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ABSTRACT: The recently developed equation-of-motion electron-attachment coupled-cluster
singles and doubles (EOM-EA-CCSD) method augmented by a complex absorbing potential
(CAP) is applied to the 2Πg resonance of N−2 and the 2Σ+u resonance of H−2 at various internuclear
distances. The results illustrate the advantages of EOM-CC for treating resonance states over statespeciﬁc approaches. CAP-EOM-EA-CCSD produces smoothly varying potential energy curves and
lifetimes for both Σ and Π resonances. The computed lifetimes and energy diﬀerences between the
neutral and electron-attached states are internally consistent, that is, the resonance width becomes
zero at the same internuclear distance where the energy of the electron-attached state drops below
that of the neutral state. Such smooth and internally consistent behavior is only achieved when the
perturbation due to the CAP is removed using the ﬁrst-order deperturbative correction that we
introduced earlier; the evaluation of resonance positions and widths from raw (uncorrected) energies leads to unphysical
discontinuities and fails to correctly describe the conversion of a resonance to a bound state at large internuclear distances.
SECTION: Spectroscopy, Photochemistry, and Excited States

T

ransient anions1 formed by electron attachment to a
neutral closed-shell molecule with negative electron
aﬃnity play an important role in multiple areas, including
plasma physics, atmospheric chemistry, and biology. The
resulting electronic states have ﬁnite lifetimes and are called
resonances. These states belong to the continuum part of the
spectrum; therefore, their wave functions are not L2integrable.2,3 Using the Siegert (imposing outgoing wave
boundary conditions) or Feshbach (a bound state diabatically
coupled to the continuum) formalisms, a resonance can be
described similar to a bound state but with a complex energy
that gives rise to an exponential decay in time
ψ (r , t ) = e−iEt Ψres(r ) = e−(Γ /2)t e−iER t Ψres(r )

such problems and can be easily implemented within standard
quantum-chemical methods.
In CAP methods, the molecular Hamiltonian H0 is
augmented by an artiﬁcial imaginary potential W that absorbs
the diverging tail of the resonance wave function, converting it
into an L2-integrable form
H(η) = H0 − iηW

W = Wx + Wy + Wz

⎧
if |rα| < rα0
⎪0
Wα = ⎨
⎪
0 2
0
⎩(rα − rα ) if |rα| > rα
(3)

(1)

Here, α denotes the three Cartesian coordinates, r0α is the onset
of the CAP, and η is the CAP’s strength. In a complete basis set,
the exact resonance position and width are obtained in the limit
η → 0.14,15 Unfortunately, this limit cannot be achieved in
practical calculations employing ﬁnite basis sets. Consequently,
one needs to deal with so-called reﬂections (i.e., perturbations)
due to the ﬁnite basis set and the ﬁnite-strength CAP.
Reﬂection-free CAPs have been proposed,15,27 but are far from
routine application. Instead, a CAP of the simple form in eq 3 is
usually employed, and the optimal value of η is determined
from the condition

In this formulation, the resonance position ER and width Γ are
obtained from the real and imaginary parts of the energy
eigenvalue of the time-independent Schrödinger equation.2−4
In order to avoid working with continuum functions or
dealing with boundary conditions, a number of approaches that
treat resonances using L2 methods have been developed.5
These include stabilization techniques,6,7 using small bases8 and
artiﬁcial real stabilizing potentials,9−11 complex scaling,3,4,12,13
and complex absorbing potential (CAP) methods.14−18
Complex scaling where one scales all coordinates in the
Hamiltonian by a complex number has rigorous theoretical
foundation,13 but is plagued by an extreme basis set
dependence19−22 and conceptual diﬃculties in describing
molecular resonances23−26 and, especially, potential energy
surfaces (PESs). In contrast, CAP methods do not suﬀer from
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thus allowing one to obtain accurate results with standard
quantum-chemical methods.33
In CAP-EOM-EA-CCSD,33 the wave function of the
resonance state is written as

(4)

which entails calculations of η-trajectories E(η). This criterion
is based on a perturbative analysis of the energy14
2

E(η) = E0 + a1η + a 2η + ...

|Ψres) = R eT |Φ0)

(5)

where the operators R and T are deﬁned as

where one deﬁnes the nth order corrected energy as
n

E

(n)

= E0 +

∑
j=1

j

T=

j

− η d E (η )
j! d η j

R=

∑ r aa† +
a

1
4

∑ tijaba†ib†j

1
2

∑ riaba†ib†

abij

abi

(9)

(10)

The wave function amplitudes t and r as well as the complex
energy of the resonance are obtained by solving the CC and
EOM-CC equations38−41
(Φμ|e−T H(η)eT |Φ0) = 0 ∀ μ

(11)

(Φμ|e−T H(η)eT R |Φ0) = rμE ∀ μ

(12)

In these equations, Φ0 and Φμ denote the Hartree−Fock (HF)
determinant and the singly and doubly excited determinants,
respectively, whereas a, b, i, and j are creation and annihilation
operators. In our implementation, the CAP is added at the HF
stage so that the usual expressions from CC/EOM-CC theory
need not be modiﬁed and the complex Koopmans’ theorem
holds.33 In all expressions, it is, however, necessary to replace
the standard scalar product by the c-product because the CAPaugmented Hamiltonian is no longer Hermitian but complex
symmetric. 12,14,42 We indicate the c-product by using
parentheses instead of the usual chevrons in eqs 8, 11, 12,
and below.
In a previous paper,35 we demonstrated that the dependence
of resonance positions and widths on the CAP onset is
mitigated when the explicit dependence on the CAP is removed
from the energy. This led to the ﬁrst-order corrected energy U,
which is deﬁned as
Re(U ) = Re(E) − ηTr[Im(γ )W ]

(13)

Im(U ) = Im(E) + ηTr[Re(γ )W ]

(14)

with γ denoting the one-particle density matrix
γpq = (Φ0|Le−T {p† q}eT R |Φ0)

(15)

Following the terminology from refs 35 and 33, we refer to E
(raw uncorrected energies) and U (deperturbed energies) as
zero- and ﬁrst-order values, respectively. To evaluate the ﬁrstorder correction, the left EOM-CC eigenvalue equation needs
to be solved

∑ |ϕp(r)⟩⟨ϕp|Ŵ |ϕq⟩⟨ϕq(r)| = ∑ |ϕp(r)⟩Wpq⟨ϕq(r)|
pq

∑ tiaa†i +
ai

(6)

Minimization of the ﬁrst-order term in eq 6 leads to eq 4 for
the zeroth-order energy.
CAPs have been implemented within density functional
theory,28 multireference conﬁguration-interaction (MRCI),29,30
Fock-space coupled-cluster theory,31 and equation-of-motion
electron-attachment coupled-cluster singles and doubles
(EOM-EA-CCSD).32−35
A straightforward application of CAPs, along with the
criterion from eq 4, leads to a strong dependence of the
resulting resonance positions and lifetimes on the CAP onset
and the one-electron basis set. Furthermore, since ﬁnite (and
often rather large) values of ηopt are obtained by applying eq 4,
the results are always perturbed by the CAP, despite the above
minimization based on perturbative arguments. Thus, a
superior approach is to explicitly remove the leading ﬁrstorder term in eq 5 instead of minimizing it. Recently, we
introduced a deperturbative ﬁrst-order correction35 that is
applied to the computed raw energies to remove the
perturbation due to the CAP. The resulting ﬁrst-order
corrected values exhibit much more stable behavior than the
values obtained by the standard approach.33,35 The deperturbative correction from ref 35 is derived by analyzing the energy
expression and, as explained below, is computed by using the
one-particle density matrix of the resonance wave function and
the CAP matrix. Interestingly, a very similar (and, under certain
conditions,33 identical) result can be obtained by extrapolation
(using Padé approximants) of the stabilized complex energy to
the zero η limit, as advocated by Moiseyev and co-workers.36,37
The physical reason for using a ﬁnite-strength CAP that leads
to undesirable perturbations of the resonance states is that
Gaussian basis sets span a ﬁnite space; they decay rapidly
outside of the molecular core. Thus, the CAP is represented
only within the domain spanned by the basis functions. Using
an orthonormal set, {ϕp(r)}, the value of the CAP represented
in that basis set at point r is
W (r) =

(8)

pq

(7)

and not (r − r0)2 as given by eq 3. Thus, instead of going to
inﬁnity at large r, the CAP eventually drops to zero, following
the decay of the most diﬀuse basis function. Consequently, one
needs to use a suﬃciently large η to create a “barrier” that is
high enough to contain the resonance. (The barrier height is
related to the energy of the resonance, making the optimal CAP
strength state and geometry dependent.) The incompleteness
of the CAP representation is nicely illustrated by the strong
basis-set dependence of the Frobenius norm of W discussed in
refs 33 and 35. Using large η leads to perturbation of resonance
(and bound) states; however, the deperturbative correction
removes the CAP contribution to the energy (in ﬁrst order),

L=

∑ Saa +
a

1
2

∑ S iabai†b
abi

(Φ0|Le−T H(η)eT |Φμ) = SμE ∀ μ

(16)
(17)

In ref 35, we illustrated that the ﬁrst-order corrected energy
becomes near stationary when some critical CAP strength is
reached because the resonance wave function does not change
anymore. In this region of stability, which may be diﬀerent for
the real part and the imaginary part, we evaluate the resonance
position and width from Re(U) and Im(U), respectively. We
add that U from eqs 13 and 14 is identical to E(1) from eq 6
3079
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Figure 1. Potential energy curves of the 1Σ+g ground state of N2 and the 2Πg ground state of N−2 at internuclear distances from 0.8 to1.5 Å. Values for
the 1Σ+g state of N2 were computed by CCSD/aug-cc-pVTZ+3s3p3d(C); values for the 2Πg state of N−2 were computed by CAP-EOM-EA-CCSD/
aug-cc-pVTZ+3s3p3d(C).

Figure 2. Resonance position (top) and width (bottom) of the 2Πg state of N−2 as a function of the NN distance computed by CAP-EOM-EACCSD/aug-cc-pVTZ+3s3p3d(C).

since dE/dη = −i Tr[γW] according to the Hellmann−
Feynman theorem. Our deperturbative correction can thus be
interpreted as removal of the ﬁrst-order term in eq 5.
In our previous paper,33 we presented a protocol for
determining resonance positions and widths in a black-box
manner and benchmarked the performance of CAP-EOM-EACCSD for small- to medium-size molecules. We illustrated that
when used with the deperturbative correction, CAP-EOM-EACCSD yields resonance positions and widths that are in good
agreement with those from experiment and with other
theoretical estimates.

In this Letter, we explore whether CAP-EOM-EA-CCSD is
suitable for the characterization of PESs of resonance states.
The ability to compute PESs is critically important for a
complete theoretical description of resonances. Often, in order
to interpret ﬁndings from scattering experiments, structural
changes of the temporary anion need to be taken into account.
Electron attachment can induce chemical transformations
including dissociation and bond breaking (see, for example,
ref 43); the description of such processes also requires PESs. In
addition to these practical considerations, molecules with
stretched bonds provide a nice test case for theory. Since the
bond length acts as a parameter that tunes the resonance width,
3080
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were chosen as the expectation values of the spatial extent of
the CCSD wave function of N2 at R(NN) = 1.1 Å (r0x = r0y =
2.76 bohr, r0z = 4.88 bohr, with the molecule oriented along the
z-axis) for calculations at all distances. To further validate using
a frozen CAP onset for Π resonances, we carried out an
exemplary calculation at R(NN) = 0.9 Å, in which we adjusted
the CAP onset to the spatial extent of the N2 wave function at
this bond length (r0x = r0y = 2.67 bohr and r0z = 4.33 bohr). This
yielded values for the resonance position and width larger by
just 0.022 and 0.050 eV, respectively, than those shown in
Figure 2.
Figure 1 shows that CAP-EOM-EA-CCSD yields a smooth
potential energy curve for the 2Πg state of N−2 . A shallow
minimum is found around 1.15 Å, i.e., at a distance a little larger
than the equilibrium bond length of the neutral N2, which
agrees qualitatively with results from most previous studies44,45,52−54 and with molecular orbital considerations
(electron attachment to an antibonding orbital). Only
complex-scaled MRCI yielded the minimum of N−2 at a
distance similar to that of N2.21,46
The crossing of the curves of N2 and N−2 , i.e., the conversion
of the resonance into a bound state, occurs around 1.4 Å, which
conﬁrms an earlier CC study50 on the bound part of the N−2
potential energy curve. Figure 1 also demonstrates that
standard EOM-EA-CCSD calculations without CAP produce
a similarly shaped potential energy curve for N−2 . We emphasize
that this is an artifact due to using a ﬁnite basis set; in the
complete basis-set limit a CAP-free calculation of N−2 should
yield a potential energy curve identical to that of N2 because
such calculations would converge to the neutral molecule plus a
free electron. Furthermore, the resonance width cannot be
obtained from CAP-free calculations and the resonance state
can only be identiﬁed among the continuum states by its
diﬀerent dependence on the CAP strength when using
reasonably large basis sets. That is, the curve for standard
EOM-EA-CCSD in Figure 1 could be constructed only after
the calculations with ﬁnite CAP had been performed.
Moreover, without CAP, a kink was obtained between 1.0
and 1.05 Å that is paralleled by a sudden change of the
eigenvalue of the valence LUMO. Similar behavior was
observed in calculations using stabilization techniques and
was attributed to avoided crossings between the resonance and
discretized continuum states.54
Figure 2 illustrates that zeroth-order (uncorrected) and ﬁrstorder (deperturbed) values for the resonance position and
width diﬀer by less than 0.1 eV for bond distances larger than
1.0 Å. In this region, we observe an almost linear increase of the
resonance position and a superlinear increase of the resonance
width with decreasing bond length, in agreement with earlier
EOM-CC studies using CAPs45 and stabilization techniques.54
At shorter distances, the deviation between zeroth-order and
ﬁrst-order values rapidly increases, which can be attributed to
the greater importance of higher-order terms in eq 5 for larger
resonance widths. First-order corrected CAP-EOM-EA-CCSD
yields a maximum for the resonance position near 0.9 Å and for
the resonance width near 0.85 Å, whereas zeroth-order values
monotonically increase as the bond length shrinks.
At distances larger than 1.3 Å where the resonance becomes
very narrow, no optimal CAP strength could be determined
using the criterion from eq 4. This means that the resonance
cannot be uncovered because it is perturbed too strongly by the
CAP. However, upon application of the ﬁrst-order correction
that removes the perturbation due to the CAP, the potential

one can study how the performance of a method depends on
the width of the resonance state without the need to consider
other changes in the electronic structure of the system.
Since the CAP is an artiﬁcial potential and its optimal
strength according to eq 4 is diﬀerent at diﬀerent geometries, it
is not guaranteed a priori that smooth PESs can be produced by
CAP methods. An even more important issue is internal
consistency of the computed resonance energies and lifetimes,
that is, the resonance width should become zero at exactly the
same geometry where the energy of the electron-attached
resonance state drops below the energy of the parent neutral
state and the resonance becomes bound. A number of previous
studies have found that the conversion from a resonance to a
bound state is not correctly described by various CAP methods,
that is, the resonance width was calculated to be zero even
though the resonance state of the anion was located above the
ground state of the neutral molecule.44−47 Such internal
inconsistency is expected for state-speciﬁc approaches like HF
or MRCI because in these methods, the model Hamiltonians of
the N- and (N + 1)-electron systems are diﬀerent;44 consequently, the respective wave functions are not described on
an equal footing. In contrast, EOM-CC is a multistate method
in which N- and (N ± 1)-electron states are obtained by
diagonalization of the same model Hamiltonian H̅ (constructed
using the same reference orbitals and T amplitudes).
Consequently, the energies of these states are consistent with
each other; for example, the onsets of ionization continua in
EOM-EE-CCSD calculations are exactly equal to the
corresponding EOM-IP-CCSD ionization energies. Thus, in
EOM-EA-CC, the wave functions and the energies of the Nelectron state and the (N + 1)-electron state are described on
an equal footing and are consistent with each other.
As benchmark systems, we chose N−2 (2Πg state) and H−2 (2Σ+u
state) representing Π and Σ resonances, respectively. We used
the same protocol as in ref 33. The closed-shell neutral states
were described by CCSD, whereas the attached states were
described by EOM-EA-CCSD. The aug-cc-pVTZ+3s3p3d(C)
basis set from ref 33 was used in all calculations. Calculations
were performed using the Q-Chem electronic structure
package.48,49
On the basis of benchmark studies in refs 35 and 33, the
CAP onset should be equal to (or slightly larger than) the
spatial extent (i.e., ⟨X2⟩, ⟨Y2⟩, ⟨Z2⟩) of the reference wave
function. Thus, in principle, the onset should be diﬀerent at
diﬀerent geometries, i.e., the CAP should move with the
molecule. In calculations of H−2 , which is a Σ resonance, the
onset parameters were recomputed at each bond length.
However, in N−2 , which is a Π resonance that is not sensitive to
the CAP onset along the molecular axis,33 it is possible to use a
ﬁxed CAP onset computed at the N2 equilibrium structure.
We note that a multireference method is needed for
computing the entire potential energy curve of N2 as singlereference methods fail to correctly describe the dissociation
into two nitrogen atoms in their quartet ground states.
However, at the moderately stretched bond distances that are
of interest here, CCSD recovers MRCI results.50,51
Figure 1 displays potential energy curves for the 1Σ+g ground
state of neutral N2 and the 2Πg state of N−2 . The resonance
positions derived from these curves as well as the
corresponding resonance widths are shown in Figure 2 as a
function of bond distance. All relevant raw data as well as
optimal values for the CAP strength are compiled in Table S1
in the Supporting Information (SI). The CAP onset parameters
3081
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Figure 3. Potential energy curves of the 1Σ+g ground state of H2 and the 2Σ+g ground state of H−2 at internuclear distances from 0.7 to1.7 Å. Values for
the 1Σ+g state of H2 were computed by CCSD/aug-cc-pVTZ+3s3p3d(C); values for the 2Σ+g state of H−2 were computed by CAP-EOM-EA-CCSD/
aug-cc-pVTZ+3s3p3d(C).

Figure 4. Resonance position (top) and width (bottom) of the 1Σ+u state of H−2 as a function of the HH distance computed by CAP-EOM-EACCSD/aug-cc-pVTZ+3s3p3d(C).

important advantage of CAP-EOM-CC methods for the
study of resonances.
As a potential alternative to the correction for the CAP
perturbation, one might consider increasing the CAP onset in
the crossing region to mitigate the perturbation by the CAP.
However, such a change of the CAP onset would most likely
result in a kink in the potential energy curve. We also note that
a gradual increase of the onset along the molecular axis
depending on the bond length will not help as one has to
increase the onset perpendicular to the molecular axis owing to
the Π character of the resonance.

energy curve can be continued beyond 1.3 Å and even beyond
the crossing point with the N2 curve. In the latter region, the
N−2 anion is stable, which means that the CAP acts as a pure
perturbation. This is indeed conﬁrmed by our results, which
show that the CAP-free EOM-EA-CCSD values for the
resonance position are recovered within 0.002 eV by ﬁrstorder CAP-EOM-EA-CCSD in the bound region. We also see
from Figure 2 that the conversion of the resonance to a bound
state is correctly described by ﬁrst-order corrected CAP-EOMEA-CCSD as the resonance width becomes zero at the same
distance where the resonance position changes its sign. This is
diﬀerent from previous studies44−46 and constitutes an
3082
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As a second example, we studied the 2Σ+u resonance of H−2 .
Potential energy curves for this resonance are shown in Figure
3, along with the 1Σ+g ground state of neutral H2. The
corresponding resonances positions and widths are displayed in
Figure 4. All relevant raw data as well as optimal values for the
CAP strength are compiled in Table S2 in the SI. Since the H−2
resonance is of Σ character, we employed a ﬂexible CAP onset
chosen as the expectation value of the spatial extent of the H2
wave function at the respective bond distance plus 1 bohr (see
Table S2, SI).
Figure 3 illustrates that the potential energy curve of the H−2
resonance is ﬂat over a long range of bond distances. A very
shallow minimum is found near 0.85 Å, while the crossing with
the potential energy curve of neutral H2 occurs near 1.6 Å,
which roughly agrees with previous studies.47,55−60 Unlike for
N2−, ﬁrst-order, zeroth-order, and CAP-free results diﬀer
considerably and a smooth potential energy curve is only
obtained when using the deperturbative correction (ﬁrst-order
values). The zeroth-order curve exhibits a pronounced kink
around the minimum that is paralleled by a sudden change of
the optimal CAP strength (see Table S2, SI). A similar kink is
obtained near 1.3 Å in the CAP-free curve.
Figure 4 shows that not only the zeroth-order resonance
position but also the resonance width undergoes a sudden
change around 0.85 Å. In contrast, the ﬁrst-order corrected
calculations yield an almost linear increase of the resonance
position and width with shrinking bond length. For bond
lengths larger than 1.0 Å, zeroth-order and ﬁrst-order resonance
widths diﬀer by less than 0.1 eV, while resonance positions
diﬀer by up to 1 eV in the same region. It is also noteworthy
that our results for the resonance width qualitatively agree with
those from an MRCI study,60 whereas complex SCF47 and the
static-exchange approximation59 yielded much higher values.
This conﬁrms the conclusion from our previous paper33 that
electron correlation reduces the resonance width considerably.
As in the N−2 case, an optimal CAP strength according to eq 4
could not be determined beyond 1.55 Å since the resonance
becomes too narrow here. Yet, upon application of the
deperturbative correction, the potential energy curve of H−2
can be continued to and past the crossing with the curve of
neutral H2. In the bound region, ﬁrst-order corrected CAPEOM-EA-CCSD and regular EOM-EA-CCSD agree within
0.01 eV, which illustrates that the perturbation due to the CAP
was indeed successfully removed by the correction (thus, 0.01
eV gives a measure of the remaining perturbation). We
emphasize that we observe again the physically correct
conversion of the resonance to a bound state, i.e., the
resonance width becomes zero at the same distance where
the resonance position changes its sign.
In conclusion, we have demonstrated that CAP-EOM-EACCSD is well suited for the study of PESs (both energies and
lifetimes) of resonance states. A smooth dependence of
resonance positions and widths on bond lengths is obtained
when the CAP contribution to the complex energies is removed
by applying our ﬁrst-order deperturbative correction.35 In
contrast, smooth and internally consistent behavior is not
guaranteed when the results are not corrected for the CAP
perturbation because the optimal CAP strength is diﬀerent at
diﬀerent geometries, leading to kinks and discontinuities in
resonance positions and widths. CAP-free calculations also fail
to produce smooth curves because of the variable mixing of the
resonance with pseudocontinuum states. Moreover, in regions
where the resonance is narrow, the perturbation by the CAP is

too strong for the resonance to be uncovered so that only the
ﬁrst-order approach yields valid results. Most importantly, our
approachﬁrst-order corrected CAP-EOM-EA-CCSDyields
internally consistent resonance positions and widths; the sign
change of the resonance position relative to the neutral state
occurs at the same bond length where the resonance width
becomes zero for both N−2 and H−2 . In other words, ﬁrst-order
corrected CAP-EOM-EA-CCSD correctly describes the conversion of resonances to bound states, unlike state-speciﬁc
approaches.
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