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ABSTRACT
The equation-of-motion coupled-cluster singles and doubles method with double electron attachment (EOM-DEA-CCSD) is capable of
computing reliable energies, wave functions, and first-order properties of excited states in diradicals and polyenes that have a significant
doubly excited character with respect to the ground state, without the need for including the computationally expensive triple excitations.
Here, we extend the capabilities of the EOM-DEA-CCSD method to the calculations of a multiphoton property, two-photon absorption
(2PA) cross sections. Closed-form expressions for the 2PA cross sections are derived within the expectation-value approach using response
wave functions. We analyze the performance of this new implementation by comparing the EOM-DEA-CCSD energies and 2PA cross sections
with those computed using the CC3 quadratic response theory approach. As benchmark systems, we consider transitions to the states with
doubly excited character in twisted ethene and in polyenes, for which EOM-EE-CCSD (EOM-CCSD for excitation energies) performs poorly.
The EOM-DEA-CCSD 2PA cross sections are comparable with the CC3 results for twisted ethene; however, the discrepancies between the
two methods are large for hexatriene. The observed trends are explained by configurational analysis of the 2PA channels.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0135052

I. INTRODUCTION

Molecular photoswitches have seen increasing interest in appli-
cations as varied as optical limiting, optogenetics, molecular opto-
electronics, and photopharmacology.1–7 In many of these appli-
cations, the function of photoswitches is controlled through their
nonlinear response to light. A priori understanding of these nonlin-
ear response properties through theoretical modeling can, therefore,
facilitate the design of functional photoswitches.

One class of photoswitching behavior is based on the cis–trans
isomerization of conjugated chromophores, such as molecules with
polyene backbone. Such photoswitching commonly occurs in bio-
logical systems, e.g., the initial step in vision is the cis-to-trans
photoisomerization of the retinal.8 The switching process in such
systems proceeds via open-shell structures with diradical character.
The theoretical treatment of diradical electronic structure requires

sophisticated methods that can provide a balanced treatment of
static and dynamical electronic correlation. Furthermore, accurate
modeling of the excitation-energy spectra of prototypical polyenes
(e.g., trans-butadiene, trans-hexatriene, and trans-octatetraene) is
notoriously difficult due to the presence of low-lying states with
doubly excited character.9–17 For example, the 2Ag singlet in trans-
butadiene has contributions from both the Rydberg excitations and
doubly excited configurations relative to its ground state, which
requires methods that can describe these contributions in a balanced
fashion.

A few strategies, such as the semistochastic heat-bath
configuration interaction,16 the incremental full configuration
interaction,18,19 and the equation-of-motion coupled-cluster meth-
ods for electronic excitations15 (EOM-EE-CC), have been reported
to be able to reliably describe the low-lying excited states in proto-
typical polyenes. In particular, the EOM-CC hierarchy of methods
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provides a robust single-reference, multi-state framework for sys-
tematically improvable benchmark results through the inclusion of
higher-order excited determinants (singles, doubles, triples, quadru-
ples, and so on).20–30 The single-reference, multi-state feature of the
EOM-CC framework is particularly attractive for modeling spec-
tra that require the calculation of multiple states from the same
model Hamiltonian. However, the steep increase in the computa-
tional cost for these series of methods limits the applicability of the
high-level EOM-CC methods (e.g., EOM-CCSDT, EOM-CCSDTQ,
etc.) to small systems.

In contrast to the standard EOM-CC hierarchy built upon
the ground-state reference, low-lying states of systems with dirad-
ical character can be described by spin-flipping26,31,32 and parti-
cle non-conserving EOM-CC treatments.27,33–35 In particular, the
EOM-CC singles and doubles method for doubly electron-attached
states34–39 (EOM-DEA-CCSD) describes the target states of dirad-
icals or polyenes by attaching two electrons to the dicationic ref-
erence, which is well described by the Hartree–Fock determinant.
The resulting space of the doubly electron-attached determinants
(2p and 3p1h with respect to the dicationic reference) provides a
balanced description of singly and doubly excited configurations
from the HOMO (highest occupied molecular orbital) with respect
to the ground-state (neutral) reference. The EOM-DEA-CCSD
(2p + 3p1h) approach has been shown to provide reliable energies
for excited states that otherwise require higher-level EOM-CC
methods such as EOM-EE-CCSDT.34,35,37–39

In this paper, we extend the analysis of the EOM-DEA-CCSD
method and its domain of applicability beyond excitation energies
and first-order properties to compute two-photon absorption (2PA)
cross sections for transitions in prototypical polyenes. As for other
nonlinear optical properties, the observable is given in terms of
2PA moments that are formally expressed using sum-over-all-states
(SOS) expressions. Here, we explain how these SOS expressions are
converted into compact expectation-value-like expressions using the
first-order response wave functions of the EOM-DEA-CCSD tar-
get states. We benchmark the 2PA cross sections for transitions in
twisted ethene and polyenes computed within the EOM-DEA-CCSD
framework against those computed with the higher-level CC3
quadratic response theory.40–43 We rationalize the quality of
EOM-DEA-CCSD results using the uncorrelated picture of the 2PA
configurational channels. We illustrate the much stronger sensi-
tivity of 2PA cross sections, compared to energies and first-order
properties, to the electronic correlation and the configuration space
spanned by the model Hamiltonian.

II. THEORY
A. CCSD and EOM-DEA-CCSD theory

The CCSD wave function44–48 is expressed as

Ψ = eT̂
∣Φ0⟩, (1)

where Φ0 is the reference Slater determinant (usually the
Hartree–Fock solution). For example, a typical reference deter-
minant in the EOM-DEA-CCSD method is the Hartree–Fock
determinant of the dicationic system.39 T̂ is the cluster operator
satisfying the CCSD equations,

⟨Φν∣Ĥ∣Φ0⟩ = 0, (2)

where ν spans the singles and doubles excitation manifold and
Ĥ = e−T̂ ĤeT̂ is the similarity-transformed Hamiltonian. T̂ is
expressed in terms of the electron-creation (â † and b̂ †) and
electron-annihilation operators ( î and ĵ ) as follows:

T̂ = T̂1 + T̂2;

T̂1 =∑
ia

ta
i â † î;

T̂2 =
1
4∑ijab

tab
ij â †b̂ † ĵ î.

(3)

The right and left EOM-DEA-CCSD wave functions and
energy (Ek

) for the kth target state are defined by the right
(electron-attachment) and left (electron-detachment) EOM-DEA-
CCSD operators, R̂ k and L̂ k, satisfying the following eigenvalue
equations:21,24,27,39

ĤR̂ k
∣Φ0⟩ = EkR̂k

∣Φ0⟩ (4)

and

⟨Φ0∣L̂ kĤ = ⟨Φ0∣L̂ kEk, (5)

where R̂ k and L̂ k are given by

R̂ k
= R̂k

1 + R̂k
2,

R̂1 =
1
2∑ab

rabâ †b̂ †,

R̂2 =
1
6∑iabc

rabc
i â †b̂ †ĉ † î

(6)

and

L̂ k
= L̂k

1 + L̂k
2,

L̂1 =
1
2∑ab

labâ †b̂ †,

L̂2 =
1
6∑iabc

labc
i â †b̂ †ĉ † î.

(7)

In the amplitudes in Eqs. (3), (6), and (7), the labels i and j repre-
sent occupied (O) spin orbitals and a, b, and c represent virtual (V)
spin orbitals, with respect to the reference determinant Φ0. Thus,
the EOM-DEA-CCSD R̂ and L̂ are given in terms of operators of the
types VV (2p) and OVVV (1h3p).

B. 2PA cross sections for transitions between
EOM-DEA-CCSD states

For parallel linearly polarized light, the microscopic cross sec-
tions (δ fg

) for 2P transitions between the initial (g) and final ( f )
states are expressed in terms of the elements of the 2PA strength
tensor (S f g

wxyz) according to Refs. 43 and 49,

δ f g
=

1
15∑x,y

S f g
xxyy +

1
15∑x,y

S f g
xyxy +

1
15∑x,y

S f g
xyyx, (8)

where w, x, y, and z span the Cartesian components. S f g
wxyz

are expressed in terms of the elements of the left and right
2PA transition-moment tensors, M f←g and M g← f , respectively, as
follows:

S f g
wxyz =

1
2
(Mg← f

wx M f←g
yz + (Mg← f

yz )
∗

(M f←g
wx )

∗

). (9)
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Within CC response theory, properties are formulated as
derivatives of appropriate (quasi)energy Lagrangians with respect to
the strength of the external perturbation(s).50–52 The 2PA moments
can be computed as the first residues of the ground-state quadratic
response function (first electric-dipole hyperpolarizability tensor)
or, alternatively, the 2PA strength tensor elements can be computed
as first residues of the ground-state cubic response function (second
electric-dipole hyperpolarizability tensor). Compared to the residues
of response functions, 2PA moments are more efficiently computed
as second derivatives of appropriate transition-moment Lagrangians
within CC response theory.50,53

Instead of CC response theory, we employ the EOM-CC
expectation-value approach49,54–58 in which the expressions for 2PA
moments for exact wave functions are parameterized using EOM-
CC wave functions and energies (Ek

). The 2PA moments for exact
wave functions (Ψks) are expressed according to the following SOS
expressions:

M f←g
yz = −∑

n

⟨Ψ f
∣μ̂z ∣Ψn

⟩⟨Ψn
∣μ̂y∣Ψg

⟩

E n − E g − ω1
−∑

n

⟨Ψ f
∣μ̂y∣Ψn

⟩⟨Ψn
∣μ̂z ∣Ψg

⟩

E n − E g − ω2

(10)

and

Mg← f
yz = −∑

n

⟨Ψg
∣μ̂y∣Ψn

⟩⟨Ψn
∣μ̂z ∣Ψ f

⟩

E n − E g − ω1
−∑

n

⟨Ψg
∣μ̂z ∣Ψn

⟩⟨Ψn
∣μ̂y∣Ψ f

⟩

E n − E g − ω2
,

(11)

where μ̂ is the dipole-moment operator, E k is the energy of
state k, and ω1 and ω2 are the energies of the absorbed pho-
tons polarized along the y and z directions, respectively. The
absorbed photon energies satisfy the 2PA resonance condition:
ω1 + ω2 = E f

− E g . Within the expectation-value framework, the
EOM-CC-parameterized Eqs. (10) and (11) are given by

M f←g
yz = −∑

n

⟨Φ0∣L̂ f μ̂zR̂n
∣Φ0⟩⟨Φ0∣L̂nμ̂yR̂ g

∣Φ0⟩

En − Eg − ω1

−∑
n

⟨Φ0∣L̂ f μ̂yR̂n
∣Φ0⟩⟨Φ0∣L̂nμ̂zR̂ g

∣Φ0⟩

En − Eg − ω2
(12)

and

Mg← f
yz = −∑

n

⟨Φ0∣L̂ g μ̂yR̂n
∣Φ0⟩⟨Ψ0∣L̂nμ̂zR̂ f

∣Φ0⟩

En − Eg − ω1

−∑
n

⟨Φ0∣L̂ g μ̂zR̂n
∣Φ0⟩⟨Φ0∣L̂nμ̂yR̂ f

∣Φ0⟩

En − Eg − ω2
, (13)

respectively, where μ̂y = e−T̂ μ̂yeT̂ is the similarity-transformed
dipole-moment operator and ω1 + ω2 = E f

− Eg . Compared to the
EOM-CC expectation-value approach, additional response inter-
mediates are required within the CC response theory. The EOM-
CC expectation-value parameterization also avoids artificial poles
that spoil the pole structure of frequency-dependent properties
computed within the CC response theory framework.55

The SOS expressions in Eqs. (12) and (13) are impractical for
actual calculations as they entail the calculation of all states of the
system. However, as explained below, they can be reformulated into
closed-form expressions using response wave functions, providing a
robust and practical strategy for computing 2PA moments.

Introducing the identity operator, 1̂ = ∑ρ∣Φρ⟩⟨Φρ∣ in Eqs. (12)
and (13), we obtain

M f←g
yz = −∑

ρν
⟨Φ0∣L̂ f μ̂z ∣Φρ⟩∑

n

⟨Φρ∣R̂n
∣Φ0⟩⟨Φ0∣L̂n

∣Φν⟩

En − Eg − ω1
⟨Φν∣μ̂yR̂ g

∣Φ0⟩

−∑
ρν
⟨Φ0∣L̂ f μ̂y∣Φρ⟩∑

n

⟨Φρ∣R̂n
∣Φ0⟩⟨Φ0∣L̂n

∣Φν⟩

En − Eg − ω2
⟨Φν∣μ̂zR̂ g

∣Φ0⟩

(14)

and

Mg← f
ab = −∑

ρν
⟨Φ0∣L̂ g μ̂y∣Φρ⟩∑

n

⟨Φρ∣R̂n
∣Φ0⟩⟨Φ0∣L̂n

∣Φν⟩

En − Eg − ω1
⟨Φν∣μ̂zR̂ f

∣Φ0⟩

−∑
ρν
⟨Φ0∣L̂ g μ̂z ∣Φρ⟩∑

n

⟨Φρ∣R̂n
∣Φ0⟩⟨Φ0∣L̂n

∣Φν⟩

En − Eg − ω2
⟨Φν∣μ̂yR̂ f

∣Φ0⟩,

(15)

respectively, where ρ and ν span the full configuration space.
For the EOM-DEA-CCSD, however, only the terms with
ρ and ν spanning the EOM-DEA-CCSD configuration space
survive. Using first-order response wave functions (Xk

y,ω and X̃k
y,ω),

Eqs. (14) and (15) can be recast in compact closed-form expressions
as follows:49

M f←g
yz = −⟨Φ0∣L̂ f μ̂z ∣Xg

y,ω1⟩ − ⟨Φ0∣L̂ f μ̂y∣Xg
z,ω2⟩

= −∑
ρ
[D̃ f

z ]ρ
[Xg

y,ω1]ρ −∑
ρ
[D̃ f

y ]ρ
[Xg

z,ω2]ρ (16)

and

Mg← f
yz = −⟨X̃g

y,ω1 ∣μ̂zR̂ f
∣Φ0⟩ − ⟨X̃

g
z,ω2 ∣μ̂yR̂ f

∣Φ0⟩

= −∑
ρ
[X̃g

y,ω1]ρ
[D f

z ]ρ −∑
ρ
[X̃g

z,ω2]ρ
[D f

y ]ρ, (17)

where

[Dk
z]

ρ
= ⟨Φρ∣μ̂zRk

∣Φ0⟩ (18)

and

[D̃k
z]

ρ
= ⟨Φ0∣Lkμ̂z ∣Φρ⟩ (19)

are the response intermediates; the programmable expressions for
these intermediates are given in the Appendix. The response wave
functions are computed by solving the following systems of linear
equations:

∑
ν
[Ĥ − Ek

− ω]
ρν
[Xk

y,ω] = [D
k
y]

ρ
(20)

and

∑
ρ
[X̃k

y,ω]
ρ
[Ĥ − Ek

− ω]
ρν
= [D̃k

y]
ν
. (21)
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FIG. 1. Target configurations in the EOM-DEA-CCSD method. (0) Dicationic refer-
ence. (a) Ψhh. (b) Ψcc. (c) Ψdc. (d) Ψde. (e) Ψhc. (f) Ψdh. Target states with leading
configurations of the type (a)–(f) are well described by the EOM-DEA-CCSD
method, as these configurations are all of the type VV . Configurations (b)–(f) are
also present in the EOM-EE-CCSD method starting with configuration (a) as the
reference (Φ0). Within EOM-EE-CCSD, these configurations are denoted as Ψcc

hh
,

Ψdc
hh

, Ψde
hh

, Ψc
h
, and Ψd

h , respectively. Because the configurations (b)–(d) and (e)–(f)
appear at different excitation levels (doubles and singles, respectively), EOM-EE-
CCSD does not describe well target states in which configurations of the types
(b), (c), and/or (d) have large weights. Triple excitations that appear in higher-level
methods (e.g., CC3 and EOM-EE-CCSDT) mitigate this imbalance and enable a
more accurate treatment of these target states. Note that this figure does not show
the spin complements of configurations (c)–(f), i.e., Ψcd , Ψed , Ψch, and Ψhd within
EOM-DEA-CCSD for brevity.

III. CONFIGURATIONAL ANALYSIS OF 2PA CHANNELS
Whereas the quality of computed one-photon transition

moments depends on how well the wave functions of the initial
and final states are described within an approximate ab initio
framework, the quality of computed 2PA transition moments
depends on the full spectrum of the approximate model Hamilto-
nian, owing to the SOS expressions in Eqs. (10) and (11). This makes
the calculations of 2PA cross sections more demanding compared
to one-photon transitions. In this section, we carry out a configura-
tional analysis of the EOM-EE and EOM-DEA manifolds in order
to better understand the performance of EOM-DEA-CCSD for 2PA
cross sections. Toward this goal, we analyze 2PA transition moments
in terms of leading configurations. We define a 2PA configurational
channel as an SOS term of the 2PA transition moment in which the
initial, intermediate, and final wave functions are approximated by
their leading electronic configuration (or Slater determinant).58 We
compare the component 2PA configurational channels for EOM-
DEA-CCSD, EOM-EE-CCSD, and higher-level methods such as the
CC3 response theory or the EOM-EE-CCSDT. In this qualitative
analysis, we neglect dynamical correlation and replace μ̂ by μ̂ (this
is equivalent to setting the T amplitudes to zero) and approximate
state energies with orbital energy differences in Eqs. (12) and (13).
Such deconstruction of the 2PA SOS terms affords a qualitative
assessment of the impact of different configurational manifolds in
different excited-state methods such as EOM-DEA-CCSD, EOM-
EE-CCSD, EOM-EE-CCSDT, etc. Our aim is to understand which
2PA channels are well or poorly described by different EOM-CC
methods, depending on whether the initial, final, or intermediate
wave functions are well or poorly described.

FIG. 2. Target configurations [in addition to configurations (a)–(f)] that can couple to initial configurations (a) and (b) in Fig. 1 via 2PA in an uncorrelated picture. The EOM-
DEA-CC notation is given first, and the EOM-EE-CC designation is shown in parentheses. (g) Ψhhc

i
(Ψc

i
). (h) Ψhhd

i
(Ψd

i
). (i) Ψdhc

i
(Ψdc

hi
). ( j) Ψchc

i
(Ψcc

hi
). (k) Ψdhe

i
(Ψde

hi
). (l)

Ψhchc
ji
(Ψcc

ji
). (m) Ψhdhc

ji
(Ψdc

ji
). (n) Ψhdhe

ji
(Ψde

ji
). (o) Ψcdhc

ji
(Ψcdc

hji
). (p) Ψcdce

ji
(Ψdc

hjhi
). (q) Ψdce

i
(Ψdce

hhi
). (r) Ψccd

i
(Ψccd

hhi
). Configurations (l)–(p) are not accessible within the

EOM-DEA-CCSD method with configuration (0) as the reference. In contrast, configurations (o)–(r) are not accessible within the EOM-EE-CCSD setup with configuration
(a) as the reference. Initial configuration (a) can couple to all final configurations except for configurations (o)–(r). Initial configuration (b) can couple to all final configurations
except configurations (h), (k), (l), and (n). Note that this figure does not show the spin complements of these configurations for brevity.
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TABLE I. Configurational analysis of the leading channels in the 2PA moment, Mg← f , for the EOM-DEA-CCSD and EOM-EE-CCSD methods. Here, the initial uncorrelated
state is approximated by the configuration (a) in Fig. 1 and represented as Ψg ≈ Φhh̄ and Ψg ≈ Φ0 for the two methods, respectively. Six different configurations [(a), (c), (e),
(g), (i), and (l) in Figs. 1 and 2] are considered below as Ψ f . These channels can couple to Ψg via 2PA in the uncorrelated picture through different intermediate states (Ψn)

approximated by single configurations. The Cartesian indices of μ̂ are omitted for brevity.

1Relative to the initial configuration, individual configurations within the sets [(b), (c), (d)], [(e), (f)], [(g), (h)], [(i), (j), (k)] and [(l), (m), (n)] are similar. The table, therefore, presents
the 2PA channels involving just one configuration from these sets of final configurations.
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TABLE II. Configurational analysis of the leading channels in the 2PA moment, Mg← f , for the EOM-DEA-CCSD and EOM-EE-CCSD methods. Here, the initial uncorrelated
state is approximated by configuration (b) in Fig. 1 and represented as Ψg≈Φcc̄ and Ψg≈Φcc̄

hh̄
for the two methods, respectively. Six different configurations are considered

below as Ψ f , as described by configurations (a)–(f) in Fig. 1. These channels can couple to Ψg via 2PA in the uncorrelated picture through different intermediate states (Ψn)

approximated by single configurations. The Cartesian indices of μ̂ are omitted for brevity.
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In this section, labels i, j, . . . refer to occupied orbitals other
than the HOMO; labels d, e, . . . refer to unoccupied orbitals other
than the lowest unoccupied MO (LUMO); label h refers to the
HOMO; label c refers to the LUMO; and labels p and p refer to alpha
and beta spin orbital p with energy εp, respectively.

In general, wave functions for which the leading configurations
are of the type VV , as represented by the target configurations in
Fig. 1, are well described by the EOM-DEA-CCSD method. This
is the case for ground-state wave functions in the test systems we
consider in this study, which are dominated by configurations (a)
and (b). In what follows, we will set our initial wave function in
the 2PA channels as one of these two target configurations one at a
time, identify the final configurations that can couple to the chosen
initial configuration via 2PA, and then assess the constructed 2PA
channels.

Figure 2 illustrates the exemplary final configurations that
can couple with configurations (a) and (b) in Fig. 1 within the
uncorrelated setup of 2PA channels. Tables I and II give the var-
ious 2PA channels that can be constructed between these initial
and final configurations via intermediate configurations for both
the EOM-EE-CCSD and EOM-DEA-CCSD methods. Since the
EOM-EE-CCSD method can only well describe target states that
do not have significant doubly excited character, only the 2PA
channels with initial configuration (a) and final singly excited con-
figurations (a), (e), (f), (g), and (h) are well described {note that
in Table I, we do not consider final configurations (f) and (h) as
relative to the initial conformation (a), configurations in sets [(e),
(f)] and [(g), (h)] are similar}. The intermediate configurations
in these 2PA channels are also well described; this is why EOM-
EE-CCSD typically performs well for ground-to-singly-excited
2PA transitions in closed-shell systems. However, for describing
transitions between states with significant doubly excited charac-
ter, EOM-EE-CCSD suffers from inadequate dynamical correlation,
and these different transition characters are treated in an unbal-
anced fashion.39 The addition of triples in EOM-EE-CCSDT and
CC3 response theory mitigates this for a robust treatment of the 2PA
transition.

In contrast, EOM-DEA-CCSD performs well for target states
for which the wave functions have leading configurations that
are singly and/or doubly excited from the HOMO. Consequently,
only the 2PA channels with final configurations (a)–(f) in Table I
are expected to be well described; 2PA channels involving target
states with leading final configurations that involve excitations from
orbitals lower than the HOMO are poorly described with EOM-
DEA-CCSD. Further, the intermediate configurations for the last
sets of 2PA channels involving configurations (e) and (f) are of
the type OVVV with excitations involving occupied orbitals other
than the HOMO; therefore, these channels are not well described
by EOM-DEA-CCSD, despite a balanced treatment of the corre-
sponding initial and final wave functions. We will illustrate this
dependency on the intermediate states with our benchmark results.

The second important configuration, configuration (b) in
Fig. 1, in the initial wave functions of our test systems can couple
to all final configurations in Figs. 1 and 2 except configurations (h),
(k), (l), and (n). In Table II, we only consider its coupling to final
configurations (a)–(f) in the 2PA channels, as these configurations
are well-described with EOM-DEA-CCSD. As Table II shows, these
2PA channels for EOM-DEA-CCSD are relatively well described

compared to EOM-EE-CCSD, even though intermediate configura-
tions in a few channels involve excitations from occupied orbitals
lower than the HOMO. This is expected as the EOM-EE-CCSD
cannot treat target states with dominant doubly excited configu-
rations on an equal footing as the singly excited configurations.
However, as we will illustrate below, the EOM-DEA-CCSD treat-
ment of the 2PA moments deteriorates significantly when the final
excited-state wave functions have significant contributions from
determinants involving excitations from occupied orbitals other
than the HOMO.

Note that wave functions dominated by configurations (a)–(n)
can be described well with methods involving triples excitations,
such as the EOM-EE-CCSDT and the CC3 response theory. How-
ever, even these methods cannot describe well the excited-state wave
functions dominated by configurations (o)–(r); configurations (o),
(q), and (r) are triply excited relative to the reference configuration
(a) and configuration (p) is accessible only when quadruple excited
determinants are included in the method. However, such states are
typically high-lying, and their contribution to the 2PA moments
of low-lying transitions is expected to be small due to the larger
denominators arising from the larger differences in the excitation
energies and the photon energies.

IV. COMPUTATIONAL DETAILS
We implemented the calculation of EOM-DEA-CCSD 2PA

cross sections (formulated within the expectation-value approach)
in the Q-Chem quantum chemistry package.59 The EOM-EE-CCSD
results were obtained using the previously reported implementation
for 2PA cross sections in Q-Chem.49,60,61 The CC3 response theory
results were obtained with the Dalton 2020 package.62,63

Our test systems included ethene, twisted ethene, trans-
butadiene, and all trans hexatriene and octatetraene. Hereby, we
drop the prefix trans for brevity. The geometries of ethene and buta-
diene are the same as in Ref. 39. For ethene at various HCCH torsion
angles, the bond lengths and angles were kept fixed to the respec-
tive values for untwisted ethene. We used geometries optimized with
RI-MP2/cc-pVQZ and RI-MP2/cc-pVTZ for hexatriene and octate-
traene, respectively. All geometries are given in the supplementary
material.

We used the dicationic Hartree–Fock reference in all EOM-
DEA-CCSD calculations.

We report the results following the Q-Chem symmetry nota-
tion rather than the Mulliken symmetry notation—details can be
found in Refs. 54, 64, and 65. We used the following Abelian point
groups in our calculations: D2h for ethene; D2 for twisted ethene
systems; and C2h for butadiene, hexatriene, and octatetraene.

For twisted ethene, we used Dunning’s double zeta basis set
(aug-cc-pVDZ). For other systems, we computed excited states
and 2PA cross sections with the cc-pVDZ, aug-cc-pVDZ, and
aug-cc-pVTZ basis sets. Core orbitals were kept frozen in all
EOM-CCSD calculations.

V. RESULTS AND DISCUSSION
A. Twisted ethene

The states of interest in ethene have the following charac-
ters: N(1

(π)2
) (ground state), V(1

(π)1
(π∗)1

), and Z(1
(π∗)2

).66 In
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TABLE III. Vertical excitation energies (Ω fg) and 2PA cross sections (δ fg) for the
N→ Z transition in ethene for different HCCH torsion angles (θ) computed with the
CC3 quadratic response theory, EOM-DEA-CCSD expectation-value, and EOM-EE-
CCSD expectation-value approaches with the aug-cc-pVDZ basis set.

CC3 EOM-DEA-CCSD EOM-EE-CCSD

θ Ω f (eV) δ fg (a.u.) Ω fg (eV) δ fg (a.u.) Ω fg (eV) δ fg (a.u.)

60○ 6.28 448.4 5.91 522.1 7.80 1539.9
70○ 4.77 245.1 4.41 282.0 6.51 346.5
80○ 3.30 118.3 3.11 122.3 4.80 1760.1
90○ 2.32 0.4 2.52 0.1 3.34 636.8

addition, the V state includes significant Rydberg contributions. The
Z state has a doubly excited character. At the ground-state geome-
try, it is located high in energy, above the ionization onset (i.e., it is
a resonance, embedded in the ionization continuum). However, its
energy drops as the HCCH torsion angle is increased from 0○ to 90○,
as was explained in Ref. 39. At perfectly twisted geometries (90○), the
π and π∗ orbitals are degenerate, and the potential energy curves for
the V and Z states have minima. The orbital degeneracy also leads to
the multiconfigurational character of the N state, which increases as
the torsion angle is increased from 0○ to 90○. This underlying mul-
ticonfigurational electronic structure makes these twisted structures
a challenging case for a single-reference method such as EOM-EE-
CCSD. Reference 39 discusses how the EOM-DEA-CCSD approach
reliably describes the torsion barrier and vertical excitation energies
in ethene at planar and twisted geometries. Here, we focus on the
performance of the EOM-DEA-CCSD for the N→ Z 2PA transition
in these twisted ethene structures.

Figure 3 compares the energies relative to the ground-state
energy (at planar geometry) for the N and Z states and the energies
of the N → Z excitation as a function of ethene’s torsion angle
for the EOM-DEA-CCSD, EOM-EE-CCSD, and CC3 methods with
the aug-cc-pVDZ basis set. As expected, EOM-EE-CCSD performs
poorly for the Z state even at the perfectly twisted geometry; the
N → Z excitation energy is significantly overestimated (raw data
in Table III). In contrast, as the torsion angle increases, the dou-
bly excited character of the Z state increases, which is reliably
captured by EOM-DEA-CCSD, and the discrepancy between the
EOM-DEA-CCSD and CC3 state energies is reduced. In fact,
the excitation-energy curves for EOM-DEA-CCSD and CC3 cross
between 80○ and 90○. Nevertheless, these differences (≈0.2 eV) rel-
ative to CC3 energies nearer to the perfectly twisted geometry are
smaller, indicating that EOM-DEA-CCSD gives similar quality exci-
tation energies when the multiconfigurational character of the wave
function is large. On the other hand, the larger differences between
EOM-DEA-CCSD and CC3 energies at smaller torsion angles are
a consequence of the inability of the EOM-DEA-CCSD method to
treat singly excited configurations from occupied orbitals lower than
the HOMO on an equal footing relative to excited configurations
from the HOMO; the former configurations have a non-negligible
contribution to the CC3 Z-state wave function at smaller torsion
angles.

The bottom panel of Fig. 3 compares the cross sections for the
N→ Z 2PA transition as a function of the torsion angle with the

FIG. 3. (Top) State energies of states N and Z relative to the ground state of
untwisted ethene, (middle) excitation energies for state Z relative to state N, and
(bottom) 2PA cross sections for the N→ Z transition in twisted ethene as a function
of the HCCH torsion angle computed at the EOM-DEA-CCSD, EOM-EE-CCSD,
and CC3 levels of theory and the aug-cc-pVDZ basis set.

EOM-DEA-CCSD, EOM-EE-CCSD, and CC3 levels of theory.
The 2PA cross sections decrease as a function of the torsion
angle for the EOM-DEA-CCSD and CC3 approaches. This can be
explained using the three-state model involving the N, Z, and dom-
inant intermediate V states to explain the decreasing dominant
MNZ

xx 2PA moments with the torsion angle. The dipole coupling
between the N and V states decreases with increasing torsion angle
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and becomes negligible for the perfectly twisted ethene, a conse-
quence of the increasing doubly excited character of the N state,
as explained in the Appendix. As a result, the dominant SOS term
for the M NZ

xx moments decreases to zero with increasing torsion
angle.

Figure 3 illustrates the much poorer description with EOM-EE-
CCSD, as was explained in Sec. III, for the 2PA cross sections involv-
ing states with significant double excited character. For twisted
ethene, the EOM-EE-CCSD 2PA cross sections rapidly oscillate as
the torsion angle is increased between 60○ and 90○, in contrast to
the monotonously decreasing 2PA cross sections with the EOM-
DEA-CCSD and CC3 approaches. This is attributed to the poorly
described character of the Z state, with imbalanced contributions of
singly and doubly excited configurations, for different torsion angles
with the EOM-EE-CCSD method, leading to poor quality transition
properties. This is also highlighted by the fact that EOM-EE-CCSD
computes non-degenerate Z and V states for the perfectly twisted
ethene.

Similar to the trend observed for excitation energies, the 2PA
cross sections for this transition show smaller differences between
the EOM-DEA-CCSD and CC3 results as the torsion angle is
increased up to 90○. The larger differences at lower torsion angles
arise, primarily, due to two factors. First, we use the expectation-
value approach for computing 2PA moments within the EOM-DEA-
CCSD framework as against the CC3 (full) response theory, leading
to small differences.49,51,67 Second, EOM-DEA-CCSD is a lower-
level method compared to CC3; the former cannot describe the
dynamical correlation as well as the latter. This results in a relatively
poorer description of the non-negligible valence and Rydberg char-
acters of the EOM-DEA-CCSD target states at smaller torsion angles
compared to that with CC3. On the other hand, as the torsion angle
is increased to 90○, the wave function of the N and Z states becomes
predominantly multiconfigurational in character [i.e., configura-
tions (a) and (b) in Fig. 1 dominate], which EOM-DEA-CCSD can
describe as well as CC3, resulting in smaller differences between the
CC3 and EOM-DEA-CCSD results. The reliable description of the
electronic structure with EOM-DEA-CCSD is also apparent from
the configurational analysis in Tables I and II, which suggests that
the 2PA channels are all well described by EOM-DEA-CCSD when
the final state has a dominant doubly excited configuration. When
the target EOM-DEA-CCSD state has significant contributions from
other valence configurations, i.e., at smaller torsion angles, not
all the intermediate configurations (and 2PA channels) are well
described.

B. Polyenes
Prototypical polyenes such as butadiene, hexatriene, and

octatetraene feature close-lying excited states with multiconfigu-
rational (mixed Rydberg and doubly excited) wave functions.14–17

These systems, therefore, represent challenging cases that give a
measure of the balance of dynamical and static correlation captured
by a multireference method in the description of these excited-state
energies and wave functions. For example, the 2Ag (one-photon
dark) and 1Bu (one-photon bright) singlet states in butadiene and
hexatriene have been the focus of many studies, with an evi-
dent lack of quantitative agreement among different theoretical
methods and experiments with respect to their state ordering. As

discussed in Ref. 39, multireference methods typically overestimate
the doubly excited contributions in the wave functions for the 2Ag
state, whereas single-reference methods such as ADC and EOM-
EE-CCSD underestimate these contributions. For butadiene, the
current consensus is that 1Bu is lower than 2Ag, based on the
observed fluorescence in butadiene. Even though this ordering is
expected to change for longer polyenes, for hexatriene and octate-
traene considered in the present study, EOM-DEA-CCSD places the
one-photon dark state above the one-photon bright state, as shown
in Table IV.

We consider 2PA transitions with degenerate photons to the
two-photon bright 2Ag states for these polyenes. In addition, we also
consider the N→ Z transition (XAg → 6Ag with CC3) in ethene that
has a significant doubly excited character (note that the Z state is
not accessible with EOM-EE-CCSD39). We compare excitation ener-
gies and 2PA cross sections computed with the EOM-DEA-CCSD
and higher-level CC3 response theory approaches. Table V presents
the raw data for the 2PA transitions, which suggests that 2PA cross
sections are strongly sensitive to the basis set, as is well documented.
For example, the 2PA cross sections for ethene change by almost
50% between the aug-cc-pVDZ and aug-cc-pVTZ basis sets; the
change for butadiene and hexatriene is even larger between the
cc-pVDZ and aug-cc-pVDZ basis sets. The excitation energies of
the 2Ag state also follow a similar trend with respect to the basis
set in these systems, which also suggests that the cc-pVDZ basis
set is too small for these systems and that basis sets with at least
one augmenting set of basis functions give energies that are closer
to convergence. Further, our choice of basis sets is constrained by
the capabilities of Dalton’s non-parallelized CC3 implementation
of 2PA cross sections. Below, we discuss the results for the Dun-
ning double zeta (aug-cc-pVDZ) basis set, which is a fairly large
basis set for these prototypical polyenes. We restrict the discussion
to the comparisons across different electronic structure methods
and do not discuss whether the computed 2PA cross sections are
converged with respect to the basis-set size. A more thorough dis-
cussion on the basis-set dependence of 2PA cross sections is given in
Refs. 43 and 49.

For ethene’s N→ Z transition, the excitation energy with EOM-
DEA-CCSD/aug-cc-pVDZ is underestimated by ∼0.5 eV relative to
that computed with the CC3 method, primarily a consequence of
the differing dynamical correlation for the two methods and the
unbalanced EOM-DEA-CCSD treatment of the singly excited con-
figurations from the HOMO (VV) and from other occupied orbitals
(OVVV), as explained in Sec. V A. Moreover, this transition corre-
sponds to the XAg → 3Ag within the EOM-DEA-CCSD framework,

TABLE IV. Vertical excitation energies in eV for the 1Bu and 2Ag states in butadi-
ene, hexatriene, and octatetraene computed with the EOM-DEA-CCSD method for
different basis sets.

Butadiene Hexatriene Octatetraene

Basis set 1Bu 2Ag 1Bu 2Ag 1Bu 2Ag

cc-pVDZ 6.89 7.41 5.73 6.16 4.99 5.23
aug-cc-pVDZ 6.27 6.68 5.36 5.89 4.73 5.09
aug-cc-pVTZ 6.24 6.68 5.35 5.88 - -
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TABLE V. Vertical excitation energies (Ω fg) and 2PA cross sections (δ fg) for the N → Z transition in ethene and
XAg → 2Ag transitions in butadiene, hexatriene, and octatetraene computed with the CC3 quadratic response theory, the
EOM-DEA-CCSD expectation-value, and the EOM-EE-CCSD expectation-value approaches.

CC3 EOM-DEA-CCSD EOM-EE-CCSD

Basis set Ω fg (eV) δ fg (a.u.) Ω fg (eV) δ fg (a.u.) Ω fg (eV) δ fg (a.u.)

Ethene

aug-cc-pVDZ 13.62 1643.2 13.08 1303.3 - -
aug-cc-pVTZ - - 12.86 674.8 - -

Butadiene

cc-pVDZ 6.97 135.2 7.41 22.8 7.65 579.2
aug-cc-pVDZ 6.66 400.3 6.68 319.3 7.06 1018.4

Hexatriene

cc-pVDZ 5.84 613.3 6.16 97.9 6.76 4632.7
aug-cc-pVDZ 5.72 1300.8 5.89 482.1 6.53 8540.3

Octatetraene

aug-cc-pVDZ - - 5.09 145.9 - -

again as a result of EOM-DEA-CCSD overestimating the energies of
low-lying excitations from occupied orbitals lower than the HOMO.
Still, its 2PA cross section is expected to be well described with
the EOM-DEA-CCSD method as the dominant configuration in
the final state is doubly excited relative to the dominant configu-
ration in the initial state, as explained in the 2PA channel analysis
surrounding Table I. Indeed, the 2PA cross sections with the EOM-
DEA-CCSD method differ by ∼20% relative to those computed with
the CC3 response theory method. This difference also results from
a combination of the differing dynamical correlation and the use of
the expectation-value approach with EOM-DEA-CCSD as against
the full response CC3 approach.

Similar to the above transition in ethene, EOM-DEA-CCSD
is expected to perform well for the XAg → 2Ag transition in buta-
diene. As detailed in Ref. 39, the 2Ag state has a mixed Rydberg
and doubly excited character. EOM-DEA-CCSD yields the energy
for this excitation within 0.03 eV of that computed with the CC3
method, which highlights that EOM-DEA-CCSD is able to balance
Rydberg and doubly excited determinants on an equal footing. Since
the dominant configurations in the initial and final states differ by
either singles or doubles excitations relative to each other, EOM-
DEA-CCSD is also expected to perform well for computing the 2PA
cross sections, similar to the case of ethene discussed earlier and
consistent with the channel analysis in Tables I and II. In the case
of butadiene, the EOM-DEA-CCSD underestimates the 2PA cross
section by ∼20% relative to the CC3 response theory value. Here, we
also note that EOM-EE-CCSD overestimates this excitation energy
by 0.4 eV and 2PA cross section by ∼150%.

Besides the doubly excited character and excitations from the
HOMO, the CC3 wave-function amplitudes of hexatriene’s 2Ag state
reveal a more significant contribution from excitations originating
from the lower occupied orbitals compared to similar excitations in
ethene and butadiene. Since these excitations in the CC3 framework

correspond to the OVVV configurations in EOM-DEA-CCSD, the
corresponding OVVV amplitudes of the EOM-DEA-CCSD target
state are negligible. Therefore, we expect EOM-DEA-CCSD to not
perform well for the energy and 2PA cross section of the XAg → 2Ag
transition in hexatriene. Indeed, the discrepancy in the excitation
energy of this state between CC3 and EOM-DEA-CCSD (0.14 eV)
is larger than that in butadiene. Although the impact of this unbal-
anced EOM-DEA-CCSD description of the final state is not consid-
erable in the excitation energy, the impact on the 2PA cross section
is much larger. The EOM-DEA-CCSD yields a 2PA cross section
for hexatriene’s XAg → 2Ag transition that is smaller by a factor
of ∼2.5 compared to the value computed with the CC3 response
theory. Finally, as expected, EOM-EE-CCSD performs even worse
than EOM-DEA-CCSD for both the excitation energy and the 2PA
cross section for this transition; the excitation energy is overesti-
mated by ∼0.7 eV and the 2PA cross section is overestimated by a
factor of ∼7.

Finally, we do not see a monotonous trend in the 2PA cross
sections with increasing length of polyenes. Instead, the EOM-DEA-
CCSD 2PA cross sections oscillate from ethene to octatetraene,
following a similar trend observed for the CC3 quadratic response
theory approach.

VI. CONCLUSIONS
We expanded the scope of the EOM-CC framework to include

the calculations of 2PA cross sections for transitions between EOM-
DEA-CCSD target states. To derive the working equations, we
began with the SOS expressions for the 2PA transition moments,
derived from time-dependent perturbation theory for exact states,
and parameterized them with EOM-DEA-CCSD energies and wave
functions. We then recast the SOS expression to a more compact
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expectation-value-like form using first-order response wave func-
tions. These response wave functions are computed by solving sys-
tems of linear equations, which have the same computational com-
plexity as the EOM-DEA-CCSD eigenproblem. We benchmarked
the 2PA cross sections for one-photon dark transitions in prototyp-
ical polyenes and twisted ethene computed with this EOM-DEA-
CCSD approach against the ones computed with the higher-level
CC3 quadratic response theory. We showed that the results for 2PA
cross sections for transitions to target states dominated by the dou-
bly excited character in twisted ethene were of similar quality for
the EOM-DEA-CCSD and CC3 approaches, whereas the EOM-EE-
CCSD method showed large errors relative to CC3, as expected.
In contrast, the 2PA cross sections for XAg → 2Ag transitions in
polyenes showed larger discrepancies between the CC3 and EOM-
DEA-CCSD methods, even though the EOM-DEA-CCSD method
gives energies and zero-order wave functions of these target states
with significant multiconfigurational character that are of similar
quality as CC3. By using a simplified representation of 2PA configu-
rational channels, we explained that these discrepancies arise mostly
when the CC3 wave functions of the initial or final target states
have a non-negligible contribution from configurations that involve
excitations from occupied orbitals other than the HOMO. Because
EOM-DEA-CCSD does not have sufficient dynamical correlation
(i.e., from the triples) to reliably describe these configurations, which
are of the type OVVV in EOM-DEA-CCSD target wave functions,
2PA cross sections, which are strongly sensitive to electronic cor-
relation through the SOS expressions, showed larger discrepancies
compared to the discrepancies in the state energies. We conclude
that non-particle-conserving flavors of EOM-CCSD, such as EOM-
DEA-CCSD (2p + 3p1h) and other similar multireference methods,
which can provide reliable energies and first-order properties for
systems such as polyenes and diradicals by exploiting specific sec-
tors of the Fock space and the choice of the reference(s), might
not be reliable for multiphoton properties. On the other hand,
computationally more demanding methods such as EOM-DEA-
CCSD with 2p + 3p1h + 4p2h DEA operators and EOM-nEA-CC
(n = T, Q, . . .) can potentially deliver accurate results for specific
multiphoton transitions in these systems, and will be explored in the
future studies.

SUPPLEMENTARY MATERIAL

See the supplementary material for the Cartesian coordinates of
the benchmark systems.
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APPENDIX: 2PA RESPONSE INTERMEDIATES
AND MO PICTURE OF THE N → Z TRANSITION
IN TWISTED ETHENE
1. Programmable expressions

Below, 𝒫−ab denotes the anti-symmetrizer with respect to
indices a and b; 𝒫−abc denotes the anti-symmetrizer with respect to
indices a, b, and c; and tr(A) denotes the trace of tensor A:
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(A4)

2. Why ⟨ΨN∣μ∣ΨV⟩ decreases to zero for perfectly
twisted ethene?

We consider the simple two-electrons-in-two-molecular-
orbitals picture such that the wave functions, ΨN and ΨV, of the N
and V states, respectively, are given by

ΨN =
(cos(θ)ϕ2

1 − sin(θ)ϕ2
2)(αβ − βα)

2
(A5)

and

ΨV =
(ϕ1ϕ2 + ϕ2ϕ1)(αβ − βα)

2
, (A6)

where ϕ1 and ϕ2 are the two frontier MOs forming the
bonding–antibonding MO pair from two atomic orbitals χa and χb,
each on the two carbon atoms a and b, such that

ϕ1 =
χa + χb
√

2
(A7)

and

ϕ2 =
χa − χb
√

2
. (A8)

Here, α and β indicate the electron spins and 2θ is the torsion angle.
The above wave functions can also be expressed in terms of λ, which
is an indicator of the diradical character of ethene, as in Ref. 60. λ
depends on the energy separation of the two MOs and is related to
θ via λ = tan(θ). λ = 1 when these MOs are degenerate, which is the
case for perfectly twisted ethene. The dipole coupling between these
two wave functions is given by

⟨ΨN∣μ∣ΨV⟩ =
1
4
⟨(cos(θ)ϕ2

1 − sin(θ)ϕ2
2)∣μ∣(ϕ1ϕ2 + ϕ2ϕ1)⟩

=
1
2
(cos(θ) − sin(θ))⟨ϕ1∣μ∣ϕ2⟩

=
1

2
√

1 + λ2
(1 − λ)⟨ϕ1∣μ∣ϕ2⟩, (A9)

where we use ⟨ϕ1∣μ∣ϕ2⟩ = ⟨ϕ2∣μ∣ϕ1⟩. Inserting Eqs. (A7) and (A8) in
Eq. (A9), we obtain

⟨ΨN∣μ∣ΨV⟩ =
1

2
√

1 + λ2
(1 − λ)⟨

χa + χb
√

2
∣μ∣

χa − χb
√

2
⟩

≈
1

4
√

1 + λ2
(1 − λ)(⟨χa∣μ∣χa⟩ − ⟨χb∣μ∣χb⟩)

≈
1

4
√

1 + λ2
(1 − λ)(rb − ra). (A10)

Because λ increases to 1 for perfectly twisted ethene, the above term
drops to zero, thereby, making the M NZ

xx 2PA moments negligible.
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