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ABSTRACT: Within non-Hermitian quantum mechanics, metastable electronic states
can be represented by isolated L2-integrable complex-valued wave functions with complex
energies. An analysis scheme of the real and imaginary parts of resonance wave functions
by using reduced transition density matrices and natural transition orbitals is presented.
While the real parts of excitons describe changes in the electron density corresponding to
the bound part of the resonance, the imaginary excitons can be interpreted as virtual states
facilitating one-electron decay into the continuum. The different nature of real and
imaginary excitons is revealed by exciton descriptors, in particular hole-particle separation
and their correlation. Singular values and respective participation ratios quantify the
extent of collectivity of the excitation and a number of distinct decay channels. The utility
of the new tool is illustrated by the analysis of bound and metastable excited states of
cyanopolyyne anions.

Resonances, states with finite lifetime embedded in the
continuum, are ubiquitous in science and technology.

Electronic resonances, which decay by autoionization, are
encountered in plasma and when high-energy radiation
interacts with molecules. They can be produced by electronic
excitation, ionization of core levels, or electron attachment.
In Hermitian quantum mechanics, resonances manifest

themselves by an increased density of states in the continuum.
Obviously, the wave functions of these states are not L2-
integrable and cannot be described by quantum chemistry
methods developed for bound states. In non-Hermitian
extensions of quantum mechanics,1−5 resonances appear as
isolated, L2-integrable states with complex energies

= − ΓE E i /2res R (1)

where ER is the resonance position and Γ is the resonance
width (related to the lifetime τ through Γ = 1/τ). The
respective wave functions have real and imaginary parts:

Ψ = Ψ + Ψires res
Re

res
Im

(2)

Most of the previous theoretical work focused on computing
resonance positions and widths and only recently other
properties of resonances have come into a spotlight.6 The
calculation of properties using resonance wave functions and
their analysis in terms of Dyson orbitals7 have been introduced
in ref 6 and applied to analyze cyanopolyynes,8 ionization of
atoms in strong fields,9,10 and dissociative electron attach-
ment.11 The meaning of resonance wave functions and the
connection to experimental observables within complex-scaling
formalism have been discussed for atomic resonances.12

The focus of this paper is the analysis of wave functions for a
class of resonances that can be described as electronically
excited states of a bound system. What can we learn from real

and imaginary amplitudes of the resonance states about the
physics of the problem? Can we explain experimental
observables related to resonances in terms of molecular orbital
theory? To answer these questions, we employ the concept of
excitons, correlated hole-particle states created upon the
excitation, and extend the tools for wave function analysis
developed for bound excited states to the domain of
resonances.
There are several approaches for non-Hermitian quantum

mechanics. Here we employ complex absorbing potentials
(CAP)13,14 method in which the physical Hamiltonian H is
augmented by an artificial local potential iηW(r):

η= −ηH H i W r( ) (3)

devised to absorb the diverging tail of the resonance wave
function.14−16 The CAP-augmented Hamiltonian is not
Hermitian, but complex symmetric, i.e., (Hη)† = (Hη)*.
Because of this, the regular scalar product needs to be replaced
by the symmetric bilinear form17 called c-product18 and
denoted by round brackets instead of angle brackets:

∫ δΨ |Ψ = Ψ Ψ =dr( )F I F I FI (4)

The c-norm normalization leads to the following:

∫ Ψ Ψ − Ψ Ψ =r( ) d 1F
Re

F
Re

F
Im

F
Im

(5)

∫ Ψ Ψ =rd 0F
Re

F
Im

(6)
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Thus, the real and imaginary parts of the wave function are
orthogonal. In contrast to the Hermitian case, multiplying the
wave function by a phase factor e−iα does not cancel out in
matrix elements, which should be properly handled in
calculations of expectation values.19

As in many-body theories for bound states, the analysis and
comparison of the excited states can be facilitated by using
reduced state and transition density matrices that afford
compact representation of the essential features of the
underlying wave functions. We begin by defining the one-
particle state density matrix (state OPDM) ρpq for metastable
state ΨF. Because of complex-valued wave function and the c-
norm, the state OPDM has real and imaginary parts:

ρ = Ψ ̂ ̂ Ψ − Ψ ̂ ̂ Ψ† †p q p q( ) ( )pq
Re

F
Re

F
Re

F
Im

F
Im

(7)

ρ = Ψ ̂ ̂ Ψ + Ψ ̂ ̂ Ψ† †p q p q( ) ( )pq
Im

F
Re

F
Im

F
Im

F
Re

(8)

where p̂†and q̂ denote creation and annihilation operators
corresponding to orbitals ϕp and ϕq (here and below we
assume that the orbitals are real-valued and orthonormal).
State OPDMs enter the expressions of state properties, such as
dipole or quadrupole moments, as well as the one-electron part
of the state energy20 (see Section II of the Supporting
Information (SI)).
The imaginary part of OPDM is a consequence of c-norm.

In the Hermitian quantum mechanics, OPDMs are always
Hermitian and their trace and norm are real, regardless
whether wave functions are real-valued or complex-valued. The
real and imaginary parts of OPDM can be related to
observables via the Hellman−Feynman theorem.20 For
example, from the expectation value of the Hamiltonian, one
can see that real OPDM ρRe provides leading contribution to
the resonance position ER. Likewise, ρ

Im contributes to the
width Γ, but, as we show below, the two-electron part of the
resonance width is of the same magnitude as the one-electron
part. One-electron state properties, such as dipole moment,
can be computed from ρ, and interpreted as the response of
energy to a perturbing electric field. Thus, μRe (calculated from
ρRe) describes how the position of the resonances depends on
the perturbing field, while μIm (calculated from ρIm) describes
the response of the resonance width.5

The meaning and properties of ρRe are similar to those of
OPDM in Hermitian theories, i.e., its trace equals the number
of electrons, its natural orbitals and respective natural
occupations quantify electron correlation, and its norm
provides a bound of one-electron properties.5,21 The
interpretation of ρIm is less obvious. It is responsible for the
one-electron part of Γ. It also describes one-electron mapping
between ΨIm and ΨRe, i.e., for ρIm to be nonzero, ΨIm and ΨRe

should be connected by one-electron excitations. The meaning
of imaginary density within density functional theory has been
discussed by Ernzerhof.22

Similarly, transition OPDM between states I and F is defined
as

γ = Ψ ̂ ̂ Ψ − Ψ ̂ ̂ Ψ† †p q p q(FI) ( ) ( )pq
Re

F
Re

I
Re

F
Im

I
Im

(9)

γ = Ψ ̂ ̂ Ψ + Ψ ̂ ̂ Ψ† †p q p q(FI) ( ) ( )pq
Im

F
Im

I
Re

F
Re

I
Im

(10)

Transition OPDM represents a one-electron mapping between
the two states and can be used to calculate interstate properties
such as transition dipole moment or nonadiabatic coupling.23

In this Letter, we present tools for analyzing the resonance
wave function ΨF assuming that the metastable state ΨF is
obtainable through excitation from a bound state ΨI, which can
be an electronically stable ground state of the system.
Experimentally, this situation is relevant in the context of
photoionization/photodetachment or in radiative electron
attachment. Depending on the electronic structure pattern,
the two states can be described by different flavors of the
equation-of-motion coupled-cluster (EOM-CC) method.24,25

For example, in cyanopolyynes anions,8 metastable state ΨF
can be calculated by means of the EOM-EE-CCSD method
using the closed-shell anionic CCSD reference, whereas in
doublet AgF−/CuF− anions26 both the stable ground state and
metastable excited states are computed by EOM-EA-CCSD
using the closed-shell neutral reference. From now on we
assume that the initial state ΨI is bound and its wave function
is real, ΨI = ΨI

Re, and the final metastable excited state is
represented by complex-valued wave function ΨF. Then the
expressions for transition OPDM γpq

Re(FI) and γpq
Re(FI) contain

only one term with ΨI
Re ≡ ΨI and ΨF can be represented as

∑ γΨ = ̂ Ψ̂ +†p q(FI) higher excitations
pq

pqF
Re Re

I
(11)

∑ γΨ = ̂ Ψ̂ +†p q(FI) higher excitations
pq

pqF
Im Im

I
(12)

Thus, γRe and γIm can be interpreted as real and imaginary
amplitudes of a single excitation operator that generates a
correlated many-body ΨF from ΨI (as stated above, our
formalism is based on real-valued orthonormal orbitals {ϕ}).
For bound excited states, the norm of γ quantifies the amount
of singly excited character, i.e., ∥γ∥ = 1 for a purely singly
excited transition. Smaller values indicate doubly excited
character. To illustrate the properties of γ, it is instructive to
consider a simple example, a Hartree−Fock (HF) reference
and a configuration interaction singles (CIS) state. The key
equations for this case are given in Section III in the SI.
Transition OPDM γ describes the changes in electron

density upon excitation and can be interpreted as exciton wave
function27−30 when expressed in coordinate space. In analogy
with real-valued theories, γRe and γIm matrices can be used to
define real and imaginary parts of the exciton’s wave function:

∑χ γ ϕ ϕ=r r r r( , ) ( ) ( )
pq

pq p q
Re/Im

p h
Re/Im

p h
(13)

where rp and rh denote particle (electron) and hole
coordinates, respectively (using rh = rp = r, χ is reduced to
the transition density). An advantage of the exciton is that it is
a two-body state, which is much easier to analyze than two
many-body wave functions ΨF and ΨI. Properties of the
exciton can be quantified by various expectation values,31,32

i.e., exciton size or hole-particle separation and correlation (see
SI for exact definitions). These exciton descriptors help to
assign state characters.32,33

Further simplification in exciton’s representation can be
achieved by applying singular-value decomposition (SVD) to
the γpq

Re(FI) and γpq
Im(FI) matrices. The SVD procedure reduces

the description of electronic excitation to one-electron
transitions between pairs of orbitals called Natural Transition
Orbitals30,33−36 (NTOs). Using the NTOs, the real and
imaginary parts of the exciton wave function can be written as

The Journal of Physical Chemistry Letters Letter

DOI: 10.1021/acs.jpclett.8b01794
J. Phys. Chem. Lett. 2018, 9, 4101−4108

4102

http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.8b01794/suppl_file/jz8b01794_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.8b01794/suppl_file/jz8b01794_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.8b01794/suppl_file/jz8b01794_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.8b01794/suppl_file/jz8b01794_si_001.pdf
http://dx.doi.org/10.1021/acs.jpclett.8b01794


∑χ σ ϕ ϕ= ̃ ̃r r r r( , ) ( ) ( )
K

K K K
Re

p h
Re p,Re

p
h,Re

h
(14)

∑χ σ ϕ ϕ= ̃ ̃r r r r( , ) ( ) ( )
K

K K K
Im

p h
Im p,Im

p
h,Im

h
(15)

where ϕ̃K
p,Re/Im and ϕ̃K

h,Re/Im are particle and hole orbitals
obtained by SVD of γRe or γIm, and σK

Re/Im are the
corresponding singular values. Usually, only a few σK are
nonzero, giving rise to simple interpretation of excited-state
characters in terms of one-electron excitations. By using
NTOs, one can express the interstate matrix elements between
many-body wave functions in terms of matrix elements
between orbitals, facilitating the connection between molecular
orbital theory and experimental observables:

∑μ σ ϕ ϕ= Ψ Ψ = ̃ ̃( )r r r r( ) ( ) ( )
K

K K Ktr F I
p h

(16)

Real and imaginary parts of μtr are computed using real and
imaginary NTOs and the respective singular values.
The approximate number of distinct configurations (NTO

pairs) contributing to a particular transition is given by the
participation ratio (PRNTO). For example, for a simple
HOMO−LUMO excitation between nondegenerate states,
PRNTO equals 1. Larger values of PRNTO identify transitions of
mixed character (e.g., ππ* + πRy).
The imaginary part of the resonance wave function (and,

consequently, the imaginary part of χ(rp,rh)) can be related to
the continuum states mixing with the bound states in the
framework of the Feshbach formalism37 in which the
resonance is described as a bound state of an isolated system
coupled with the continuum of scattering states. Feshbach
approach provides insight into the non-Hermitian quantum
mechanical treatment of resonances and can also be exploited
in practical computational approaches within correlated many-
body theories.38,39 The Feshbach−Fano description requires
an artificial separation of the Hilbert space into bound and
unbound domains spanned by a set of bound {ϕl} and
continuum {ξk} basis functions. The former functions can be
chosen as real functions localized in the molecular core region
and the latter can be chosen as plane waves symmetrically
orthogonalized to the bound states.40 Q-space of N-electron
functions is defined by all N-electron Slater determinants
composed of {ϕl}, and P-space is defined by Slater
determinants composed of N−1 bound orbitals and one
orbital from the continuum set. By introducing projectors Q
and P, which project into the bound and continuum bases, we
define

=H QHQQQ (17)

=H QHP
...

QP
(18)

Without loss of generality, it is convenient to choose the N-
and N−1-electron basis functions as eigenstates of HQQ:

Φ = ΦH EQQ k k k (19)

Φ′ = ′Φ′H EQQ c c c (20)

where prime denotes the N−1-electron states. The threshold
energy corresponding to ionization/detachment channel c of
state k is IEkc = Ec′ − Ek and the probability of the electron

photoejection via this channel is proportional to the norm of
the respective Dyson orbital:

∫ϕ = Φ Φ′N N N d dN(1) (1, 2, ..., ) (2, ..., ) 2 ...kc k c
d

(21)

As illustrated in the SI, within the HF/CIS framework, the
ground N-electron state is the HF determinant, the ionization/
detachment channel states are given by Slater determinants
from which an electron is removed from orbital i (within
Koopmans approximation), and the excited states are given by
linear combination of singly excited determinants. The Dyson
orbital for excited state Φi

a equals to orbital ϕa multiplied by
the respective CIS amplitude (so its norm is nonzero only
when the excited state is derived by excitation from the same
orbital ϕi as the ionization/detachment channel). For an
excitation with only one CIS amplitude, the particle NTO is
thus the Dyson orbital corresponding to the channel derived
by removing the electron from the hole NTO.
In this basis, the expressions for the projectors are

∑= Φ ΦQ
k

k k
(22)

∫∑ ω ξ ξ= Φ′ Φ′ω ω

∞
P d

c
c c c

0 c c
(23)

where ωc denotes energy of a scattering state relative to

channel c (the energy of state ξΦ′ ωc c
is ω = IE0c + ωc).

By using Löwdin’s partitioning technique,41 the bound part

of the exact wave function, Ψ∼ ≡ QΨ, can be found by solving a
non-Hermitian eigenproblem with the following effective
Hamiltonian:37,42

∼ Ψ∼ = + Γ Ψ∼i
k
jjj

y
{
zzzH

i
( )

2QQ r r r r (24)

∼ = +H H WQQ QQ (25)

= [ − ]−W H H HQP r PP PQ
1

(26)

The effective Hamiltonian
∼H

QQ is energy-dependent and complex-valued due to the second
term, W, which describes the effect of the interactions with the
continuum states. The operator inverse in the above equation
can be written in terms of Green’s function in the P-space:

∫ ω ξ ξ

ω ε

≡ −

=
∑ Φ′ Φ′

− + +
ω ω

+ −

ϵ→ +

G E P E H P

d

E IE i

( ) ( )

lim
( )

P PP

c c c c

c c

( ) 1

0 0

c c

(27)

The matrix elements of W (which is defined in the Q-space)
are then:42

∫∑ ω
γ ω γ ω

ω

γ γ

= Φ Φ

=
∑

−

−

∞
Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ

i

k
jjjjj

y

{
zzzzz

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ

W W

d

i

( )

P.V.
( ) ( )

2
( ) ( )

mn m n

c IE

c m
c

n
c

m
c

n
c

c0

(28)
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where ‘P.V.’ denotes the principal value integral and γm
c ’s

denote matrix elements that couple bound and continuum
domains at energy

γ π ξ≡ Φ′ Φ− H( ) 2m
c

IE c mc0 (29)

The coupling contains one- and two-electron terms. The
former can be expressed as ξ ϕ⟨ | | ⟩− F cm

d
IE c0

(F is the Fock
operator), meaning that it is bound by the norm of the Dyson
orbital. For example, for the one-electron coupling to be
significant, the norm of the respective Dyson orbital should be
large (this is a property of shape resonance). Using the CIS
example, we see that the coupling for Φi ̃

a ̃ is proportional to the
matrix element of the particle NTO and the continuum state,
which means that the states with more diffuse particle orbitals
give rise to larger couplings. Within CIS, the two-electron part
of the coupling is distilled to the Coulomb integral
ξ⟨ ̃ ∥ ̃ ̃⟩− i ajIE c0

, which couples Φj ̃
a ̃ to the Φi ̃ channel.

For an isolated resonance, one can use perturbation theory
with H(0) = HQQ and W as perturbation to estimate the
correction to the resonance position and width. By virtue of eq
19, our Φk and Ek are these zero-order states and
eigenenergies. Because HQQ is Hermitian, its respective
eigenenergies and eigenfunctions are real. Now consider
zero-order state Φr representing the resonances at Er. As per
eq 28, the first-order correction to the energy contains real and
imaginary parts, and the latter is simply

∑ γΓ = ( )
c

r
c 2

(30)

The interaction of the bound zero-order state with the
continuum states via W also imparts an imaginary part into the
resonance wave function:

∑ ∑ ∑γ
γ

γΦ =
−

Φ = Ψ
≠ E E

Im
1
2r

c
r
c

k r

k
c

k r
k

c
r
c

r
c(1)

(31)

where function Ψr
c contains contributions from all other bound

states of the system43 proportional to their respective couplings
to the continuum (we note that Ψr

c defined by eq 31 is
orthogonal to Φr). Thus, the imaginary part is proportional to
the matrix elements γr

c that couple the zero-order resonance
wave function with the scattering states open at this energy,
and it describes how the bound part of the resonance wave
functions changes in response to the perturbation due to the
continuum.44 Consequently, the real and imaginary excitons
describe amplitudes of Φr and γr

c Ψr
c with respect to the ground

state Φ0. Thus, one can describe the real exciton as a dominant
(bound) part of the resonance and the imaginary exciton as a
virtual state facilitating the decay of the resonance via all other
bound states.
Once the bound part of the resonance is obtained, one can

also compute the scattering part of the whole wave function
as42

∑ ∑π ξ γ

Ψ = [ − ] Ψ∼ = − Ψ∼

≈ Φ′ Φ Ψ∼

− +P H H G H

i

( )PP r PQ r P r PQ r

c
c

c

k
k
c

k r

1

r
(32)

By using Ψ∼r = Φr + iΦr
(1):

∑π ξ γ γΨ = Φ′ +P i i( )
c

c E
c

r
c

r
c

r i (33)

where γri
c is

γ π ξ≡ Φ′ Φ− H( ) 2r
c

IE c r
(1)

i c0 (34)

Thus, in the first order of perturbation theory, the scattering
wave function contains contributions from the direct coupling
of Φr with the continuum amplified by the contribution from
the virtual state representing the combined coupling to the
continuum via all other bound states of the system. Equation
33 shows that the total amplitude of the continuum part of the
wave function is proportional to γr

c and that the second term
increases the magnitude of the continuum amplitude.
Because of the sum over channels, we expect to see

contributions of multiple channels from the NTO analysis of
Φr and γr

cΨr
c. These can be related to partial widths by virtue of

eq 30. The imaginary part can increase the number of channels
relative to those revealed by the real part by selectively
enhancing some channels with relatively small γr

c. Using the
CIS example, one can imagine a relatively small direct coupling
of the resonance Φi ̃

a ̃ in which particle NTO a ̃ is a valence-like
compact orbital to channel Φi,̃ which gets enhanced by a
nearby state Φi ̃

b̃ with diffuse particle NTO b̃ giving rise to large
coupling to the continuum. Similar arguments hold for the
two-electron part of the coupling.
Equation 33 is the starting point for visualizing the scattering

state from calculations using L2-integrable representation. It
shows that the amplitude of the continuum part of the wave
function is proportional to ∑c((γr

c)2 + (γri
c)2). To estimate

relative magnitudes of the two terms, recall that the one-
electron part of γr

c and γri
c can be written in terms of particle

NTOs as

π ξ ϕ σ⟨ | | ̃ ⟩ ×− F2 IE aK K
Re Re

c0 (35)

π ξ ϕ σ⟨ | | ̃ ⟩ ×− F2 IE aK K
Im Im

c0 (36)

assuming that the hole NTOs ϕ̃iK
Re/Im correspond to channel c.

Thus, the two terms are bound by the norms of real and
imaginary excitons and the magnitudes of the matrix element
between the continuum state and the respective particle
NTOs. In the first term, the particle NTO is compact, giving
rise to a small integral, whereas in the second term, it can be
much more diffuse, giving rise to a larger matrix element. As
we show below, the particle NTOs of the imaginary excitons
are indeed very diffuse. Assuming that the continuum
amplitude is dominated by γri

c , one can use σIm to estimate
branching ratios as

σ

σ
Γ
Γ′

≈
′

( )

( )
c

c

K

K

Im 2

Im 2
c

c (37)

where (σKc

Im)2 denotes the singular values of the NTO pairs in
which the hole orbital corresponds to channel c. In essence,
this expression is akin to the formula of Moiseyev and Peskin
for evaluating partial widths from complex-scaled calculations45

 in both cases, the partial widths are evaluated from the
asymptotic behavior of the L2-integrable resonance wave
function.
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To summarize, the Feshbach formalism allows us to
interpret real excitons, χRe(rp,rh), as the bound part of the
resonance. The shapes of the respective hole NTOs reveal N−
1 asymptotic states corresponding to one-electron decay
channels and the particle NTOs represent the corresponding
Dyson orbitals. The shapes of the particle orbital determine the
strength of the direct coupling to the continuum and is related
to the amplitude of the outgoing electrons by virtue of eqs 33
and 29. The imaginary exciton, χIm(rp,rh), is the virtual state
combining the renormalized contributions of all bound states
to the decay channels; the imaginary exciton enhances the
amplitude of the outgoing wave and modulates the relative
weights of open channels. The norm of the imaginary exciton
is proportional to the coupling to the continuum, and its
square is expected to correlate with the lifetime by virtue of eq
30. The number of NTO pairs and their singular values can be
related to different decay channels and to the respective partial
widths. We now can also offer an interpretation for the
imaginary part of transition dipole: its square is the probability
of the excitation of the imaginary part of the resonance, i.e.,
excitation to the virtual state that contains the collective
contributions of all other states and their couplings to the
continuum. The selection rules for angular distributions of the
electrons autoionizing directly and through the virtual state are
encoded in the expectation values of the dipole moment
operator of the real and imaginary excitons, respectively.
We implemented the analysis of the real and imaginary

transition density matrices using the libwfa module30 of the Q-
Chem package.46,47 We illustrate the capabilities of exciton
analysis by considering bound and metastable states of the
cyanopolyyene anions.8 These species have closed-shell ground
states and relatively large detachment energies (∼4 eV). The
two lowest detachment channels correspond to removing the
electron from σ lone pair orbital (localized on the carbon end)
and a delocalized π orbital. We recently characterized8 excited
and electron-detached states of C2n+1N

−, n = 0,···,3. The
valence-like states correspond to ππ* and σπ* excitations,
giving rise to singlet and triplet states of Π, Δ, and Σ+

symmetry. These states are resonances in CN−, but gradually
become stabilized for longer chains, in accordance to Hückel’s
model predictions. The details of calculations are given in the
Supporting Information.
Figures 1−3 show real and imaginary NTOs for selected

excited states of CN−, C3N
−, C5N

−, and C7N
−; Table SI in the

SI shows the respective participation ratios. Real parts of the

NTOs reveal that Π states (Figure 1) are predominantly σ →
π* transition, whereas Δ states (Figure 2) are π → π*
transitions. The participation ratio for Π states is close to 1,
whereas for the Δ state it is close to 2 because its wave
function involves excitations between the two sets of
degenerate π orbitals. Figures 1 and 2 show that for the Π
and Δ states the imaginary part of the exciton corresponds to
the excitation from the same hole orbital as for the real part,
but the imaginary particle orbitals are very different from the
real particle orbitals. In the 3Π state of CN− and C3N

−, the
imaginary particle NTO has a p-wave shape emanating from
the carbon end. In the 1Δ state, the imaginary particle NTO is
different in CN− and in C3N

−: in the former, it is d-wave like,
whereas in the latter it is p-wave like. From Figures 1−3 it is
clear that the imaginary excitons are very diffuse thus
facilitating the couplings to the continuum. We note that
different shape of the decay channel NTOs would give rise to
different angular distributions of the ejected electrons, which
can be probed experimentally; while the selection rules can be
deduced from the imaginary part of the respective transition
dipole matrix elements.
Figure 3 shows NTOs for the 1Σ+ resonance in C7N

−. In
contrast to other Σ+ states, this state has PRNTO(γ

Re) ≈ 3,
because it has mixed π → π* and σ → σ* character.
Interestingly, PRNTO(γ

Im) ≈ 1, showing one dominant decay
channel corresponding to the excitation from the σ orbital into
an s-type virtual state. This resonance can be used to illustrate
the utility of the NTO analysis in estimating partial widths
from CAP-augmented calculations. The total width of 0.13 eV
of the 1Σ+ state can be split into two contributions, ΓΣ and ΓΠ,
corresponding to two distinct decay channels in which the C7N

Figure 1. Real and imaginary NTOs and their corresponding singular
values σK for the 3Π state in four cyanopolyyne anions: CN−, C3N

−,
C5N

−, and C7N
−.

Figure 2. Real and imaginary NTOs and their corresponding singular
values σK for the 1Δ state in CN− and C3N

−.

Figure 3. Real and imaginary NTOs and their corresponding singular
values σK for the 1Σ+ resonance state in C7N

−.
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radical is formed in either 2Σ+ or 2Π state, respectively. From
eq 37 and singular values σK

Im given in Figure 3, we estimate

Γ = × =Σ + ·
0.13 0.100 . 14

0 . 14 2 0 . 05

2

2 2 eV and ΓΠ = 0.13 ×

=·
+ ·

0.032 0.0 . 05
0 . 14 2 0 . 05

2

2 2 eV. All other resonances identified in

cyanopolyyne anions8 are of shape type decaying almost
exclusively through a single decay channel, which is reflected
by the respective NTOs and their singular values.
In addition to these valence excited states, some

cyanopolyynes also support dipole-stabilized states. Figure S1
in the SI shows NTOs for the 3Σ+ dipole-stabilized resonance
of C5N

−. The shapes of NTOs clearly reveal the different
nature of this state. The imaginary part of the exciton has a d-
wave character.
Figure 4 shows average hole sizes for the valence triplet and

singlet states in C2n+1N
−, n = 0,...,3. As one can see, in the Π

states the hole size remains nearly the same (or even shrinks
slightly), because σ orbital is localized, whereas in Δ and Σ+

states it increases with n, reflecting the delocalized nature of
the π orbital. The shapes and sizes of real and imaginary hole
NTOs are similar. By contrast, the sizes of the real and
imaginary particle orbitals are different (see Figure S2 in the
SI), the latter being more diffuse because of their continuum
origin. These different trends in sizes of holes and particles are
also clearly reflected in the average hole-particle separation, as
shown in Figure 5. Imaginary excitons are characterized by
significantly larger hole-particle distance than the real excitons,
which illustrates our point of χIm enhancing the decay channels
via the virtual states.
We also analyze electron−hole correlation, Reh, shown in

Figure S3 in SI. As expected for molecular excitonic states, the
real excitons show positive correlation, indicative of electron−
hole attraction resulting in a correlated motion of a hole and a
particle. The magnitude of Reh(γ

Re) is similar for all states and
is close to the values in Mg porphyrin reported recently in ref

33. Interestingly, the imaginary excitons show much smaller
correlation and sometimes even negative values, meaning that
an electron and a hole move independently (or away from each
other) and that the imaginary exciton is unbound. This is again
consistent with the interpretation of the imaginary part of the
exciton as a virtual decay channel.
Finally, Figure 6 shows the correlation between the

magnitude of the imaginary part of the exciton with the

resonance width. Indeed, as suggested by eqs 30 and 31, there
is a clear correlation between the resonance width and the
norm of the imaginary exciton. This prominent correlation
provides further validation of our quantitative interpretation of
imaginary excitons and their NTOs in terms of separate decay
channels, with (σK

Im)2 giving their relative partial widths, as per

Figure 4. Hole sizes in real (left bars) and imaginary (right bars)
excitons for various metastable and bound excited states in four
cyanopolyyne anions.

Figure 5. Average hole-particle separations in real (left bars) and
imaginary (right bars) excitons for various metastable and bound
excited states in four cyanopolyyne anions.

Figure 6. Correlation between ∥γIm∥2 and resonance width Γ for
valence resonance states in cyanopolyyne anions. Numerical data for
this figure including optimal CAP strengths at which the resonances
parameters were obtained are given in Table SII of the SI.
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eq 37. We note that the observed correlation is more
prominent if the optimal CAP strengths ηopt are comparable
and relatively small for different resonances. The correlation
between Γ and ∥γIm∥2 is better than any other relation
involving state and transition state densities. For example, the
expression for Γ in terms of density matrices (see SI) suggests
linear correlation between Γ and the norm of imaginary state
density (∥ρIm∥), however, we observe relatively noisy
correlation (shown in Figure S6a), which we attribute to the
two-electron contributions being equally important. This is
illustrated in Figure S7, which shows the total energies and the
corresponding one-electron contributions for the several
valence resonances in cyanopolyyenes. As one can see, the
real energies are dominated by one-electron contribution. Yet,
for imaginary energies, the two-electron term is as important as
the one-electron term. This is likely responsible for the
apparent lack of linear correlation between Γ and ∥γIm∥,
despite reasonably good correlation between ∥ρIm∥ and ∥γIm∥
(Figure S6b in the SI).
As argued above, one can relate squares of singular values of

the imaginary exciton σK
Im to the relative contributions of

distinct channels into the total decay. Consequently, PRNTO
quantifies the number of partial channels that significantly
contribute to the total yield of autoionization. For example, the
PRNTO(γ

Im) values in Table SI in the SI reveal that the number
of partial channels contributing to the decay of 1Π resonance
increases with the carbon chain length (the respective values in
CN−, C3N

−, and C5N
− are 1.2, 1.4, and 2.0). Another

interesting observation is that PRNTO for 1Π is larger than that
for 3Π, which provides support to our previous interpretation8

of the shorter lifetimes of singlet resonances as being due to
the higher density of states in the singlet continuum.
We presented a novel approach for analyzing wave functions

of the electronically metastable states (resonances) by utilizing
the concept of excitons. As reduced quantities, excitons contain
essential information about transitions between correlated
many-body states and facilitate assigning state characters.
Exciton descriptors enable quantitative comparisons between
different transitions. Excitons also allow one to quantify the
extent of collective character of the excitation. We have shown
that in the metastable states the properties of the real and
imaginary parts of the exciton wave function differ
prominently. While the analysis of the real part of the
metastable excitons is similar to that of bound states, the
imaginary part provides insight into the coupling with the
continuum and decay channels. The NTO analysis provides a
way to visualize the decay channels. This analysis is applicable
to resonances obtainable by excitation from a bound state of a
molecule, as we have illustrated for the valence resonances in
cyanopolyyne anions within the CAP-EOM-EE-CCSD frame-
work.
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(12) Buchleitner, A.; Greḿaud, B.; Delande, D. Wavefunctions of
Atomic Resonances. J. Phys. B: At., Mol. Opt. Phys. 1994, 27, 2663−
2679.
(13) Jolicard, G.; Austin, E. J. Optical Potential Stabilisation Method
for Predicting Resonance Levels. Chem. Phys. Lett. 1985, 121, 106−
110.
(14) Riss, U. V.; Meyer, H.-D. Calculation of Resonance Energies
and Widths Using the Complex Absorbing Potential Method. J. Phys.
B: At., Mol. Opt. Phys. 1993, 26, 4503−4536.

The Journal of Physical Chemistry Letters Letter

DOI: 10.1021/acs.jpclett.8b01794
J. Phys. Chem. Lett. 2018, 9, 4101−4108

4107

http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.8b01794/suppl_file/jz8b01794_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.8b01794/suppl_file/jz8b01794_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.8b01794/suppl_file/jz8b01794_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.8b01794/suppl_file/jz8b01794_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.8b01794/suppl_file/jz8b01794_si_001.pdf
http://pubs.acs.org
http://pubs.acs.org/doi/abs/10.1021/acs.jpclett.8b01794
http://pubs.acs.org/doi/abs/10.1021/acs.jpclett.8b01794
http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.8b01794/suppl_file/jz8b01794_si_001.pdf
http://orcid.org/0000-0002-0364-435X
http://orcid.org/0000-0001-6788-5016
http://dx.doi.org/10.1021/acs.jctc.8b00128
http://dx.doi.org/10.1021/acs.jctc.8b00128
http://dx.doi.org/10.1021/acs.jpclett.8b01794


(15) Santra, R.; Cederbaum, L. S. Non-Hermitian Electronic Theory
and Applications to Clusters. Phys. Rep. 2002, 368, 1−117.
(16) Muga, J. G.; Palao, J. P.; Navarro, B.; Egusquiza, I. L. Complex
Absorbing Potentials. Phys. Rep. 2004, 395, 357−426.
(17) Moiseyev, N.; Certain, P. R.; Weinhold, F. Resonance
Properties of Complex-Rotated Hamiltonians. Mol. Phys. 1978, 36,
1613−1630.
(18) The same reasoning applies for other complex-valued non-
Hermitian extensions of quantum mechanics, e.g., complex scaling
and complex basis function methods.
(19) The expectation value of operator A with respect to eq. 4 is
defined as ⟨A⟩ ≡ (ΨF|A|ΨF)/(ΨF|ΨF), where the denominator
ensures invariance with respect to multiplication of ΨF by a phase
factor.
(20) Helgaker, T.; Jørgensen, P.; Olsen, J. Molecular Electronic
Structure Theory; Wiley & Sons: Chichester, U.K., 2000.
(21) Jagau, T.-C.; Zuev, D.; Bravaya, K. B.; Epifanovsky, E.; Krylov,
A. I. A Fresh Look at Resonances and Complex Absorbing Potentials:
Density Matrix Based Approach. J. Phys. Chem. Lett. 2014, 5, 310−
315.
(22) Ernzerhof, M. Density Functional Theory of Complex
Transition Densities. J. Chem. Phys. 2006, 125, 124104.
(23) In a non-Hermitian theory such as EOM-CC,24,48 left and right
eigenstates are not Hermitian conjugates, but rather form a
biorthogonal set. Consequently, γ(FI) is not equal to transposed
γ(IF), and geometric average is used for interstate matrix elements.
(24) Krylov, A. I. Equation-of-Motion Coupled-Cluster Methods for
Open-shell and Electronically Excited Species: The Hitchhiker’s
Guide to Fock Space. Annu. Rev. Phys. Chem. 2008, 59, 433−462.
(25) Bartlett, R. J. Coupled-Cluster Theory and its Equation-of-
Motion Extensions. WIREs Comput. Mol. Sci. 2012, 2, 126−138.
(26) Jagau, T.-C.; Dao, D. B.; Holtgrewe, N. S.; Krylov, A. I.; Mabbs,
R. Same but Different: Dipole-Stabilized Shape Resonances in
CuF−and AgF−. J. Phys. Chem. Lett. 2015, 6, 2786−2793.
(27) Luzanov, A. V.; Sukhorukov, A. A.; Umanskii, V. E. Application
of Transition Density Matrix for Analysis of Excited States. Theor.
Exp. Chem. 1976, 10, 354−361.
(28) Luzanov, A. V.; Zhikol, O. A. In Practical Aspects of
Computational Chemistry I: An Overview of the Last Two Decades
and Current Trends; Leszczynski, J., Shukla, M. K., Eds.; Springer:
Dordrecht, 2012; p 415.
(29) Plasser, F.; Lischka, H. Analysis of Excitonic and Charge
Transfer Interactions from Quantum Chemical Calculations. J. Chem.
Theory Comput. 2012, 8, 2777−2789.
(30) Plasser, F.; Wormit, M.; Dreuw, A. New Tools for the
Systematic Analysis and Visualization of Electronic Excitations. I.
Formalism. J. Chem. Phys. 2014, 141, 024106−13.
(31) Plasser, F.; Thomitzni, B.; Bap̈pler, S. A.; Wenzel, J.; Rehn, D.
R.; Wormit, M.; Dreuw, A. Statistical Analysis of Electronic Excitation
Processes: Spatial Location, Compactness, Charge Transfer, and
Electron−Hole Correlation. J. Comput. Chem. 2015, 36, 1609−1620.
(32) Plasser, F.; Bap̈pler, S. A.; Wormit, M.; Dreuw, A. New Tools
for the Systematic Analysis and Visualization of Electronic Excitations.
II. Applications. J. Chem. Phys. 2014, 141, 024107−12.
(33) Mewes, S.; Plasser, F.; Krylov, A. I.; Dreuw, A. Benchmarking
Excited-State Calculations Using Exciton Properties. J. Chem. Theory
Comput. 2018, 14, 710−725.
(34) Head-Gordon, M.; Grana, A. M.; Maurice, D.; White, C. A.
Analysis of Electronic Transitions as the Difference of Electron
Attachment and Detachment Densities. J. Phys. Chem. 1995, 99,
14261−14270.
(35) Martin, R. L. Natural Transition Orbitals. J. Chem. Phys. 2003,
118, 4775−4777.
(36) Bap̈pler, S. A.; Plasser, F.; Wormit, M.; Dreuw, A. Exciton
Analysis of Many-body Wave Functions: Bridging the Gap between
the Quasiparticle and Molecular Orbital Pictures. Phys. Rev. A: At.,
Mol., Opt. Phys. 2014, 90, 052521.
(37) Feshbach, H. A Unified Theory of Nuclear Reactions. 2. Ann.
Phys. (Amsterdam, Neth.) 1962, 19, 287−313.

(38) Averbukh, V.; Cederbaum, L. S. Ab Initio Calculation of
Interatomic Decay Rates by a Combination of the Fano Ansatz,
Green’s-Function Methods, and the Stieltjes Imaging Technique. J.
Chem. Phys. 2005, 123, 204107.
(39) Kopelke, S.; Gokhberg, K.; Cederbaum, L. S.; Tarantelli, F.;
Averbukh, V. Autoionization Widths by Stieltjes Imaging Applied to
Lanczos Pseudospectra. J. Chem. Phys. 2011, 134, 024106.
(40) This strong orthogonality condition between the continuum
and bound domains is also invoked in treatment of photoionization/
photodetachment cross-sections.49,50
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