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ABSTRACT: One-particle transition density matrices and natural
transition orbitals enable quantitative description of electronic
transitions and interstate properties involving correlated many-body
wave functions within the molecular orbital framework. Here we extend
the formalism to the analysis of tensor properties, such as spin−orbit
couplings (SOCs), which involve states of diﬀerent spin projection. By
using spinless density matrices and Wigner−Eckart’s theorem, the
approach allows one to treat the transitions between states with
arbitrary spin projections in a uniform way. In addition to a pictorial
representation of the transition, the analysis also yields quantitative
contributions of hole−particle pairs into the overall many-body matrix
elements. In particular, it helps to rationalize the magnitude of
computed SOCs in terms of El-Sayed’s rules. The capabilities of the
new tool are illustrated by the analysis of the equation-of-motion coupled-cluster calculations of two transition metal complexes.

M

coupled-cluster (EOM-CC) theories. Despite these unsettling
observations, molecular orbital theory and rigorous description
of electron correlation are perfectly compatible with each
other. Molecular orbital theory can be extended to correlated
many-electron wave functions via generalized one-electron
quantities such as Dyson8−10 and natural transition orbitals
(NTOs).11−20
In this paper, we focus on one-electron transition properties.
The key quantity, which allows one to characterize the
diﬀerences between two states (e.g., ΨF and ΨI) in terms of
one-electron excitations and to compute interstate properties,
is a one-particle transition density matrix:

olecular orbital theory is of central importance in
chemistry. Chemists use molecular orbital concepts to
explain molecular structure and properties.1 Orbitals are used
to rationalize systematic trends in series of compounds and
chemical reactivity in the ground and electronically excited
states.2,3 Molecular orbitals are also commonly invoked to
describe electronic transitions and interstate properties, such as
transition dipole moments and nonadiabatic and spin−orbit
couplings (SOCs).4−7
Molecular orbitals are often associated with (pseudo)noninteracting electrons. In the Hartree−Fock mean-ﬁeld
theory, an N-electron wave function is given by an
antisymmetrized product on N molecular orbitals, and the
diﬀerences between two electronic states (e.g., neutral and
cation or ground and excited) can be described in terms of
individual orbitals. Consequently, state and interstate properties can be analyzed in terms of matrix elements between the
orbitals.
Yet, a quantitative description of an N-electron system
entails multideterminantal ansätze. Even the simplest excitedstate theory, conﬁguration interaction singles (CIS), goes
beyond the single-determinant representation. One can analyze
such wave functions in terms of molecular orbitals by focusing
on the dominant conﬁgurations; however, such an approach is
imprecise and quickly becomes impractical. Moreover, the
choice of individual orbitals (and, consequently, the values of
the individual amplitudes in the multiconﬁgurational wave
functions) is not unique. For example, energies and all physical
observables of the Hartree−Fock and CIS wave functions are
invariant with respect to any unitary orbital transformation
within the occupied and virtual orbital spaces. This is also the
case for coupled-cluster (CC) and equation-of-motion
© XXXX American Chemical Society

γpqFI ≡ ⟨ΨF |ap†aq|ΨI ⟩

(1)

where a†p and aq are creation and annihilation operators
associated with orbitals p and q. The interstate matrix element
for a one-electron operator Â = ∑pq Apqa†paq is then:21
⟨ΨF |Â |ΨI ⟩ =

∑ A pq⟨ΨF|ap†aq|ΨI⟩ = ∑ A pqγpqFI = Tr[γA]
pq

pq

(2)

where the sum runs over all orbitals. While the value of
⟨ΨF|Â |ΨI⟩ evaluated using the above expression is orbitalinvariant, the values of the individual integrals Apq = ⟨ϕp|Â |ϕq⟩
and the respective elements of γ depend on the choice of
orbitals. The most compact representation of γ and,
consequently, of eq 2 is achieved by using diagonal
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result in mixing of nπ* and ππ* states, strongly modulating the
magnitude of SOC and the rates of intersystem crossing.
Despite a widespread use of NTOs and natural orbitals to
describe characters of the states involved in the spin-forbidden
transitions (as in, for example, refs 30, 31, and 38), there have
been only a couple of studies reporting the NTOs between
spin-coupled states24 or between particular components of a
multiplet.29 In this contribution, we introduce a new type of
NTOs suitable for the analysis of SOCs. The deﬁnition is
based on the spinless density matrices and Wigner−Eckart’s
theorem, which are used for the calculation of SOCs for the
entire multiplet from just one transition.39,40 This approach
allows one to treat the transitions between states with arbitrary
spin projections in a uniform way and to quantitatively
describe the contributions of speciﬁc orbital pairs into the
overall SOC. We use this tool to rationalize the magnitude of
the SOCs computed using EOM-CC wave functions in terms
of El-Sayed’s rules.5,25
To introduce the key concept, NTOs of the spinless
transition density matrix, we ﬁrst brieﬂy outline the formalism
for SOC calculations40 using Wigner−Eckart’s theorem with
the Breit−Pauli Hamiltonian and EOM-CC wave functions. It
is convenient to describe spin-dependent operators through
spin-tensor operators Ô S,M. These operators are deﬁned as a set
of Ô S,M, satisfying the following relations:41,42

representation of the transition density matrix via singular
value decomposition (SVD):11,14
γ FI = UΣV†

(3)

where Σ is a diagonal matrix with non-negative numbers (σk)
on the diagonal and the kth columns of U and V are the pair of
right and left singular vectors corresponding to the kth singular
value σk. In this way, one can represent the transition density
between states F and I as a (usually small) number of particle−
hole pairs:
ξ FI(xp ,xh) =

h

p

∑ σkϕk̃ (xp)ϕk̃ (xh)
k

(4)

where x denotes spatial and spin coordinates of an electron
(x ≡ r, s) and ϕ̃ pk and ϕ̃ hk, which are called particle and hole
NTOs, are deﬁned by the singular vectors from eq 3:
p

ϕk̃ =

∑ Uqkϕq
(5)

q
h

ϕk̃ =

∑ Vqkϕq
(6)

q

ξ (xp,xh), which sometimes is called an exciton wave
function,11,22 describes the diﬀerence between the two manyelectron states, ΨF and ΨI, in terms of one-electron (i.e., hole−
pair) excitations between the orbitals ϕ̃ pk and ϕ̃ hk. In this way,
NTOs provide a rigorous extension of molecular orbital theory
to general correlated wave functions. In the basis of NTOs, eq
2 becomes
FI

⟨ΨF |Â |ΨI ⟩ =

p

S(S + 1) − M(M ± 1) Ô

S ,M
S ,M
[Sẑ , Ô ] = MÔ

S ,M±1

(8)
(9)

where S and M label the operator’s spin and spin projection.
Spin-independent operators are always singlet operators
because they commute with Ŝ z and Ŝ ±. We can split all oneelectron excitation operators into the singlet and triplet
subsets:43

h

∑ ⟨ϕk̃ |Â |ϕk̃ ⟩σk
k

S ,M
[S±̂ , Ô ] =

(7)

Thus, an interstate property can be represented as a sum of the
matrix elements between the hole and particle orbitals, and the
weight of each term is given by the respective singular value.23
Often, only one or two singular values are signiﬁcant in the
expansion, while the contribution of the remaining singular
values is small.
NTOs are now routinely used to analyze various aspects of
bound16,19,20,24 and metastable18 excited states, including
nonlinear optical phenomena.17 In this contribution, we
extend the formalism to the analysis of tensor properties,
such as SOCs, which involve states of diﬀerent spin projection.
Qualitative molecular orbital analysis has been used to
rationalize the rates of the spin-forbidden transitions since the
early days of quantum chemistry.5,25 As succinctly explained by
El-Sayed,5,25 the angular momentum operator of the SOC term
induces an orbital torque, which means that large values of the
SOC matrix element can be attained only when the transitions
involve the change of orbital orientation.26 In the context of
organic photochemistry, this implies that SOCs between the
states that have the same orbital character (e.g., ππ* triplet and
singlet) are small and SOCs between the states that have
diﬀerent orbital character (e.g., nπ* triplet and ππ* singlet) are
large. Known as El-Sayed’s rule, this guideline is often invoked
to explain many aspects of spin-forbidden processes, such as
diradical reactivity,4,27−29 reaction of triplet oxygen with
unsaturated compounds,28,29 and phosphorescent properties
of photovoltaic materials.30−35 Molecular orbital analysis is also
invoked to explain the breakdown of El-Sayed’s rules due to
vibronic eﬀects.30,36,37 For example, since the molecular
vibrations aﬀect the shape of molecular orbitals, they can

0,0

̂ =
Tpq

1 †
(apαaqα + ap†β aqβ )
2

(10)

1,1

̂ = −ap†αaqβ
Tpq
1,0

̂ =
Tpq
1, −1

̂
Tpq

1 †
(apαaqα − ap†β aqβ )
2

= ap†β aqα

(11)

(12)
(13)

T̂ 0,0, T̂ 1,−1, T̂ 1,0, and T̂ 1,1 form a basis in the space of oneparticle excitation operators. Given this partitioning, the
transition density matrix γFI can be broken down into the
singlet and triplet components. The singlet density matrices
have identical αα and ββ parts, γsinglet
= γsinglet
αα
ββ ; M = 0 triplet
density matrices have the opposite signs of αα and ββ parts
γtriplet,M=0
= −γtriplet,M=0
. Because of this property, the singlet and
αα
ββ
triplet density matrices are orthogonal to each other.44 To
evaluate the transition matrix element, the operators of the
singlet type require only the singlet part of the transition
density matrix from eq 2, while the triplet operators require
only the triplet part. Because diﬀerent parts of the density
matrix give rise to diﬀerent physical observables, one should
analyze the part that is relevant for the investigated property.
That is, for rationalizing transition dipole moments or
nonadiabatic couplings between spin-coupled states,45 one
should consider the singlet part of γ, whereas for computing
SOC between the nonrelativistic zero-order states one should
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consider the triplet part of γ. The latter is the key quantity in
our analysis.
One-electron and mean-ﬁeld Breit−Pauli spin−orbit operators have the following form:40,46
i
1 jj
SO
SO
†
†
†
Ĥ = jjjj∑ h LSO
, pqapβ aqα + ∑ hz , pq(apα aqα − apβ aqβ )
2 j pq +
pq
k
i
yz
zz 1 jjj
†
̂ 1, −1 + 2 ∑ hzSO
̂ 1,0
zz = jj∑ h LSO, pqTpq
a
a
+ ∑ h LSO
,
pq
p
q
, pqT
α
β
z 2 jj
−
+
z
pq
pq
k pq
{
yz
1, −1z
T̂ zzz
− ∑ h LSO
−, pq pq z
z
pq
{

where ζh,p
k (r) and ωk are the new spinless NTOs and their
respective weights (singular values of u1,·). Because all reduced
spin−orbit matrix elements are expressed through the spin−
orbit integrals over the spinless NTO pairs and the respective
weights ωk are the same for all three reduced spin−orbit matrix
elements, one can analyze diﬀerent components of the spin−
orbit matrix in a uniform way.
We note that, in contrast to the parent γ, the norm of u1,· is
not bounded by 1 because of the division by the Clebsh−
Gordan coeﬃcient, as per eq 18. Consequently, the magnitude
of the respective singular values (ωk) and their sum can exceed
1. However, the extent of the collectivity of the transition (i.e.,
the number of signiﬁcant NTO pairs) can be characterized by
the participation ratio computed using the same expression as
that for regular NTOs:20

(14)

where L+ and L− parts are spherical components:
h L1+eSO = hx1eSO + ih1y eSO

(15)

h L1eSO
= hx1eSO − ih1y eSO
−

(16)

2 2

(∑k ωk )
PRNTO =
∑k ωk 4

For example, for a transition dominated by a single NTO pair,
PRNTO = 1, for a transition described by two NTO pairs with
equal weights, PRNTO = 2, and so on.
Below we illustrate the utility of the spinless NTOs by
considering several examples of open-shell species described
using EOM-CC wave functions. EOM-CC target electronic
states are parametrized using linear excitation (ionization,
electron attachment) operators acting on the exponential CC
ansatz describing the reference state:

The spherical components for the spin−orbit mean-ﬁeld
(SOMF) operator are deﬁned in a similar way.40
In practical calculations39,40 of SOCs, it is convenient to
apply Wigner−Eckart’s theorem for matrix elements with spintensor operators Ô S,M:
S ,M
S ,·
⟨S′M′|Ô |S″M″⟩ = ⟨S″M″;SM |S′M′⟩⟨S′||Ô ||S″⟩

(17)

where ⟨S″M″;SM|S′M′⟩ is a Clebsh−Gordan coeﬃcient,
⟨S′||Ô S,·||S″⟩ is a reduced matrix element, which does not
depend on spin projections. Applying Wigner−Eckart’s
theorem to the triplet density matrices, we obtain a spinless
triplet transition density matrix u1,·:
1,·

̂ ||IS′⟩ = ⟨JSM |T̂
u1,pq· = ⟨JS||Tpq

̂
ΨEOM⟩ = Rê T Φ0⟩

⟨ΨEOM = ⟨Φ0 Lê −T

|IS′M′⟩/⟨S′M′;1m|SM ⟩

Doing the same for the spin−orbit operator, we obtain the
following relations:
1
2

∑ h LSO;pqu1,pq·

2
2

∑ h LSO;pqu1,pq·

1
⟨JS||Ĥ L+||IS′⟩ = +
2

∑ h LSO;pqu1,pq·

⟨JS||Ĥ L0||IS′⟩ =

−

(19)

p,q

z

(20)

pq

+

(21)

pq

As one can see, all relevant matrix elements are computed
from u1,·. Thus, to analyze the entire spin−orbit matrix
between the two multiplets, we perform SVD of u1,· and obtain
an analogue of eq 2. The reduced spin−orbit matrix elements
can be then written as
1
⟨JS||Ĥ L−||IS′⟩ = −
2
⟨JS||Ĥ L0||IS′⟩ =

∑ ⟨ζkp|h LSO|ζkh⟩ωk
−

k

2
2

∑ ⟨ζkp|h LSO|ζkh⟩ωk

1
2

∑ ⟨ζkp|h LSO|ζkh⟩ωk

⟨JS||Ĥ L+||IS⟩′ = +

z

k

+

k

̂

(26)
(27)

where T̂ is a CC excitation operator and R̂ and L̂ are the EOM
right excitation and left de-excitation operators. In the singles
and doubles variant47 (EOM-CCSD), T̂ is truncated after
single and double excitations. In the electron excitation (EOMEE-CCSD) and spin-ﬂip48,49 (EOM-SF-CCSD) variants, R̂
comprises 1h1p (one-hole−one-particle) and 2h2p (twoholes−two-particles) operators. In the ionization50,51 (EOMIP-CCSD) and electron-attached52 (EOM-EA-CCSD) variants, R̂ comprises 1h, 2h1p and 1p, 1h2p operators,
respectively.
To illustrate the analysis, we consider a tris(pyrrolylmethyl)amine Fe(II) complex (which we hereafter denote as
(tpa)Fe−), exhibiting a large spin-reversal barrier,53 and a
methylethylgalium (EtMeGa) radical; their structures are
shown in Figures 1 and 2, respectively. To describe quintet
states of (tpa)Fe−, we used EOM-EA-MP2/cc-pVDZ from the

1, m

(18)

⟨JS||Ĥ L−||IS′⟩ = −

(25)

(22)

Figure 1. Left: Structure of (tpa)Fe (C15N4H15Fe). Iron is shown in
red, nitrogens in blue, carbons in gray, and hydrogens in white. Right:
Frontier MOs and electronic conﬁguration of the d5 hextet reference
and relevant target states. The target states are obtained by the
attachment of a β-electron to one of the three MOs marked by the
dashed red box: attachment to the two lowest MOs gives rise to
degenerate states 1 and 2, and attachment to the next MO gives rise
to state 3.

(23)

(24)
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Table 1. Spin−Orbit Mean-Field Reduced Matrix Elements
of the Considered Systems in the Selected Orientations

Figure 2. Left: Structure of the methylethylgalium (EtMeGa) radical
(GaC3H8). Gallium is shown in pink, carbons in gray, and hydrogens
in white. Right: Electronic conﬁguration of the closed-shell cationic
reference and relevant target states. The target states are obtained by
electron attachment to the two lowest unoccupied orbitals of the
cation marked by the dashed red box.

5

d hextet reference (Figure 1, right panel). In this calculation,
we used the same geometry and followed the same protocol as
in ref 40. The relevant states of EtMeGa were described by
EOM-EA-CCSD from the closed-shell cationic reference
(Figure 2, right panel); these calculations were carried out at
the doublet state geometry optimized with ωB97X-D (given in
the SI).
We consider the three lowest quintet states of (tpa)Fe−. The
character of these states is depicted schematically in Figure 1.
The ground-state is a doubly degenerate quintet because of
point group symmetry (C3); we refer to these states as States 1
and 2. The next quintet state, State 3, is nondegenerate. As
shown in a recent paper,40 taking into account only these three
lowest states is suﬃcient for accurate description of the spinreversal barrier.53 Figure 3 shows the leading spinless NTO
pair of the reduced triplet transition density matrix u1,· for
(tpa)Fe−. The singular values of the remaining NTOs are by 2
orders of magnitude smaller than of those shown in Figure 3,
and the participation ratios for these transitions are 1.002 and
1.001. As one can see, the transitions between all three states
can be described as transition between nearly perfect d-orbitals,
dyz → dxz and dyz → dz2. The respective values of SOC (given in
Table 1) are large, which can be explained by generalized ElSayed’s rules, as discussed below. The NTOs corresponding to
the transitions between the two doublet states in EtMeGa are a
pair of ﬂipped p-like orbitals giving rise to a substantial value of
SOC. The participation ratio for this transition is 1.008.

(tpa)Fe−, 1 → 2

⟨ζp|hSO|ζh⟩ × ω

full EOM-EA-MP2

⟨S||HSO
L− ||S⟩

−0.30 + 0.09i

−0.29 + 0.10i

⟨S||HSO
L0 ||S⟩

−209.04

−211.34i

⟨S||HSO
L+ ||S⟩

−0.30 − 0.09i

−0.29 − 0.10i

(tpa)Fe−, 1 → 3

⟨ζp|hSO|ζh⟩ × ω

full EOM-EA-MP2

⟨S||HSO
L− ||S⟩

−31.79 + 224.48i

−32.07 + 228.23i

⟨S||HSO
L0 ||S⟩

0.04i

0.07i

⟨S||HSO
L+ ||S⟩

−31.79 − 224.44i

−32.07 − 228.23i

EtMeGa, 1 → 2

⟨ζp|hSO|ζh⟩ × ω

full EOM-EA-CCSD

⟨S||HSO
L− ||S⟩

135.87 + 210.65i

132.69 + 205.38i

⟨S||HSO
L0 ||S⟩

−1.68i

−1.80i

⟨S||HSO
L+ ||S⟩

135.87 − 210.65i

132.69 − 205.38i

As per eq 18, the normalization of u1,· is diﬀerent from the
normalization of regular one-particle transition densities (γ).
Consequently, in contrast to the singular values of γ, the
singular values of u1,· (ωk) may exceed 1, as it happens in
EtMeGa. u1,· connects the spin-ﬂip (γSF) and spin-preserving
triplet (γEE
triplet) transition density matrices via Clebsh−Gordan
coeﬃcients. The numeric consequences of this relationship are
analyzed in the SI by using the electronic states of EtMeGa as
an example.
Table 1 also illustrates how well the leading NTO pair
represents the reduced spin−orbit matrix elements (full EOMEA values). As one can see, the truncation of the sums from
eqs 22−24 by retaining only the ﬁrst leading term recovers the
full value with good accuracy. In other terms, only one spinless
NTO pair is needed to describe the physics of these systems
and to recover the full SOC matrix with high accuracy in both
one-electron and mean-ﬁeld cases, which is consistent with the
respective participation ratios.
We conclude our analysis by discussing the computed NTOs
and SOCs in terms of El-Sayed’s rules.5,25 Originally
introduced on the basis of the selection rules for p-orbitals,
El-Sayed’s rule5 explains why the change in orbital character
(e.g., n → π) is needed for attaining large SOCs. In the context
of transition metal photochemistry, following El-Sayed’s
reasoning explains why mixing of metal-to-ligand chargetransfer conﬁgurations facilitates spin-forbidden transitions on
the metal and that large values of SOC can be obtained when
the respective singlet and triplet states involve diﬀerent
components of the d-orbital manifold.32 Here we follow this
strategy and generalize El-Sayed’s rules to the case of arbitrary
orbitals involved in a localized transition. The generalization is
based on the representations of the angular momentum
operators in real spherical harmonics. The derivation and the
key expressions are given in the SI. This generalization
provides selection rules, which can be used to rationalize the
magnitude of SOC for a particular transition and to also
explain the eﬀect of molecular vibrations on the SOCs. It also
explains relative values of diﬀerent components of the SOC.
Figure 4 shows the leading spinless NTO pair of the type of
pxy → pz, where pxy is a linear combination of px and py orbitals
in the shown coordinate system. According to the matrix
representation of the angular momentum in the basis of porbitals, the ⟨px|L̂ ±|pz⟩ matrix elements are nonzero, which
̂ SO
leads to large ⟨S||Ĥ SO
L− ||S⟩ and ⟨S||HL+ ||S⟩ components of SOC,
SO
while ⟨S||Ĥ Lz ||S⟩ is close to 0.

Figure 3. Spinless triplet NTOs for the transitions between the three
lowest quintet states in (tpa)Fe−. States 1 and 2 are degenerate. Red,
green, and blue axes indicate X, Y, and Z coordinates axes,
respectively. The isovalue of 0.050 was used.
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The generalized El-Sayed’s rules not only predict the
transitions with large SOC but also estimate the relative
values of SOC for diﬀerent transitions in the same molecule.
For example, the transitions in Figure 3 correspond to the dyz
→ dxz and dyz → dz2 cases. The case of dyz → dxz is allowed
through the L̂ z operator with a relative magnitude of X. The
main contribution to the SOC from this transition in this
orientation indeed comes from ⟨S||Ĥ SO
L0 ||S⟩ (Table 1). The dyz
→ dz2 transition is allowed through L̂ + and L̂ − with a relative
magnitude of X 3 . The computed spin−orbit matrix elements
conﬁrm this expectation: the main contribution to the
couplings comes from the imaginary parts of ⟨S||Ĥ SO
L− ||S⟩ and
SO
̂
⟨S||HL+ ||S⟩. There is also an increase in the magnitude relative

■

to the ﬁrst case. The increase is not exactly 3 , which is likely
due to a small mismatch of the coordinate system (real parts of
̂ SO
⟨S||Ĥ SO
L ||S⟩ and ⟨S||HL ||S⟩) and deviation of the shape of the
−

+

NTOs from ideal d-orbitals, which is especially clear for the dz2like orbital.
To conclude, we introduced a new type of NTOs, which are
suitable for describing spin-forbidden transitions. The new
NTOs are obtained by the SVD procedure of the reduced
spinless transition density matrix, the quantity determining the
SOC values for the entire multiplet by virtue of Wigner−
Eckart’s theorem. These spinless NTOs describe the
transitions between states with arbitrary spin projections in a
uniform way. In addition to pictorial representation of the
transition, the analysis also yields quantitative contributions of
hole−particle pairs into the overall many-body matrix elements
and helps to rationalize the magnitude of computed SOCs in
terms of El-Sayed’s rules. By providing a clear orbital picture of
the transitions at diﬀerent geometries, this analysis can also be
used to explain vibronic eﬀects on the rate of spin-forbidden
transitions. We hope that these tools will be helpful in deriving
insight from high-level electronic structure calculations of
phenomena facilitated by SOCs.
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