ω( )
–
R2
H DD − Ecc R2

(9)

and

(L1

–
H SS − Ecc
L2 )( –
H DS

–
H SD

) = ω(L1
–
H DD − Ecc

L2 ),

(10)

where ω is the energy difference with respect to the reference
coupled-cluster state with energy Ecc . Note that the structure of
the effective Hamiltonian ensures size-intensivity, but not sizeextensivity.25 In practice, Eqs. (9) and (10) are solved iteratively
using a generalization of Davidson’s diagonalization procedure. This
procedure requires calculation of the Hamiltonian acting on trial
vectors; the relevant expressions are given in the Appendix.
When a spin-pure closed-shell reference is used, the coupledcluster amplitudes T are naturally spin-adapted, and consequently,
–
diagonalization of H yields spin-pure states without any constraints. Hence, EOM-EE/IP/EA/SF/DEA-CCSD yields naturally
spin-adapted states when using closed-shell references. In contrast,
CCSD wave-functions for open-shell references are not spin-pure,
unless explicit spin-adaptation26–29 is enforced (in most cases, spincontamination is rather minor).30–33 Hence, in such calculations,
e.g., EOM-SF-CCSD with triplet or quartet references, the target
states are not spin-pure and spin-contamination should be monitored.15
The scaling of the EOM part in the standard EOM-DEACCSD implementation is N 6 (O1 V 5 ), to be compared with O2 V 4
in EOM-EE/SF-CCSD, O3 V 2 in EOM-IP-CCSD, O4 V 2 in EOMDIP-CCSD, and O1 V 4 in EOM-EA-CCSD. The EOM-DEA-CCSD
scaling is determined by the contraction between the transformed
5
two-electron integral and R2 or L2 vectors (∑de Iabde
ricde and
ade 5
∑de li Idebc ) entering the calculation of the doubles–doubles block
(see Table XVIII). The storage requirements of the standard implementation reported here are roughly similar to those of EOM-EECCSD. The size of the EOM vectors is larger (OV 3 in EOM-DEACCSD vs O2 V 2 in EOM-EE-CCSD), but fewer intermediates are
used: e.g., I 2 , I 4 , and I 6 intermediates11,34 are dropped, but the
largest ones, I 7 and I 5 , are still needed (see Table XIX). As in the
case of other EOM-CCSD models, the storage and memory footprint of EOM-DEA-CCSD can be significantly reduced by using
resolution-of-identity or Cholesky decomposition of the electronrepulsion integrals and avoiding explicit calculation and storage of
the intermediates.34,35
To analyze EOM-CCSD wave functions, we employ reduced
quantities such as state and transition one-particle density matrices. These objects are related to concrete physical observables36 and,
therefore, provide insight into the underlying electronic structure
and facilitate comparison between different methods.37 They also
provide a way to derive a molecular orbital picture36 of many-body
wave functions by using concepts such as natural orbitals (NOs) and
natural transition orbitals (NTOs).
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The NOs38 provide a compact one-particle representation of
many-electron wave functions. They are defined as eigenstates of
one-particle (state) density matrices (1PDMs). In the second quantization formalism, the 1PDM (γI ) for the ΨI state is defined as
γIpq = ⟨ΨI ∣p† q∣ΨI ⟩.

(11)

The eigenvalues of 1PDM are called occupation numbers (ni ); they
range from 0 to 1 and add up to the total number of the electrons.
1PDMs contain all information necessary to compute expectation
values of any one-particle operator Ô1 , e.g., dipole moment (μ̂), centroids (X̂, Ŷ, Ẑ), and second moments (X̂ X̂, X̂ Ŷ, . . .) of the electron
density,
⟨ΨI ∣Ô1 ∣ΨI ⟩ = ∑ γIpq ⟨ϕp ∣Ô1 ∣ϕq ⟩.

(12)

pq

1PDMs can be also used to extract quantities that are not related
to physical observables but provide insight into the electronic structure, such as the number of effectively unpaired electrons.39–41 Here,
we use the nu, nl index, proposed by Head-Gordon,40 which can
be used to quantify a polyradical character associated with a given
electronic state,
nu,nl = ∑ n̄i 2 (2 − n̄i )2 ,

(13)

i

where n̄i are spin-averaged occupation numbers. As one can see,
only the orbitals with large fractional occupations contribute to nu, nl ,
whereas the contributions of orbitals with ni ≈ 0 or ni ≈ 2 are
suppressed.
Similarly, one can define the one-particle transition density
matrix37,42–46 (1PTDM) between two many-electron wave functions
ΨI and ΨJ ,
γIJpq = ⟨ΨI ∣p† q∣ΨJ ⟩.

(14)

1PTDM can be used to compute one-electron transition properties
such as oscillator strengths, transition dipole moments, and non48,49
adiabatic47 and
The norm of γIJ
√ mean-field spin–orbit couplings.

[defined as ∑pq (γIJpq )2 ] provides a measure of one-electron character of the transition (e.g., ∥γ∥ = 1 for transitions between Φ0 and a
CIS excited state). The 1PTDM provides a compact representation of
the difference between the two states in terms of hole–particle excitations. Singular-value decomposition of γIJ yields a set of left and
right eigenvectors,
γIJ = UΣV T ,

(15)

which define hole (ψKh ) and particle (ψKe ) orbitals corresponding to a
singular value σ K (elements of the diagonal matrix Σ),
ψKh = ∑ UqK ϕq ,

(16)

q

ψKe = ∑ VqK ϕq .

(17)

q

Such pairs of hole and particle orbitals are called NTOs. Usually,
only a small number of singular values are significant. To quantify
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the collectivity of excitation (i.e., how many NTO pairs are needed
to describe the transition), we use the participation ratio defined as
2

PRNTO =

(∑i σi2 )
∥γ∥4
=
,
∑i σi4
∑i σi4

(18)

where the sum runs over all singular values. For example, for a CIS
wave function with N non-zero equal-magnitude amplitudes ( √1N ),
PRNTO = N. The participation ratio is closely related to the number
of entangled states, an alternative metric50 also defined on the basis
of the 1PTDMs,
ZHE = 2SHE = 1/ ∏ λλi i ,

(19)

i

where λi = σi2 /∥γ∥ are squares renormalized singular values of
1PTDM (i.e., weights of respective NTO pairs) and SHE is the
hole–electron entanglement entropy,
SHE = − ∑ λi log2 λi .

(20)

i

To properly account for spin entanglement in spin-adapted basis,
we use the extensivity of entropy, i.e., the total SHE is the sum of the
αα and ββ parts of the transition. Therefore, one needs to add SHE
from the αα and ββ spin-sectors to obtain total SHE . If spin-averaged
1PTDMs are used (as is in Q-Chem/libwfa implementation51 ), then
SHE should be computed as
SHE = −2 × ∑
i

λi
λi
log2 ,
2
2

(21)

where λi are renormalized singular values from the spin-averaged
1PTDM. PRNTO ’s computed from spin-averaged 1PTDM can be
interpreted as the number of contributing configurational state
functions; to convert them to the number of contributing Slater
determinants, one should multiply the spin-averaged values by 2.
Somewhat less intuitive than PRNTO ’s, ZHE ’s also report on both
spin and spatial entanglement. For the case when all weights are
equal, ZHE and PRNTO values are identical. For example, an excited
state produced by an excitation of a single unpaired electron (as
in the hydrogen atom) has ZHE = 1 (no entanglement), whereas a
singlet excited state corresponding to an excitation between a single pair of orbitals (such as a HOMO–LUMO excitation in H2 ) has
ZHE = 2 (two entangled states due to spin coupling), for a wavefunction with 4 equal amplitudes, ZHE = 4.0, and so on. ZHE ’s also
reflect the entanglement (i.e., correlation) in the states involved in
the transition:52 an excited state in a bichromophoric system (two
H2 molecules far apart) can have maximum ZHE = 4. As was pointed
in Ref. 52, an excited state in a stretched H2 also has ZHE = 4, reflecting the entanglement between local excitations of the two separated
but entangled moieties.
Note that the NTOs and the respective exciton descriptors provide convenient tools to analyze the transitions between states36,37,53
as long as they have predominantly one-electron character (i.e.,
when ∥γ∥ ≈ 1).
III. RESULTS AND DISCUSSION
We implemented EOM-DEA-CCSD energy and properties calculations in the ccman2 suite of the Q-Chem electronic structure
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package. Programmable expressions for right and left σ-vectors,
the intermediates, and density matrices are given in the appendix
(Tables XVIII–XX). For benchmark purposes, we compare EOMDEA-CCSD results with higher-level methods (up to FCI) and,
in selected cases, with experiments. When appropriate, we also
compare EOM-DEA-CCSD with other EOM models. For singly
excited states, EOM-DEA-CCSD is expected to be comparable to
EOM-EE-CCSD. EOM-EE-CCSDT and EOM-CC3 provide highly
accurate results for singly and doubly excited states.54–57 For
diradicals, EOM-DEA-CCSD is expected to be comparable to
EOM-SF-CCSD
or
EOM-SF-OOCCD
(optimized-orbitals
coupled-cluster doubles58 ); in this case, EOM-SF-CCSD with triples
corrections, (dT) or (fT), provides sub-kcal/mol accuracy for energy
differences.59 For selected cases, we also compare against multireference configuration interaction (MR-CI).
To illustrate the scope of applicability of EOM-DEA-CCSD, we
consider the following examples:
● Low-lying states in molecules with diradical character:11,59–61
CH2 , benzynes, and cyclobutadiene. For these systems,
we compare EOM-DEA with EOM-SF. We consider both
energy differences and properties. For the diradical manifold
(such as low-lying singlets and triplets), we anticipate similar performance; however, EOM-DEA can also access higher
excited states, as was illustrated in recent studies of Rydberg
diradicals.52,62
● Ground and excited states of ozone. This example illustrates
both the advantages and the limitations of the EOM-DEA
ansatz. Depending on the chosen reference state, different
target manifolds are accessible by EOM-DEA.
● Ground and excited states of ethylene at the equilibrium
geometry and along the torsional coordinate. This example
illustrates (π) bond-breaking and the ability of EOM-DEA
to treat doubly excited states.
● Excited states of butadiene. This example illustrates the
extent of doubly excited character in the lowest dark state
in polyenes.
● To assess the ability of EOM-DEA to treat conical intersections, we consider a well-studied retinal example63–65 and
HeH2 .
● Excited states in small molecules (water and ammonia),
where we compare EOM-DEA with EOM-EE and other
methods (including FCI). Similar to the ozone case, these
examples illustrate that states that are dominated by excitations from HOMO are described well by EOM-DEA, but
states derived by excitations from lower orbitals are not.
Section III A provides computational details for each example.
A. Computational details
All EOM-CCSD calculations were performed using the QChem electronic structure program.66,67 The reported symmetry
labels of electronic states and MOs correspond to Mulliken’s convention,68 which differs from the standard molecular orientation
used in Q-Chem (hence, some state labels had to be changed).
The EOM-CCSDT calculations were performed with CFOUR69 and
the EOM-CC3 calculations with eT.70,71 For HeH2 , EOM-EE-CCSD
calculations were performed with eT and FCI calculations with
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DALTON.72 In EOM-DEA-CCSD calculations, we use default N2 electron references. To investigate effects of orbital relaxation, we
also carried out calculations with orbitals computed for N-electron
states. In cases when different orbitals were used, the charge of
the reference state is indicated as follows: “EOM-DEA-CCSD/+X,”
where “+X” denotes the charge of the Hartree–Fock determinant
defining the orbitals used in the EOM-CC calculations.
Methylene calculations were performed using the equilibrium
geometries and TZ2P basis set from Ref. 73. Pure angular momentum polarization functions were employed. In CCSD and EOM calculations, all orbitals were active. Note that the reference FCI energies73 were computed with one frozen core and one frozen virtual
orbital.
Cyclobutadiene calculations were performed using the same
equilibrium geometries as in Ref. 11. All calculations were performed with the cc-pVTZ basis set. Pure angular momentum polarization functions were employed; all orbitals were active.
Calculations of benzynes were performed using the same equilibrium geometries as in Ref. 74 and with the cc-pVTZ basis set.
Pure angular momentum polarization functions were employed; all
orbitals were active.
Butadiene calculations were performed using the geometries
from Ref. 75. Pure angular momentum polarization functions were
employed; core orbitals were frozen.
Ethylene calculations were performed using the geometries
from Ref. 76 (rCC = 1.330 Å, rCH = 1.076 Å, and θHCH = 116○ ; the
torsion profile was computed by varying the torsional angle and
keeping the rest of the structural parameters frozen at their equilibrium values). Cartesian polarization functions were employed; core
electrons were frozen.
Ozone calculations were performed using the geometries from
Ref. 77. Pure angular momentum functions were employed. Core
electrons were frozen.
Water and ammonia calculations were performed using the
geometries from Ref. 78. Pure angular momentum functions were
employed; core electrons were frozen.
Retinal chromophore calculations were performed using the
geometries from Ref. 63. Cartesian polarization functions were
employed; all electrons were active.
HeH2 calculations are performed using pure angular momentum functions; all electrons were active.
Computation of ZHE requires additional clarification. When
using restricted Hartree–Fock references, the Q-Chem/libwfa printout of renormalized entanglement entropy (SRHF
HE ) for the transition
should be used to compute full SHE as follows:
SHE = SRHF
HE + 1,

(22)

which follows from Eq. (21). When using unrestricted Hartree–Fock
references, SHE should be computed using Eq. (20) and taking care
of proper normalization of the two spin-blocks. This leads to the
following expression for SHE :

scitation.org/journal/jcp

where
fα/β ≡

∥γα/β ∥2
.
∥γαα ∥2 + ∥γββ ∥2

(24)

Then, ZHE is computed as 2SHE . Note that libwfa prints squares of
singular values (σK2 ).
B. CH2
Methylene is an example of a simple diradical with a triplet
ground state. Its low-lying electronic states are derived by distributing two electrons over two frontier orbitals (pz and sp2 -hybridized
orbitals of carbon). Table I shows the total energy for the X̃ 3 B1
state (high-spin) and adiabatic excitation energies for the ã1 A1 , b̃1 B1 ,
and b̃1 B1 states computed with EOM-DEA-CCSD and several other
methods.
As expected, Hartree–Fock calculations overestimate the
singlet–triplet gap because of an unbalanced description of the singlet state (which needs more correlation because of the diradical
character) and the triplet state (which is well described by the single
determinant). However, the diradical character in the lowest singlet state is modest (nu, nl < 0.1) so that ΔCCSD calculation yields a
reasonable gap, which is further improved by including triples corrections. However, CCSD and CCSD(T) cannot be used to describe
the open-shell singlet state, b̃1 B1 ; they also yield large errors for the
energy gap between the two closed-shell singlet states.
We note that the EOM-EE-CCSD calculation (performed using
a closed-shell reference) yields a better value of the singlet-triplet
gap than ΔCCSD because of a more balanced description of the two
states. Another advantage of the EOM-CC ansatz is that it yields not
just the lowest triplet, but also two other singlet states. The energy of

TABLE I. Total energies (hartree) for the ground X̃ 3 B1 state of CH2 and adiabatic
excitation energies (eV) for the three lowest singlet states.a ZPE not included; TZ2P
basis set.

Method
HFb
CCSDb
CCSD(T)b
EOM-EE-CCSDb
SF-CISb
SF-CIS(D)b
EOM-SF-OOCCDb
EOM-SF-CCSD/UHFc
EOM-SF-CCSD(fT)/UHFc
EOM-SF-CCSD(dT)/UHFc
EOM-DEA-CCSDd
FCIe

X̃ 3 B1

ã1 A1

−38.937 956
−39.080 919
−39.083 856
−39.080 66
−38.932 54
−39.055 86
−39.080 45
−39.080 453
−39.081 84
−39.082 17
−39.069 681

1.236
0.545
0.505
0.538
0.883
0.613
0.514
0.517
0.500
0.496
0.481
0.483

b̃1 B1

c̃1 A1

1.566
1.875
1.646
1.564
1.565
1.552
1.548
1.461
1.542

2.772
2.054
1.907
3.843
3.599
2.953
2.715
2.718
2.688
2.678
2.518
2.674

a

ββ

SHE = Sαα
HE + SHE
ββ

= fα Sαα
UHF − fα log2 fα + fβ SUHF − fβ log2 fβ
ββ

= fα Sαα
UHF + fβ SUHF − (fα log2 fα + fβ log2 fβ ),

J. Chem. Phys. 154, 114115 (2021); doi: 10.1063/5.0041822
Published under license by AIP Publishing

(23)

MR-CISD/TZ2P optimized geometries. All electrons were active in CC/EOM-CC
calculations.
b
From Ref. 60 (EOM-EE-CCSD values computed using closed-shell singlet reference).
c
From Ref. 59.
d
This work.
e
From Ref. 73; one frozen core and one frozen virtual orbital.
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the open-shell singlet, b̃1 B1 , is reproduced well by EOM-EE-CCSD,
but the error for the c̃1 A1 state is off by ∼1 eV because of its doubly
excited character. As one can see, the EOM-SF-CCSD and EOMSF-OOCCD ansätze yield excellent values for all three gaps (within
0.03 eV from FCI), and the inclusion of triples correction reduces the
errors relative to FCI to the 0.01 eV range. The EOM-DEA-CCSD
performs similarly to EOM-SF-CCSD, but the errors are slightly
larger (0.002, 0.081, and 0.156 eV). This slightly deteriorated performance can be attributed to orbital relaxation effects—the EOM-SF
calculation uses the triplet-state orbitals, which are nearly optimal
for all four states from the diradical manifold, whereas EOM-DEACCSD uses dicationic orbitals. Consequently, the R2 operator in the
EOM-SF-CCSD ansatz can be fully employed to describe the differential correlation of the EOM states, whereas in EOM-DEA-CCSD,
R2 needs to deal with both correlation and orbital relaxation effects.
Table II compares EOM-SF-CCSD and EOM-DEA-CCSD
wave functions. We observe small but noticeable differences in permanent dipole moments and the size of electron density distribution.
The EOM-DEA-CCSD ⟨R2 ⟩ values, which quantify the size of the
electron density, appear to be somewhat smaller than the EOM-SFCCSD ones, which is consistent with using more compact dicationic
orbitals. The diradical character, as quantified by nu, nl , is nearly the
same: for the lowest singlet state, it is 0.06 for the EOM-EE-CCSD
and 0.07 for EOM-DEA-CCSD; for the triplet state, both methods
yield 2.00; and for the c̃1 A1 state both methods yield 1.96.
Overall, despite slightly larger errors in energy gaps than in
EOM-SF-CCSD, EOM-DEA-CCSD performs rather well and is
free from spin-contamination, as it relies on the closed-shell reference. We anticipate that performance of EOM-DEA-CCSD can be
brought up to the sub-kcal/mol range by perturbative account of
higher excitations (i.e., 2h4p).
In addition, EOM-DEA-CCSD can describe higher excited
states, which are not accessible by EOM-SF-CCSD, as was illustrated in recent studies of Rydberg diradicals,52,62 a class of molecules
in which the two unpaired electrons reside in two diffuse orbitals.
These exotic species came into a spotlight due to their potential
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TABLE III. Adiabatic singlet-triplet gaps (eV) in benzynes (no ZPE); cc-pVTZ basis
set.

Method

o-benzyne

m-benzyne

p-benzyne

EOM-SF-CCSDa
EOM-SF-CCSD(fT)a
EOM-SF-CCSD(dT)a
EOM-DEA-CCSDb
ΔZPEd
Expt.–ΔZPE

1.578
1.615
1.619
1.625c
−0.028
1.656

0.782
0.875
0.892
0.799
0.043
0.868

0.147
0.169
0.172
0.145
0.021
0.144

a

From Ref. 59.
This work.
c
From Refs. 85 and 86.
d
From Ref. 60.
b

utility in quantum information science.52,62,79 In the context of
laser cooling, which is an essential step in utilizing these molecules
in quantum information applications, one needs to describe not
only the low-lying diradical states (as those discussed above), but
also higher excited states (excitations from HOMO to higherlying orbitals) through which optical cycling is carried out. Hence,
EOM-DEA-CCSD offers an advantage over EOM-SF-CCSD.
C. Benzynes
Benzynes, σσ aromatic diradicals, are popular benchmark systems for theory,59,60,80–84 owing to the availability of the high-quality
experimental data.85,86 Table III shows adiabatic singlet-triplet gaps
in ortho-, meta-, and para-benzynes; the frontier NOs and their
occupations are shown in Fig. 2. The results follow an anticipated
trend: as the distance between the diradical centers increases, the
gap shrinks and the diradical character increases, as evidenced by
the occupations of the two frontier NOs in the ground singlet state.
Table IV compares the diradical character (as characterized by the
Head-Gordon index) of the singlet and triplet states computed using
EOM-DEA-CCSD and EOM-SF-CCSD wave functions. As in the

TABLE II. One-electron propertiesa for the lowest electronic states of CH2 computed
using EOM-SF-CCSD and EOM-DEA-CCSD wave functions; aug-cc-pVTZ basis set.

State

μ (a.u.)

R2 (a.u.)

nu, nl

0.239
0.692
0.275
0.099

24.24
25.07
24.84
25.41

2.00
0.07
2.00
1.96

0.327
0.773
0.327
0.105

23.96
24.84
24.67
24.74

2.00
0.06
2.00
1.96

EOM-SF-CCSD
X̃ 3 B1
ã1 A1
b̃1 B1
c̃1 A1
EOM-DEA-CCSD
X̃ 3 B1
ã1 A1
b̃1 B1
c̃1 A1
a

μ = dipole moment, R2 = ⟨Xˆ2 ⟩ + ⟨Yˆ2 ⟩ + ⟨Zˆ2 ⟩, and nu, nl = Head-Gordon index.
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FIG. 2. Benzynes. Frontier NOs and their occupation numbers in the lowest singlet
and triplet states (triplet-state occupations are given in parenthesis) computed for
the EOM-SF-CCSD (black) and EOM-DEA-CCSD (red) wave functions using the
cc-pVTZ basis set.
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TABLE IV. Head-Gordon index (nu,nl ) for the lowest singlet and triplet states in
benzynes computed using the EOM-DEA-CCSD and EOM-SF-CCSD (numbers in
parenthesis) wave functions; cc-pVTZ basis set.

TABLE V. Total energies (hartree) of the ground state X 1 Ag of cyclobutadiene and
vertical excitation energies (eV) at the X 1 Ag equilibrium geometry (D2h symmetry,
four frozen core orbitals); cc-pVTZ basis set.

System

Method

o-benzyne
m-benzyne
p-benzyne

Singlet

Triplet

0.11 (0.16)
0.26 (0.26)
1.43 (1.45)

2.00 (2.00)
2.00 (2.00)
2.00 (2.00)

methylene example, both EOM-SF-CCSD and EOM-DEA-CCSD
yield accurate gaps for all three isomers. The differences between
the two methods do not exceed 0.05 eV. The character of the wave
functions, e.g., as illustrated by the number of effectively unpaired
electrons, is also very similar.
D. Cyclobutadiene
23

Cyclobutadiene is a popular benchmark system. At square
(D4h ) structures, symmetry requires that the two frontier orbitals
be exactly degenerate, giving rise to a perfect diradical pattern,
whereas symmetry lowering to D2h lifts the degeneracy and results
in a closed-shell pattern. The lowest electronic state is a singlet
state. Due to the second-order Jahn–Teller effect, the equilibrium
ground state structure is rectangular (D2h ), with alternating double and single bonds. The lowest triplet state is not affected by
the Jahn–Teller effect; its equilibrium geometry is D4h . Figure 3
shows the geometries of the 13 A2g and X1 Ag states optimized at the
CCSD(T)/cc-pVTZ level of theory.
The ground singlet state of cyclobutadiene shows variable
extent of the diradical character, which also affects low-lying electronic states. Table V shows the total energy for X̃ 1 Ag ground state
and vertical excitation energies for the 13 B1g , 11 B1g , and 21 Ag computed with EOM-DEA-CCSD and other methods. Table VI shows
the total energy for the X̃ 1 B1g ground state and vertical excitation
energies for 13 A2g , 21 A1g , and 11 B2g for EOM-DEA-CCSD and
other methods.
Total EOM-DEA-CCSD energies for the ground state are significantly above EOM-SF-CCSD ones, by about ∼0.02 hartree, which
we attribute to using the dication orbitals in the former. However, the differences in the respective excitation energies are relatively small. At both geometries (D4h and D2h structures), the
vertical excitation energies obtained with EOM-DEA-CCSD are
underestimated relative to EOM-SF-CCSD (by 0.2–0.4 eV); this can

EOM-EE-CCSD
EOM-EE-CCSDT
UHF-EOM-SF-CCSD
UHF-EOM-SF-CCSD(fT)
UHF-EOM-SF-CCSD(dT)
ROHF-EOM-SF-CCSD
ROHF-EOM-SF-CCSD(fT)
ROHF-EOM-SF-CCSD(dT)
EOM-DEA-CCSD

J. Chem. Phys. 154, 114115 (2021); doi: 10.1063/5.0041822
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13 B1g

11 B1g

21 Ag

−154.354 95
−154.390 67
−154.362 85
−154.367 45
−154.367 44
−154.363 39
−154.367 56
−154.367 37
−154.339 22

1.349

3.314
3.264
3.411
3.257
3.210
3.408
3.253
3.200
3.120

7.874
4.512
4.354
4.203
4.174
4.348
4.197
4.168
4.127

1.652
1.516
1.474
1.656
1.515
1.467
1.403

also be attributed to the use of compact Hartree–Fock orbitals of
the +2 reference state. Interestingly, EOM-DEA-CCSD is closer to
UHF/ROHF-EOM-SF-CCSD(dT) than EOM-EE-CCSD or EOMSF-CCSD: the EOM-DEA-CCSD gaps are within 0.1 eV from the
reference UHF/ROHF-EOM-SF-CCSD(dT) values, likely due to a
fortuitous error cancellation.
E. Ozone
Ozone has been extensively studied because of its role in atmospheric chemistry. Owing to its non-classical bonding pattern, which
cannot be described by a single Lewis structure, ozone features the
ground state of diradical character and low-lying excited states.77,87
Ozone has 24 electrons and belongs to C2v symmetry. Electronic configurations of its low-lying states are summarized in
Table VII; Figure 4 shows relevant frontier NOs. Table VII lists the
occupation numbers of the leading configurations in the ground and
several excited states. The [core] denotes nine molecular orbitals that
are doubly occupied in the ground state and in the excited states
discussed here. Electronic configuration of ozone’s ground state is
[core]18 (4b2 )2 (6a1 )2 (1a2 )2 , with relatively weak diradical character: nu, nl = 0.013 (EOM-DEA-CCSD value). To compute the ground
TABLE VI. Total energies (hartree) of the ground state X1 B1 g of cyclobutadiene and
vertical excitation energies (eV) at the X1 B1 g equilibrium geometry (D4h symmetry);
cc-pVTZ basis set.

Method
EOM-EE-CCSDa
UHF-EOM-SF-CCSDa
UHF-EOM-SF-CCSD(fT)a
UHF-EOM-SF-CCSD(dT)b
ROHF-EOM-SF-CCSDa
ROHF-EOM-SF-CCSD(fT)b
ROHF-EOM-SF-CCSD(dT)b
EOM-DEA-CCSDc

FIG. 3. Geometries of the 13 A2g (left) and X1 Ag (right) states optimized at the
CCSD(T)/cc-pVTZ level of theory. Bond lengths are in angstroms and angles are
in degrees; the structures are from Ref. 11.

Etot (X1 Ag )

Etot (X1 B1g )

13 A2g

21 A1g 11 B2g

−154.380 58 −0.590
1.534
−154.413 01
0.369 1.824 2.143
−154.414 78
0.163 1.530 1.921
−154.413 90
0.098 1.456 1.853
−154.413 42
0.369 1.814 2.137
−154.414 77
0.159 1.521 1.915
−154.413 58
0.088 1.438 1.837
−154.386 00
0.023 1.406 1.751

a

From Ref. 11.
From Ref. 59.
c
This work.
b
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TABLE VII. Orbital occupations in dominant electronic configurations of the ground
and low-lying excited states in ozone.a

Configurations
State

[core]b

4b2

6a1

1a2

2b1

X1 A1
3
B2
3
B1
3
A2
1
A2
1
B1
21 A1

18
18
18
18
18
18
18

2
2
2
1
1
2
2

2
2
1
2
2
1
0

2
1
2
2
2
2
2

0
1
1
1
1
1
2

a
b

Geometry used: rOO = 1.2724 Å, θOOO = 116.82○ .
[core] = (1a1 )2 (2a1 )2 (3a1 )2 (4a1 )2 (5a1 )2 (1b2 )2 (2b2 )2 (3b2 )2 (1b1 )2 .

FIG. 4. Frontier natural orbitals of the X1 A1 state of ozone computed with EOMDEA-CCSD/aug-cc-pVTZ for the ground state. In the ground state, the 2b1 orbital
is vacant.

and excited states of ozone by EOM-DEA-CCSD, we need to use a
+2 charge reference. One can consider different choices, e.g., REF1
= [core]18 (4b2 )2 (1a2 )2 and REF2 = [core]18 (4b2 )2 (6a1 )2 . Both references are suitable for describing the ground state, but the accessibility of excited states differs. When starting from REF1, X1 A1 , 3 B1 ,
1
B1 , and 21 A1 excited states can be described accurately because their
leading electronic configuration can be generated by the 2p part of
the EOM-DEA operator. In contrast, when using REF2, only X1 A1
and 3 B2 can be described accurately. Neither REF1 nor REF2 is suitable for the 1 A2 excited state because from either one the 3h1p, DEA
operators are required to reach this state.
Table VIII compares vertical excitation energies in ozone
computed with EOM-EE-CCSD and EOM-DEA-CCSD using the
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aug-cc-pVTZ basis set; for the singlet states, we also report
EOM-EE-CCSDT values. As expected, for EOM-EE, the effect of
triple excitations is small for the 1 A2 and 1 B1 states but is about 4 eV
for the 3 A2 state because of its doubly excited character. Relative to
EOM-EE-CCSD, EOM-DEA-CCSD underestimates the excitation
energy of the 1 B1 state, whereas the excitation energies of the 3 B2
and 3 B1 states are overestimated (the differences are 0.1–0.3 eV).
The advantage of EOM-DEA-CCSD is that it captures the doubly
excited state, 21 A1 —the error against EOM-EE-CCSDT is less than
0.2 eV. However, EOM-DEA cannot access the 3 A2 state. We note
that electronic structure of ozone is best described by the EOM-DIP
ansatz.87
F. Ethylene
Ethylene features a dense manifold of low-lying excited states
of valence and Rydberg character. The lowest states are derived by
the excitations from the π HOMO. The key valence states are traditionally called N (1 (π)2 ), T(3 (π)1 (π∗ )1 ), V (1 (π)1 (π∗ )1 ), and Z
(1 (π∗ )2 ). At the twisted geometries, the overlap between the two porbitals is reduced and the gap between π and π∗ shrinks. At 90○ , the
double bond is broken and π and π∗ should be exactly degenerate by
symmetry.
Because of its perfect diradical character, twisted ethylene (at
90○ ) presents a challenge to standard single-reference methods.
Figure 5 shows ground-state potential energy profiles along the
twisting coordinate computed with different methods; the respective torsion barriers are summarized in Table IX (total energies
for the entire scan are given in Table S1 in the supplementary
material).
MRCI (here, 2 × 2 CASSCF with single and double excitations)
captures both static and dynamic correlation, yielding a smooth
potential curve; we regard these values as the reference. In the
closed-shell Hartree–Fock reference, the two orbitals are not treated

TABLE VIII. Ozone. Verticala excitation energies (eV) relative to the X1 A1 state
computed by EOM-EE-CCSD and EOM-DEA-CCSD; aug-cc-pVTZ.

State
3

B2
B1
3
A2
1
A2
1
B1
21 A1

3

EE-CCSDb
1.313
1.707
1.873
2.281
2.311
9.112

EE-CCSDTb

DEA-CCSDc

DEA-CCSDd
1.605

1.965
2.138
2.200
5.174

2.265
4.992

a

Geometry used: rOO = 1.2724 Å, θOOO = 116.82○ .
HF reference = [core]18 (4b2 )2 (6a1 )2 (1a2 )2 .
c
HF reference = [core]18 (4b2 )2 (1a2 )2 .
d
HF reference = [core]18 (4b2 )2 (6a1 )2 .

b
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FIG. 5. Ethylene torsion barrier computed with various methods and a DZP basis
set. All curves are shifted such that the energy at 0○ is zero.
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TABLE IX. Ethylene torsion barrier (eV) computed with various methods and a DZP
basis set.

TABLE XI. One-particle state and transition propertiesa for ethylene computed with
EOM-EE-CCSD and EOM-DEA-CCSD; aug-cc-pVTZ basis set.

Method

State

Barrier

SF-TDDFT/5050
MR-CISD
CCSD
EOM-SF-CCSD/UHF
EOM-DEA-CCSD/+2
EOM-DEA-CCSD/+0
EOM-DEA-CCSDa /+0

3.48
3.27
3.91
3.23
3.20
4.09
3.41

nu, nl

fl

∥γ∥

ZHE

e–h sep

2.00
2.00
2.00
2.00

0.00
0.00
0.08
0.37

0.94
0.91
0.90
0.92

2.36
2.03
2.01
2.68

1.82
3.60
3.71
2.59

2.00
2.00
2.00
2.00
0.55

0.00
0.00
0.09
0.38
0.00

0.95
0.91
0.91
0.93
0.19

2.34
2.02
2.01
2.38
3.41

1.87
3.64
3.74
2.81
2.41

EE-CCSD
3

B1u
B3u
1
B3u
1
B1u
3

DEA-CCSD
a

Dihedral angle = 89.9999○ (D2 point group).

3

B1u
B3u
1
B3u
1
B1u
1
Ag
3

in a balanced way, which results in a high barrier and a cusp on
the torsional potential. Inclusion of the correlation in the CCSD
ansatz reduces the barrier height but cannot fully eliminate the cusp
because of an unbalanced treatment of (π)2 and (π∗ )2 configurations. In contrast, EOM-SF-CCSD (with a high-spin triplet reference) and EOM-DEA-CCSD (with a dication reference) are treating the two frontier orbitals and the respective configurations in a
balanced way, yielding smooth potential energy curves and accurate barrier heights (as compared to the reference MRCI values).
For comparison, we also show the results of the SF-TDDFT calculations74 (using recommended B5050LYP functional); this uncorrelated approach yields a smooth curve, but the barrier is overestimated by ∼0.2 eV.
We note that the cusp reappears in the EOM-DEA-CCSD calculations that use the neutral reference orbitals. These calculations
also overestimate the barrier height (i.e., the difference between +2
and 0 calculation is 0.89 eV). The analysis of the relevant orbitals
(shown in Fig. S1 in the supplementary material) attributes this to
the scrambling of the π HOMO with the low-lying orbitals (in the
neutral reference), leading to symmetry breaking.
Table X compares vertical excitation energies for relevant
excited states of ethylene at its equilibrium geometry (0○ torsion
angle) computed with EOM-EE-CCSD and EOM-DEA-CCSD using
the aug-cc-pVTZ basis set. Relevant properties are given in Table XI.
As in the previous examples, EOM-DEA-CCSD excitation is comparable to the EOM-EE-CCSD ones for all excited states that are
dominated by one-electron excitation. The differences between the
two methods are 0.02–0.4 eV. In this case, EOM-DEA-CCSD seems

a

nu, nl = Head-Gordon’s index, fl = oscillator strength, ∥γ∥ = norm of 1PTDM, ZHE
= hole–particle entanglement, e–h sep = electron–hole separation (in Å).

to be consistently closer to the experimental values. The characters of
all computed singly excited states are very similar for EOM-EE and
EOM-DEA. In particular, both methods agree in the extent of the
Rydberg character, which can be conveniently quantified by average
electron–hole separation. ZHE values are close to two for the Rydberg
states, indicating their pure character (one NTO pair is sufficient to
describe these transitions), whereas for the states with dominant π
→ π∗ character, ZHE are larger due to Rydberg–valence interactions88 (i.e., contributions of the π → Ry configurations).
EOM-DEA-CCSD can also describe doubly excited state, 1 Ag , which
is not accessible by EOM-EE-CCSD.
Ethylene torsion has a significant effect on the valence excited
states, e.g., T, V, and Z states come down in energy, as expected

TABLE X. Ethylene. Vertical excitation energies (eV) at the equilibrium geometry.

State

Orbital assign

3

3

3

3

B1u
B3u
1
B3u
1
B1u
2
B3u
1
Ag

a
b

(π, π∗ )
(π, 3s)
1
(π, 3s)
1
(π, π∗ )
2
(π)
1 ∗
(π , π∗ )

Expt.a

DEA-CCSDb

EE-CCSDb

4.36
6.98
7.11
7.68(8.0)
10.5

4.48
6.82
6.92
7.79
10.43
12.86

4.50
7.31
7.44
8.04
10.43

Expt. from Ref. 89.
Basis set: aug-cc-pVTZ.
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FIG. 6. Potential energy curves along torsion coordinate for several electronic
states of ethylene computed with EOM-DEA-CCSD/aug-cc-pVTZ.
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TABLE XII. Ethylene. Vertical excitation energies (eV) from the lowest singlet state
(1 A2 ) at the twisted geometry using EOM-DEA-CCSD/aug-cc-pVTZ.

State

EOM-DEA-CCSD

13 A2 (T-state)
11 A1 (V-state)
21 A1 (Z-state)

−0.011
2.485
2.507

from the orbital energetics. Figure 6 shows EOM-DEA-CCSD/augcc-pVTZ potential energy curves along the torsional coordinate for
the four valence states (N, T, V, and Z); Table XII shows the vertical
excitation energy from lowest singlet state at 90○ . As one can see, at
90○ , the lowest singlet and triplet states become nearly degenerate,
and the two excited singlet states are also nearly degenerate.
G. Butadiene
Butadiene is the smallest polyene, representing an important
motif commonly occurring in photoactive molecules and dyes. The
theoretical description of the two lowest states in polyenes is challenging due to their different character. In butadiene, the lowest excited state, 11 B+u , is a bright, dipole-allowed, singly excited
state. The second excited state, 21 A−g , is a dark, dipole-forbidden
state, which is believed to have substantial doubly excited character.
UV–VIS absorption spectrum of butadiene places the 11 B+u state at
5.92 eV above the ground state (vertically). Because butadiene is able
to fluoresce, the consensus is that the dark state is located above the
bright state. In longer polyenes, the dark state drops below the bright
state, which leads to fluorescence quenching. The exact positions,
and even the ordering, of the two states in short polyenes, butadiene
and hexatriene, has been debated, as summarized, for example, in
Ref. 75. The difficulties in resolving this issue theoretically stem from
the strong dynamical correlation effects in the bright state and some
doubly excited character of the dark state. Only high-level methods, such as EOM-EE-CCSDT, can provide an accurate description of these two effects. Moreover, because of the contributions of
Rydberg excitations into the dark state, the results (including wave
function composition) are sensitive to the basis set. Consequently,
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the results of approximate treatments vary widely. Multi-reference
methods tend to overestimate the doubly excited character of the
dark state and underestimate the contributions from Rydberg excitations. In contrast, single-reference methods, such as EOM-CCSD
or ADC, underestimate doubly excited contributions in the dark
state.
Our results show that the EOM-DEA-CCSD ansatz is capable
of describing both states on the same footing, yielding excitation
energies of the two states in good agreement with the reference
EOM-EE-CCSDT values. This is illustrated by Table XIII, which
compares excitation energies for the bright (11 B+u ) and dark (21 A−g )
excited states of trans-butadiene computed with the EOM-EECCSD, EOM-DEA-CCSD, EOM-EE-CC3, and EOM-EE-CCSDT
methods with different basis sets. For EOM-DEA-CCSD, we report
the results obtained with two references: one constructed using the
default dication orbitals and one constructed using the orbitals from
the neutral system.
Excitation energies for both states using EOM-DEA-CCSD
are comparable to EOM-EE-CCSDT and EOM-EE-CC3. For the
bright state, the effect of triple excitations is small and the difference between EOM-EE-CCSD and EOM-EE-CCSDT is ∼0.1 eV;
as usual, inclusion of triples brings the excitation energies down.
The EOM-DEA-CCSD values are slightly below EOM-EE-CCSD
and, therefore, are slightly closer to EOM-EE-CCSDT. Using neutral orbitals increases the excitation energy, which can be attributed
to better description of the ground state. The effect of the basis set is
noticeable—including diffuse functions lowers the excitation energy
of the bright state by 0.2 eV.
The results for 21 A−g show larger differences between EOMEE-CCSD and EOM-EE-CCSDT. In the small basis set (cc-pVDZ),
the difference is 0.8 eV, but it shrinks by 0.3 eV when diffuse functions are included. This illustrates the importance of Rydberg contributions and that the effect of double excitations is exaggerated
when using compact basis sets (this is why most multi-reference
calculations significantly overestimate doubly excited character of
the dark state). EOM-DEA-CCSD energies for the dark state are
closer to EOM-EE-CCSDT, yielding smaller errors than those of
EOM-EE-CCSD. In the aug-cc-pVDZ basis, the energy of the dark
state is overestimated by only 0.1 eV by EOM-DEA-CCSD (relative to EOM-EE-CCSDT). The CC3 results show similar trends as
EOM-EE-CCSDT and EOM-DEA-CCSD.

TABLE XIII. Vertical excitation energies (eV) for 11 B+u and 21 A−
g in butadiene.

EE-CCSDa

DEA-CCSD/+2b

DEA-CCSD/0b

EE-CC3b

EE-CCSDTa

Basis

11 B+u

21 A−g

11 B+u

21 A−g

11 B+u

21 A−g

11 B+u

21 A−g

11 B+u

21 A−g

cc-pVDZ
cc-pVTZ
cc-pVQZ
aug-cc-pVDZ
aug-cc-pVTZ

6.918
6.660
6.562
6.389
6.365

7.648
7.555
7.458
7.057
7.093

6.893
6.643
6.520
6.265
6.241

7.412
7.206
7.074
6.684
6.679

6.857
6.632

7.449
7.296

6.776
6.514

6.968
6.870

6.794
6.535

6.353
6.343

6.867
6.883

6.269
6.238

6.661
6.654

6.285
6.241c

6.830
6.763
6.722
6.577

a
b
c

Reference 75.
This work.
Estimated with nine frozen orbitals and extrapolation.75
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TABLE XIV. One-particle state and transition propertiesa of butadiene computed with
EOM-EE-CCSD, EOM-EE-CC3, and EOM-DEA-CCSD.

State

nu, nl

fl

∥γ∥

ZHE

PRnto

0.71
0.00

0.80
0.62

2.77
4.09

2.23
3.99

0.67
0.00

0.79
0.65

2.63
3.64

2.18
3.26

0.66
0.00

0.79
0.64

2.65
3.68

2.19
3.32

EE-CC3/cc-pVDZ
11 B+u
21 A−g
EE-CC3/aug-cc-pVDZ
11 B+u
21 A−g

scitation.org/journal/jcp

drawn from the values of the norm of the 2h2p EOM amplitudes
(R22 , collected in Table S2 in the supplementary material). The comparison between the regular and augmented basis sets also shows
that the doubly excited character is overestimated when the basis
does not capture substantial Rydberg character in the 21 A−g state.
The participation ratios indicate relatively pure π → π∗ character
of the bright state for both EOM-EE-CCSD and EOM-DEA-CCSD.
In contrast, for the dark state, both PRNTO and ZHE differ between
EOM-EE-CCSD, EOM-CC3, and EOM-DEA-CCSD, indicating that
the character of this state is sensitive to the method employed. For
example, large values of ZHE for EOM-CC3 reflect a larger diradical
character of the EOM-CC3 ground state, consistent with an overestimated doubly excited character of the dark state (reflected by
smaller ∥γ∥).

EE-CC3/aug-cc-pVTZ
11 B+u
21 A−g
EE-CCSD/aug-cc-pVTZ
11 B+u
21 A−g

2.00
2.10

0.71
0.00

0.88
0.82

2.61
2.93

2.17
2.50

0.91
0.78

2.39
2.28

2.11
2.09

DEA-CCSD/+2/aug-cc-pVTZ
11 B+u
21 A−g

2.00
2.11

0.79
0.00

a
nu, nl = Head-Gordon’s index, f l = oscillator strength, ∥γ∥ = norm of 1PTDM, ZHE
= hole–particle entanglement, PRNTO = participation ratio.

These observations are supported by the wave function analysis of the EOM-EE-CCSD, EOM-EE-CC3, and EOM-DEA-CCSD
wave functions, summarized in Table XIV (see also Table S2 in
the supplementary material). Figure 7 shows the occupancy of natural orbitals for the ground and two excited states (described by
EOM-DEA-CCSD with dicationic reference). Occupations of the
frontier NOs clearly show singly excited character of the 11 B+u state
and contributions from doubly excited configurations in the 21 A−g
state. The comparison of ∥γ∥ computed with EOM-EE-CCSD, CC3,
and EOM-DEA-CCSD shows that doubly excited character of the
21 A−g state increases in CC3 and EOM-DEA-CCSD relative to EOMEE-CCSD but overall is not dominant. Similar conclusions can be

FIG. 7. Butadiene. Natural frontier orbitals and their occupations computed
using the EOM-DEA-CCSD/aug-cc-pVTZ wave functions (using dication reference
orbitals).
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H. Potential energy surfaces and conical intersections
in retinal chromophore
The penta-2,4-dieniminium cation (PSB3) is a protonatedimine with three conjugated double bonds. It has been used extensively as a computational model of the retinal protonated Schiff
base (rPSB) chromophore. Retinal is a well-studied model system,63–65 featuring conical intersections between the two lowest electronic states relevant to the cis–trans photoinduced isomerization of
rhodopsin. The two lowest states are the ground state and a bright
ππ∗ excited state. Photoexcitation changes the conjugation pattern
and initiates twisting, which imparts diradical character into the
ground state, somewhat similar to the ethylene torsion. We use this
example to assess the ability of EOM-DEA-CCSD to describe conical intersections. Figure 8 shows the PES of the lowest electronic
state as a function of the two key coordinates: bond-length alternation (BLA) and twisting reaction coordinate (RC). As one can
see, the character of the lowest adiabatic state changes because the
two lowest states exchange their character. The location of conical
intersection is very sensitive to the electronic structure method as
it requires a balanced description of the two electronic states. Previous benchmark studies63–65 have shown that EOM-SF-CCSD(dT)
and and MR-CISD+Q results are in very good agreement, while
lower-level methods show large discrepancies.
Figure 9 shows the PES scans along the BLA coordinate.
The shape of the PES of the diradical state along BLA coordinate
computed by EOM-DEA-CCSD agrees well with the MR-CISD+Q
results and is not affected by using different reference orbitals (+1
or +3). The situation is different for the charge-transfer state. Overall, the shape agrees with MR-CISD+Q, but the energy relative to
the diradical state depends on the orbital choice, which results in
large differences in the location of the conical intersection. Using +3
Hartree–Fock orbitals in EOM-DEA-CCSD, the conical intersection
appears too early along the BLA coordinate, as compared with MRCISD. In contrast, when using +1 Hartree–Fock orbitals, conical
intersection appears too late along the BLA coordinate. Due to large
positive charge in +3 Hartree–Fock reference, the molecular orbital
and their energy shows large deviations from +1 reference, and 3p1h
part of the EOM-DEA-CCSD ansatz is not sufficient to describe
both orbital relaxation and the correlation effects in the chargetransfer state. Consequently, the total energy of charge-transfer state
is higher, leading to the shift in the conical intersection position. This
also leads to an opposite trend in energy gap (S0 and S1 ) at TSCT and
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TABLE XV. The S0 and S1 energy gaps (kcal/mol) at TSCT , TSDIR , and cis-PSB3
geometry of retinal; 6-31G∗ basis set.

FIG. 8. Potential energy surface in retinal showing the location of the conical
intersection (CoIn or CI) between the charge transfer and diradical states. The
two coordinates are bond-alternation (BLA) and twisting reaction coordinate (RC).
Relevant mechanistic paths are shown by white dashed lines. MEPCT : minimum
energy path on the ground state that connects the cis and trans retinal equilibrium structures through a transition state (TSCT ). MEPDIR : connects cis, TSDIR ,
and trans structures of the ΨDIR state. The BLA path connects the TSCT and TSDIR
transition states and also intercepts a CoIn (CI) point. Atomic charges of the two
transition states are shown by bubble diagrams. Reproduced with permission from
S. Gozem, A. I. Krylov, and M. Olivucci, J. Chem. Theory Comput. 9, 284–292
(2013). Copyright 2013 American Chemical Society.

TSDIR , when compared with MR-CISD+Q, as shown in Table XV.
We conclude by pointing out that both the errors in EOM-DEACCSD and the dependence on the reference state are likely to
be significantly reduced upon inclusion of higher excitations. We
remind that even for EOM-SF-CCSD, perturbative account of triple

FIG. 9. The S0 and S1 energy profiles (retinal) along the BLA coordinate computed
with EOM-DEA-CCSD (with orbitals from the +3 and +1 charge Hartree–Fock
reference) and MRCISD+Q using the 6-31G∗ basis set. The energy values are
relative to cis-PSB3.
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Method

TSCT

TSDIR

cis-PSB3

MRCISD+Q
MRCISD
CASSCF
EE-CCSD
SF-CCSD/UHF
SF-CCSD/ROHF
SF-CCSD(dT)/ROHF
SF-CCSD(fT)/ROHF
DEA-CCSD/+3
DEA-CCSD/+1

10.2
8.8
4.5
16.6
2.4
5.8
11.1
10.2
1.49
15.13

0.6
1.6
7.4
6.9
7.5
6.0
0.6
0.6
12.71
4.39

101.4
104.8
110.3

105.5
102.1
105.2
104.6

excitations was necessary to exactly pin-point the location of the
conical intersection in this challenging system and that MR-CISD
results were considerably affected by the Davidson correction
(which also entails inclusion of higher excitations).
I. Excited states in water and ammonia
In this section, we consider two small molecules (water and
ammonia) from Head-Gordon’s data set and assess the performance of EOM-DEA-CCSD for singly excited states. In both
molecules, the low-lying states have predominantly Rydberg character. Table XVI compares vertical excitation energies computed
with EOM-DEA-CCSD and other methods using aug-cc-pVQZ for
ammonia; Table XVII shows relevant state and transition properties computed with EOM-EE-CCSD and EOM-DEA-CCSD (augcc-pVQZ). The results for water are given in Tables S3 and S4 in
the supplementary material.
In ammonia, all lowest states are derived by the excitation from
the HOMO (nirtogen’s lone pair); therefore, EOM-DEA-CCSD
should be able to describe these states reasonably well. The results
for ammonia show that EOM-DEA-CCSD excitation energies are
generally below extrapolated FCI (exFCI) ones, and the errors can
be as large as 0.5 eV, exceeding the errors of EOM-EE-CCSD. This
can be attributed to using the dicationic reference orbitals in EOMDEA. Despite differences in excitation energies, all properties are
very close (featuring ZHE ≈ 2 and large electron–hole separation,
as expected for pure Rydberg states), confirming that EOM-DEACCSD and EOM-EE-CCSD yield wave functions of broadly similar
quality for singly excited states, despite using very different reference
orbitals.
In water, some of the low-lying excited states are excitations
from the HOMO-1; these states are expected to show larger errors
than the states derived from the excitations from the HOMO. The
problematic states can be identified by the large magnitude of the
3p1h amplitudes (these values are reported in Table S4 in the
supplementary material). As one can see from Table S3, both EOMEE-CCSD and EOM-EE-CCSDT excitation energies are very close
to exFCI (the largest deviation is 0.05 eV). EOM-DEA-CCSD errors
for the “good” states (ny → Ry transitions) are large (0.6–0.7 eV),
with the EOM-DEA excitation energies being too low. As in the
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TABLE XVI. Ammonia. Vertical excitation energies (eV) for the four lowest singlets and the lowest triplet states with different methods; aug-cc-pVQZ basis. Geometry from
Ref. 78.

State
1

A2 (n → 3s)
E(n → 3p)
1
A1 (n → 3p)
1
A2 (n → 4s)
3
A2 (n → 3s)
1

EE-CC3a

EE-CCSDTa

exFCIa

EE-CCSDb

DEA-CCSDb

Expt.c

6.61
8.18
9.11
9.96
6.31

6.61
8.17
9.10
9.77
6.33

6.64
8.22
9.14
9.77
6.35

6.67
8.21
9.15
9.81
6.37

6.14
7.66
8.68
9.27
5.85

6.39
7.93
8.26
6.02d

a

Reference 78.
This work.
Electron impact experiment from Ref. 90.
d
Reference 91.
b
c

previous examples, we attribute this to the poor description of the
ground state due to using the dicationic orbitals. Indeed, by looking
at EOM-DEA values computed using the neutral reference orbitals,
we observe an increase in excitation energies and smaller errors
(∼0.2 eV). These results illustrate, once again, the effect of the reference orbitals on the computed excitation energies. The 1 A1 and
3
A1 states are derived by excitations from the HOMO-1 (nz ); consequently, they have large 3p1h amplitudes. The errors for these “bad”
states are around 4 eV, and we observe only a marginal improvement
with neutral orbitals.
J. Conical intersection in HeH2
It is well established that EOM-EE-CC methods have
defects63,92–96 close to conical intersections between excited states

TABLE XVII. Ammonia. One-particle state and transition propertiesa computed with
EOM-EE-CCSD and EOM-DEA-CCSD; aug-cc-pVQZ basis set.

State

nu, nl

fl

∥γ∥

ZHE

e–h sep

2.00
2.00
1.91
2.00
2.00

0.08
0.00
0.00
0.00
0.00

0.91
0.92
0.91
0.91
0.92

2.02
2.01
2.01
2.18
2.05

3.02
3.79
3.46
4.57
2.86

0.10
0.00
0.00
0.00
0.00

0.92(0.07)
0.92(0.06)
0.91(0.06)
0.92(0.07)
0.92(0.07)

2.01
2.00
2.01
2.07
2.03

3.04
3.80
3.52
4.57
2.89

EOM-EE-CCSD
1

A2 (n → 3s)
E(n → 3p)
1
A1 (n → 3p)
1
A2 (n → 4s)
3
A2 (n → 3s)
1

of the same symmetry. Yet, because the excited states are described
on the same footing, one can obtain a physically correct description by appropriately modifying the EOM-CC ansatz.95,97 Groundstate intersections present a more difficult challenge: the intersecting
states are described on an unequal footing, and the CC groundstate wave function does not adequately capture the required multiconfigurational character. These drawbacks can be removed by
changing the reference wave function, as is done in EOM-SF,
EOM-DIP, and EOM-DEA. In these cases, both states are associated with non-zero eigenvalues of the Jacobian, and the intersections are expected to resemble those between excited states in
EOM-EE-CC.
The HeH2 system provides a simple test case for describing
near-degeneracies between the ground state and the first excited
state for which the FCI results are available. The states can be characterized by inspecting the natural orbitals and their occupations (see
Fig. 10). At short bond lengths, the ground state has two electrons in
the 1a′ and 2a′ orbitals. At the long bond lengths, one electron has
moved from 2a′ to 3a′ . The situation is reversed for the first excited
state.
We consider a set of Cs geometries where one of the
He–H bond lengths is varied (see Fig. 11). Figure 12 shows potential
energy curves obtained using EOM-EE-CCSD, EOM-DEA-CCSD,
and FCI. The EOM-EE-CCSD and EOM-DEA-CCSD curves are

EOM-DEA-CCSD
1

A2 (n → 3s)
E(n → 3p)
1
A1 (n → 3p)
1
A2 (n → 4s)
3
A2 (n → 3s)
1

1.99
2.00
1.82
2.00
2.00

a

nu, nl = Head-Gordon’s index, f l = oscillator strength, ∥γ∥ = norm of 1PTDM (the
numbers in parentheses are the squares of the 1h3p amplitudes of the DEA-CCSD
wavefunction), ZHE = hole–particle entanglement, e–h sep = electron–hole separation
(in Å).
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FIG. 10. Natural orbitals and their occupation numbers for the ground and first
excited state. Black color corresponds to geometry at He–H = 0.6 Å. Red color
corresponds to geometry at He–H = 0.8 Å.
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electronic structure patterns that can be described as two-electronsin-many-orbitals. Hence, it further extends the scope of applicability of EOM-CC methods into the domain traditionally described
as multi-reference.22 Following the pioneering work of Bartlett,
Nooijen, Piecuch, Musail, and others,16–18,21 here we illustrate the
advantages and limitations of EOM-DEA-CCSD relative to other
EOM-CCSD methods (EOM-EE-CCSD and EOM-SF-CCSD) by
considering a diverse set of examples comprising well-behaved
singly excited states, doubly excited states, diradicals, bondbreaking, and conical intersections. The results can be summarized
as follows:
1.

2.

3.

4.
FIG. 12. Conical intersection between X 1 A′ and 11 A′ computed using EOM-DEACCSD, EOM-EE-CCSD, and full configuration interaction (FCI) methods with the
aug-cc-pVDZ basis set. The left panel shows all three methods for the full range
of bond lengths (0.6–0.8 Å). The right panel zooms in on the near-degeneracy for
EOM-DEA-CCSD and EOM-EE-CCSD.

5.

6.

7.
similar but shifted relative to FCI. However, upon closer inspection, we see that EOM-EE-CCSD has defective points and a region
where we are not able to converge the equations because EOM-CC
roots become complex (see the right panel of Fig. 12). In this particular scan, EOM-DEA-CCSD gives an avoided crossing. Closer to
the intersection, we expect to see complex pairs and defects in EOMDEA-CCSD—just as for excited states in EOM-EE-CCSD. However,
EOM-DEA-CCSD should give a generally more accurate description
of the intersecting states because it is able to describe the multiconfigurational character in the two states. Furthermore, defects
encountered with EOM-DEA-CCSD can be removed by using the
similarity constrained CC approach.95,97

IV. CONCLUSIONS
In this contribution, we have documented a productionlevel implementation of EOM-DEA-CCSD, including calculation of
state and transition properties. This ansatz is suitable for treating
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Excited states in closed-shell molecules, which can be qualitatively characterized as excitations from the HOMO, are
described with similar accuracy as in EOM-EE-CCSD (the
errors of DEA are slightly larger, which is attributed to orbital
relaxation effects). The performance for excited states derived
by excitations from lower occupied orbitals is poor as the
method is clearly not designed for such applications.
Diradical states are described nearly as accurately as by EOMSF-CCSD but within spin-adapted framework. The benefits are
no spin-contamination and a smaller memory footprint of the
calculations. Furthermore, EOM-DEA-CCSD allows access to
higher excited states beyond the primary SF manifold (this has
been recently illustrated for a set of Rydberg diradicals52,62 ).
Similar to other EOM models, EOM-DEA-CCSD can describe
states with mixed character, such as those featuring Rydberg–
valence interactions.
EOM-DEA-CCSD can describe states with significant or even
pure doubly excited character.
EOM-DEA-CCSD describes potential energy surfaces along
bond breaking reasonably well, as illustrated in the ethylene
torsion example.
EOM-DEA-CCSD can also treat some problems involving
conical intersections, where standard EOM-EE-CCSD is inapplicable.
Orbital relaxation is somewhat of a problem. In most cases,
using default dicationic reference orbitals yields robust performance, but sometimes the charge of the reference needs to be
tweaked. Generally, we observed that using dicationic orbitals
results in the ground-state energies being too high. In many
cases, using neutral orbitals results in smaller errors in excitation energies. This dependence on the reference orbitals is
expected to be reduced upon inclusion of higher excitations in
the EOM-DEA ansatz.

The results show that EOM-DEA-CCSD represents a useful addition to EOM-CC family of methods. In addition to the
examples considered in this paper, the EOM-DEA ansatz can be
used in combination with open-shell references—e.g., one can
describe the d7 pattern by attaching two β electrons to a wellbehaved high-spin d5 reference (Ms = 25 ), in the same spirit as
EOM-EA was used to describe the d6 pattern.98 Future developments include performance enhancements by exploiting resolutionof-identity and Cholesky decomposition of the electron-repulsion
integrals,34,35 single-precision execution,99 extensions to compute
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additional properties (e.g., spin–orbit couplings,98 polarizabilities,100
and two-photon absorption101 ) and nuclear gradients, as well as
inclusion of higher excitations. We hope that this contribution provides a useful guide for choosing the most appropriate EOM-CC
method to tackle specific applications.
SUPPLEMENTARY MATERIAL
See the supplementary material for further discussion on water,
ethylene, and butadiene. It also contains information about geometries and the basis set.

scitation.org/journal/jcp

TABLE XIX. Intermediates used in EOM-DEA-CCSD σ-vectors.

Fia = fia + ∑jb tjb ⟨ij∥ab⟩
Fij = fij + ∑a tia fja + ∑ka tka ⟨jk∥ia⟩ + ∑kab tia tkb ⟨jk∥ab⟩
1
+ ∑kbc tikbc ⟨jk∥bc⟩
2
Fab = fab − ∑i tia fib − ∑ic tic ⟨ia∥bc⟩ + ∑ijc tic tja ⟨ij∥bc⟩
1
− ∑jkc tjkac ⟨jk∥bc⟩
2
1
Iiajb
= ⟨ia∥jb⟩ − ∑k tkb ⟨jk∥ia⟩ − ∑c tic ⟨jb∥ac⟩
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APPENDIX: PROGRAMMABLE EQUATIONS
The left and right EOM σ-vectors are defined as
–
–
σ1 = ([H SS − Ecc ]R1 )1 + (H SD R2 )1 ,
–
–
σ2 = (H DS R1 )2 + ([H DD − Ecc ]R2 )2 ,
–
–
σ̃1 = (L1 [H SS − Ecc ])1 + (L2H DS )1 ,
–
–
σ̃2 = (L1H SD )2 + (L2 [H DD − Ecc ])2 .

+ ∑kc tic tkb ⟨jk∥ac⟩ − ∑kc tikbc ⟨jk∥ac⟩
3
5
Iicab
= −⟨ic∥ab⟩ + 2 ∑d tid Ibcad

+ ∑j (tjb (⟨ia∥jc⟩ − ∑kd tikcd ⟨kj∥ad⟩) − tjc (⟨ia∥jb⟩
− ∑kd tikbd ⟨jk∥ad⟩))
− ∑jk tjb tkc ⟨jk∥ia⟩ − ∑jkd tjd tikbc ⟨jk∥ad⟩
1
ab
∑ t ⟨ic∥kl⟩
2 kl kl
+ ∑kd (tikad ⟨kb∥cd⟩ − tikbd ⟨ka∥cd⟩)
+ ∑k tikab fkc −

5
Iabcd
= ⟨ab∥cd⟩ +
7
Iiabc

1
ab
a
∑ t̃ ⟨ij∥cd⟩ − P(ab) ∑i ti ⟨ib∥cd⟩
2 ij ij
= ⟨ia∥bc⟩ − ∑j tja ⟨ij∥bc⟩

1
t̃ijab = tijab + P(ij)P(ab)tia tjb
2
1
1
7
+ ∑jbc rjabc ⟨ji∥bc⟩
Hia6 = ∑bc rbc Iiabc
2
2
1
Hia7 = ∑jbc ljabc tjibc
2
TABLE XX. Programmable expressions for EOM-DEA-CCSD density matrices.

TABLE XVIII. Programmable expressions for the right (σ) and left (σ̃) vectors in EOMDEA-CCSD.

1
7
σ = P(ab)(∑c Fbc r − ∑icd Iibcd
riacd )
2
1
5
+ ∑cd rcd Iabcd
+ ∑ic Fic riabc
2
1
1
5
1
= P(abc)( ∑d Fcd riabd − ∑jd Iidjc
ricde
rjabd + ∑de Iabde
2
2
3
− ∑j Hjc6 tijab − ∑d Iidab
rcd ) − ∑j Fij rjabc
ab

σiabc

γij = γ̃ij + δij
γ̃ij = −l̃ij − ∑a Yja1 tia

ac

1
3
7
σ̃ ab = P(ab)(∑c lac Fac − ∑icd liacd Iibcd
) − ∑ic Hic7 Iicab
2
1
5
+ ∑cd lcd Icdab
2
1
1
σ̃iabc = P(abc)( ∑d liabd Fdc − ∑jd ljabd Ijcid
2
1
5
7
7
+ ∑de liade Idebc
− ∑k Hka
⟨ik∥bc⟩ + lab Fic − ∑d lcd Iidab
)
2
abc
− ∑j lj Fji
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γai = Yia1
γab = l̃ab + Yia1 tib
1
bc abc
∑ l r
2 bc i
− ∑k l̃ik tka − ∑b l̃ab tib + ∑b Yib2 rab

γia = tia + ∑jb Yjb1 (tijab − tja tib ) +

1
abc abc
∑ l r
6 abc j i
1
= ∑c lac rbc + ∑icd liacd ribcd
2
1
Yia1 = ∑bc liabc rbc
2
1
Yia2 = ∑jbc ljabc tijbc
2
l̃ij =

l̃ab
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