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ABSTRACT

We introduce a new approach for analysing changes in electronic structure in the course of ab initio molecular dynamics simulations. The analysis is based on the time autocorrelation function of
the many-body electronic wave-function. The approach facilitates the interpretation of dynamical
events that may not be easily revealed by consideration of nuclear configurations alone. We apply
the method to several illustrative examples: the shared proton vibration in the F− (H2 O) complex, representing changes in strength of non-covalent interactions; proton transfer in the water dimer cation,
as an example for chemical reactions in weakly bound systems; and the intramolecular proton transfer in malonaldehyde. In all cases, we observe distinct features in the time autocorrelation function
when chemical changes occur. The autocorrelation function serves as an effective reaction coordinate, incorporating all degrees of freedom, including electronic ones. The method is also sensitive to
changes in the electronic wave-function not accompanied by significant nuclear motions.

1. Introduction
Ab initio molecular dynamics is a powerful computational tool, particularly useful for the description
of chemical reaction dynamics involving making and
breaking covalent bonds, for which classical force-fields
are not suitable [1–5]. Simulations of the classical nuclear
motions on potential energy surfaces (PES) computed
on-the-fly by electronic structure methods can now
be performed for systems composed of hundreds of
atoms [6–10]. Several recent developments have significantly reduced the cost of propagating correlated wavefunctions even further [11–13]. In addition to nuclear
trajectories, the electronic wave-function and various
electronic properties derived from it are also available at
every time step of the dynamics. These provide additional
information about the evolution of the system and can
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be used to identify concrete steps of the reaction mechanism [14]. The electronic wave-function can be used
to compute various observables, such as the transient
electronic absorption or photoelectron spectra. By
comparing the computed spectra against experimental
measurements [15,16], one can interpret the spectral
evolution in terms of molecular motions or changes in
electronic wave-functions [17–21]. Properties that are
not observables, such as partial charges [22–25] or bond
orders [26,27], can also be evaluated along the trajectories, to provide additional insight. For example, changes
in partial charges or bond orders can help determine
when the reaction actually occurs, i.e. when the system
passes through the transition state, allowing to establish
reaction mechanisms [28–30].
In this contribution, we introduce a new approach
for analysing changes in electronic structure in dynam-
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ical processes. The key object of the analysis is the time
autocorrelation function of the electronic wave-function.
Evaluating this autocorrelation function requires calculating, for each time step, the overlap between the initial and current many-body electronic wave-functions.
Overlap is the most natural metric quantifying the differences between two wave-functions. For example, it can
be used to compare wave-functions computed by different many-body theories [31,32]. Here, we use the overlap to compare wave-functions at different time steps. The
autocorrelation function, which is time-dependent overlap, contains condensed information about changes in
nuclear positions, molecular orbitals and configurational
expansion. Once evaluated, the autocorrelation function
of the total electronic wave-function is a simple, onedimensional function that can be related to experimental observables and can help analyse chemical changes
occurring in the course of dynamics. Large values (i.e.
close to one) mean that the current electronic state is
similar to the initial state while the small values signal that a significant change in electronic structure has
occurred. Thus, one can use this object in a black-box
fashion to identify reactive events, i.e. when the system
no longer resembles the reactants electronically. This onedimensional function may be particularly useful for large
systems, in which a substantial number of degrees of
freedom make it difficult to discriminate reactive and
non-reactive motions. Although RMSD (root-meansquare-deviation) of nuclear coordinates can be used
to monitor when significant structural changes occur,
the electronic autocorrelation function also contains the
information about changes in electronic state. Thus, the
autocorrelation function can serve as an effective reaction
coordinate, incorporating changes due to all degrees of
freedom, including electronic ones. Our approach is general, as it focusses on the changes in electronic wave
functions and does not involve constructs such as partial charges or bond orders, which are not unique, with
several definitions giving rise to different bond-orders
and partial charges [33]. In this paper, we illustrate our
approach by using a single-determinantal ansatz. However, it can be extended to correlated wave-functions
by using techniques similar to those used to compute
overlap between many-body wave-functions in surfacehopping simulations [34] or for analysing the differences between wave-functions computed using different
approaches [31,32].
The overlap between electronic wave-functions at
different time steps can be used to estimate nonadiabatic couplings [35] between electronic states in
surface-hopping simulations. As originally proposed by
Hammes-Schiffer and Tully [36], the overlap between two
different electronic states at different times can be viewed
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as a finite-difference approximation to the nonadiabatic
coupling. This method is now often used in numerical
codes for surface-hopping simulations [37,38]. Furthermore, overlap between different wave functions has been
used to analyse differences in electronic structure due to
using different one- and many-body expansions [31,32].
The structure of the article is as follows. Section 2
presents the equations used to calculate the autocorrelation function of the many-body electronic wavefunction. It also discusses the implementation of the
Kabsch algorithm [39,40] used to eliminate the effects
of rigid-body motion. Section 3 discusses validation of
the code. Section 4 presents examples illustrating the
utility of the approach in systems characterised by different interactions and bonding. Section 5 gives the
concluding remarks.

2. Theory
We focus on situations for which the Born–Oppenheimer
approximation is valid and the system evolves in time
on a single adiabatic PES. Assuming classical nuclear
motion, the time-dependence of the electronic wavefunction originates from the time-dependent positions
of the nuclei, represented collectively as R(t ). The time
autocorrelation function of the many-body electronic
wave-function is then
A(τ ) = (x1 , ..., xn ; R(t=0))|(x1 , ..., xn ; R(t=τ )),

(1)

where x1 , ..., xn denote spatial and spin coordinates of the
electrons.
For simplicity, here we consider wave-functions represented by a single Slater determinant, i.e. as in the
Hartree–Fock approximation or Kohn–Sham density
functional theory (DFT) [41]. The formalism can be
generalised by using several different strategies, i.e. one
can exploit techniques similar to those used to compute overlap between many-body wave-functions in
surface-hopping simulations [34] or for analysing the
differences between wave-functions computed using different ab initio approaches [31,32]. One can also maintain single-determinantal representation, either by using
natural orbitals (which afford compact representation of
correlated wave functions with a small number of determinants [42]), or by mapping correlated density to a single Kohn–Sham-like determinant.
The Slater determinant composed of {φ 1 , … , φ n }
spin-orbitals can be written as follows:
n

1 
|(x1 , ..., xn ) = √
(−1)M(σ ) | φσ j (x j ) , (2)
n! σ Pn
j=1
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where n is the number of electrons and Pn is the group
of all n! possible permutations σ = {σ 1 , … , σ n } of the
set of integers {1, .., n}. M(σ ) is the number of exchanges
between pairs of numbers required to obtain the original
set from a given permutation σ . Using φ and φ̃ to denote
spin-orbitals at t = 0 and τ , respectively, the autocorrelation function can be written as


n


1 
M(σ )
M(σ  )
A(τ ) =
(−1)
(−1)
φσ j |φ̃σ j  .
n! σ P

j=1
σ P

The rotation matrix U that aligns P with Q is then computed as

(3)

where d is the sign of det(αβ  ).
The matrix S is computed by evaluating on a grid the
overlap between all pairs of orbitals from the two sets, φ
and φ̃. (The overlaps can also be calculated by quantumchemistry programs, using built-in integral evaluation
packages, via the ‘double molecule’ trick.)
To eliminate the effect of rigid body rotation, we evaluate the value of φ̃ used at each grid point at a rotated
grid point r̃g = U  rg . Note that since U is an orthogonal
matrix U−1 = U , this procedure amounts to rotating the
orbitals to maximal overlap, as demonstrated in Section 3.
The autocorrelation function at time τ is the determinant
of S(τ ).
Within the Born–Oppenheimer separation of variables, the sign of adiabatic electronic wave-functions is
not defined. In addition, if the electronic wave-function
includes degenerate orbitals, the sign of the autocorrelation function can change if the degenerate orbitals are
interchanged. Thus, we consider only the absolute value
of the autocorrelation functions.
In addition to the above procedure, we considered an
alternative algorithm for eliminating the effect of rigidbody motion. In this algorithm, we aligned the total electron density at every time step with the initial density,
instead of the nuclear positions. To do so, we constructed
a moments of inertia tensor at each time step using the
electron density instead of the mass density of the system. We then diagonalised this tensor to obtain the principal axes of the electron density. Finally, we aligned the
principal axes at different time steps using the Kabsch
algorithm, prior to the calculation of the autocorrelation
function of the electronic wave-function. We found this
algorithm to be less effective than the algorithm based
on the alignment of the molecular structures, mainly
because the principal axes provide a rather crude representation of the shape of complicated total electron
density (i.e. very different densities can give rise to the
same principal axes). The results obtained using the second procedure are given in the Supporting Information,
along with a discussion of specific issues arising when
using the principal axes for the alignment of different
time frames. Since the positions and types of nuclei are
uniquely defined by the electronic density of the ground

n

U = βT α 
⎛
⎞
1 0 0
T = ⎝0 1 0⎠,
0 0 d

(8a)
(8b)

n

The spin-orbitals at each time step form an orthonormal set, but the orbitals from different time steps are not
orthogonal. By introducing the overlap matrix
S jk = φ j |φ̃k  ,

(4)

the autocorrelation function between the two Slater
determinants can be written as a determinant of the overlap matrix of the respective spin-orbitals [42]:
A(τ ) = det S.

(5)

By using Equation (5), one can evaluate the autocorrelation function of the electronic wave-function by calculating S at every time step of the dynamics and computing
its determinant. The autocorrelation function describes
time-dependent changes in electronic structure, i.e. values close to one correspond to large overlap between the
wave-functions at t = 0 and τ , while small values would
indicate that the two wave-functions differ considerably.
To eliminate the effect of rigid-body rotations and
translations on the autocorrelation function, the nuclear
coordinates at two time frames should be appropriately
aligned. Here, we employ an algorithm (originally developed by Kabsch [39,40]) that finds the rotation matrix
which aligns one set of points P with a reference set Q,
yielding minimal RMSD between the two sets.
First, to account for translational motion, we shift the
system to its centroid at each time step. Second, we store
the Cartesian coordinates of all N atoms at t = 0 and
τ as rows in Nx3 matrices Q and P, respectively. We then
compute the covariance matrix C as
C = P Q.

(6)

Finally, C is decomposed by singular value decomposition
C = αβ  ,

(7)

resulting in the diagonal matrix of singular values  and
two unitary matrices, α and β.
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Figure . The upper left panel shows the autocorrelation function of the electronic wave-function along an equilibrium trajectory for an
isolated water molecule at  K. The lower left panel shows the ﬁrst  ps of the simulation. The right panel shows instantaneous total
electron density at selected snapshots, labelled A-I on the lower left panel. The numbers on the right panels are the O-H bond lengths at
each time step.

state, it is not surprising that the two algorithms of aligning the structures often yield similar results.
The connection between the electronic density and the
nuclear positions and charges suggest that, once the structures are appropriately aligned, the RMSD of the nuclear
positions and the autocorrelation function of the electronic wave-function contain similar information. This
is indeed the case for most examples presented in this
study (the comparison between the RMSD and the autocorrelation function is given in the Supporting Information). However, for more complicated situations, e.g.
when Born–Oppenheimer approximation breaks down
and the character of electronic wave-function changes
abruptly, the autocorrelation function can provide a
more precise picture of dynamical changes in electronic
structure.
Below we describe our implementation of the algorithm and modifications necessary for the calculation of
autocorrelation functions of electronic wave-functions.
All electronic structure calculations were performed
using the Q-Chem electronic structure program [43,44].
The overlap and autocorrelation functions were computed by using a stand-alone code developed using modules of ezDyson software [45].

3. Benchmarking
To test the algorithm and validate the correctness of the
implementation, we performed artificial rotations and
translations of a single water molecule and computed
the autocorrelation function. To test whether translational motion is treated correctly, the water molecule was
shifted, for 100 steps, adding 0.025 Å to each Cartesian
coordinate, at each step. To test for rigid-body rotations,

the molecule was rotated between 0 and 2π , using 100
steps, around its centre of mass using the vector (1,1,1)
as a rotation axis. In both cases, using 100 grid points for
each Cartesian axis and a cubic box dimension of 10 Å
yielded overlap value of 0.999 for each step.
We also tested the method by performing equilibrium MD simulations of an isolated water molecule using
ωB97X-D/STO-3G. The trajectory was initiated from the
structure optimised at this level of theory, with the velocities randomly sampled from the Maxwell–Boltzmann
distribution at 298 K. The trajectory was propagated
for 1.2 ps using a time step of 0.12 fs. Figure 1 shows
the resulting autocorrelation function and representative
snapshots of the electron density.
The snapshots A-I, which are taken from the first 20
ps of the simulation, show the fast stretching motion of
the O-H bonds. This particular trajectory did not involve
significant bending of the water molecule. As shown in
Figure 1, the autocorrelation function of the electronic
wave-function varies very little as a result of the thermal
motion (1%), even though the changes in bond-lengths
are around 5%. The plots of the total electron density
confirm that the wave-function changes very little during
the dynamics. A Fourier transform of the autocorrelation
function (not shown) has peaks at frequencies approximately equal to the vibrational frequencies of water at this
level of theory. Since the initial velocities were sampled
randomly, the initial total angular momentum was not
zero and the molecule rotated, but the rotational motion
had no effect on the autocorrelation function, illustrating
the correctness of the implementation of the Kabsch algorithm. We carried out similar calculations for the thermal
motion of H2 O+ using an unrestricted Kohn–Sham DFT,
with similar results.
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Figure . The upper left panel shows the autocorrelation function of the electronic wave-function for a simulation of the thermal motion
of the F− H O complex at  K. The lower left panel shows the ﬁrst  ps of the simulation. The right panels shows snapshots of the total
electron density at diﬀerent time steps, labelled A-I in the lower left panel. The numbers on the right panels are the O-H-O angle (top)
and the O-H-F angle (bottom) at each time step.

4. Illustrative applications
To illustrate the utility of the approach, we present several
examples designed to represent different bonding types.
The first example is equilibrium dynamics at 298 K of
the complex of F− and H2 O. This system, in which the
two fragments are bound by a relatively strong hydrogen bond, illustrates that the autocorrelation function is
sensitive to variations in non-covalent bonding. The second example is the intermolecular proton transfer in the
water dimer cation. It demonstrates the sensitivity of the
method to the breaking and making covalent bonds in a
system that also has hydrogen bonds. The third example is
the intramolecular hydrogen transfer in malonaldehyde.
This system illustrates the applicability of the method to
larger molecules with more degrees of freedom.

4.1. Shared proton vibration in F− (H2 O)
F− (H2 O) is a model system for halide-water complexes
exhibiting interesting hydrogen bonding. It has been
studied extensively, both experimentally [46,47] and theoretically [48–52]. The hydrogen bond between fluoride
and water is very strong, exceeding 25 kcal mol−1 , in
comparison to the larger halides and typical hydrogen
bonds. A cut in the PES along the displacement of the proton from the mid-point between the oxygen and fluorine
atoms is relatively flat, with a minimum when the proton is closer to the water molecule and a shoulder when
the proton in closer to the fluoride anion [47,52]. Due
to the flat PES, the system exhibits large displacements
of the proton, coupled to other low-frequency modes,
even without breaking the strong hydrogen bond. It is
interesting to see whether the autocorrelation function

of the electronic wave-function is sensitive to changes in
intermolecular bonding resulting from this large amplitude motion.
The trajectory was initiated with the structure optimised by ωB97X-D/STO-3G and initial velocities sampled from the Maxwell–Boltzmann distribution at 298
K. The autocorrelation function of the electronic wavefunction is presented in Figure 2, along with several snapshots from the trajectory showing the respective total
electron densities. The O-H-F angle of the intermolecular hydrogen bond (bottom) and the H-O-H angle of the
water molecule (top) are also shown.
In this example, we observe larger variations in the
autocorrelation function, in comparison to the thermal
motion of an isolated water molecule. This is consistent
with large-amplitude motions of the shared proton which
are also coupled to lower-frequency modes. Snapshots AI, taken from the first 60 fs of the simulation, exhibit several interesting features. Point B shows a decrease of more
than 30% in the autocorrelation function. This drop is
due to a significant change of the O-H-F angle from an
almost perfectly linear hydrogen bond to an angle of 156°.
The linearity of the hydrogen bond is often used to estimate the strength of a hydrogen bond in molecular simulations [53–55]. This temporary bend, which weakens the
bond, is clearly reflected by the autocorrelation function.
This change is also manifested by the deformation of the
total electron density, but it is more visible in the autocorrelation function. Point C exhibits a maxima in the
autocorrelation function, due to the regained linearity of
the shared hydrogen bond. The corresponding value of
the autocorrelation function is about 10% less than the
initial value, mainly due to variations in the bending angle
of the water molecule. Other minima and maxima in
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Figure . The upper left panel shows the autocorrelation function of the electronic wave-function for the water dimer cation. The lower
left panel shows the ﬁrst  ps of the simulation. The right panels show snapshots of the total density at diﬀerent time steps, labelled
A-I on the lower left panel. The numbers on the right panels are the hydrogen-acceptor distance (top) and the donor-hydrogen distance
(bottom). Donor and acceptor are deﬁned at the initial structure.

the autocorrelation function (points D to G) show similar changes in the linearity (and in the strength) of the
O-H-F hydrogen bond, although the changes are less
prominent. We observe significant variation in the hydrogen bond linearity and strength for point H, which has
an O-H-F angle of 158°. Once the linearity of the bond is
recovered, in point I, the autocorrelation again increases,
approaching unity. We also note that points H and I
exhibit a change in the torsion angle of the F− (H2 O) complex, relatively to points B and A, which does not affect
significantly the strength of the hydrogen bond and, consequently, the autocorrelation. In summary, the autocorrelation function is the most sensitive to the changes in
the linearity of the hydrogen-bond in the fluoride–water
complex, even when the changes are rather small. This
is consistent with the hydrogen-bond linearity being an
estimator of hydrogen-bond strength.
4.2. Intermolecular proton transfer in (H2 O)+
2
Ionised water clusters serve as model systems for studying the key steps in the ionisation of water by radiation [56]. The smallest of them, the water dimer cation,
has been studied experimentally by vibrational predissociation spectroscopy [57] and theoretically [57–65].
The equilibrium structure of the neutral water dimer is
not a minimum on the ionised PES, rather, the minimum structure of the ionised dimer corresponds to a
complex of H3 O+ and the hydroxyl radical [60]. Thus,
vertical ionisation of the neutral dimer results in an ultrafast proton transfer on a fs timescale. The purpose of
this example is to examine the variations in the autocorrelation function upon making and breaking covalent
bonds.

As in the previous examples, we initiated the trajectory from the optimised structure of the neutral dimer
(using the same level of theory as above). Mimicking
vertical ionisation, we switched the electronic state and
propagated the trajectory on the cationic PES; the initial velocities in this case were set to zero. Vertical ionisation results in an energetic system more than 20 kcal
mol−1 above the global minimum on the ionised PES
[60]. Figure 3 shows the autocorrelation function for the
water dimer cation, representative snapshots, total electron densities and the lengths of the two O-H bonds
involved in the proton transfer reaction.
The autocorrelation function features distinct minima and maxima on a fs time scale. The magnitude of
the changes is much larger than in the previous example, where dynamics modulated the strength of hydrogen bonds. The first proton transfer occurs less than 10
fs from the beginning of the simulation, resulting in the
drop of the autocorrelation by more than 50% (point B).
The snapshots in Figure 3 show that initially, at point A,
the water molecule that donates the hydrogen bond has a
donor-hydrogen bond length of 1.03 Å whereas the distance between the hydrogen atom and the oxygen serving as an acceptor is 1.62 Å. At point B, the first minima
of the autocorrelation function, the proton has jumped
and the O-H bond in the hydronium ion is 0.92 Å while
the distance between the hydrogen and the oxygen atom
of the hydroxyl radical is 1.69 Å. All other minima and
maxima in the autocorrelation relate to proton transfer
events. Points C, E, G and I relate to the less stable waterdimer configuration whereas points D, F and H refer
to the hydronium-hydroxyl radical structure. Variations
in the values of the autocorrelation at different points
are due to the changes in other parameters, such as the
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Figure . Graphical representation of matrix S for the water dimer
cation. The panels A-I correspond to the snapshots shown in
Figure . Elements of S are given by Equation () and the orbitals
are ordered by energy. The matrix is block-diagonal due to spin
symmetry.

relative orientation of the water molecules with respect to
one another and the bending of the water molecules. The
total electron density at different time steps also shows
more significant changes than in the case of the F− (H2 O)
complex (for the same isovalue), in accordance with the
larger changes in the autocorrelation function.
Visualisation and analysis of electronic densities and
orbitals provides important qualitative insight and allows
to make quantitative connections with experimental
observables [66,67], such as photoelectron cross sections
and angular distributions. Various tools for analysis of
molecular orbitals, natural orbitals, Dyson orbitals, natural transition orbitals and densities are widely used in
computational chemistry [68–82]. Thus, it is instructive to analyse the contribution of individual molecular orbitals to the autocorrelation function for the manybody electronic wave-function. The canonical molecular orbitals, within the Hartree–Fock approximation and
Kohn–Sham DFT, are not unique (the total energy is
invariant under unitary transformations of the occupied
orbitals). Yet, canonical orbitals can be interpreted as
an approximation to Dyson orbitals or frontier orbitals,
and their analysis provides useful insight into dynamical
changes in electronic structure.
Figure 4 shows graphically the overlap matrix, S, calculated for the water dimer cation at several time steps,
labelled A-I in Figure 3. Elements of S are given by Equation (4) and the orbitals are ordered by their energy, in
ascending order, at all time steps (core orbitals are not
shown).

At the initial geometry, S is the unit matrix. Panel B,
which corresponds to the first proton transfer event and
the first minima in the autocorrelation function, shows
significant deviation from the unit matrix. In fact, we see
that at this time step the order of orbitals has changed,
such that different orbitals have significant overlap with
most of the orbitals at t = 0. Panels D-H, corresponding to the minima in the autocorrelation function and the
hydronium-hydroxyl configuration, show similar mixing
of the initial orbitals, which result in a decrease of the
autocorrelation of the total wave-function. Panels C-I,
which correspond to the maxima in the autocorrelation
function, show less mixing and are closer to the unit
matrix. This is in agreement with the larger values of the
autocorrelation. Figure 4 also shows that nearly degenerate orbitals can interchange, which is seen, for example,
in panel I for orbitals 5 and 6, which may change the sign
of the autocorrelation of the total wave-function. In addition, the phase of each orbitals is only determined up to a
sign, and the value of the elements of S can also be close
to (-1), which is seen, for example, in panel I.
To conclude, this section shows that the autocorrelation function is very sensitive to the breaking and making
of covalent bonds. There is a connection between the contributions of overlaps of individual molecular orbitals and
the autocorrelation of the total electronic wave-function.
4.3. Intramolecular proton transfer in
malonaldehyde
Malonaldehyde is a prototypical system for studying
intramolecular proton transfer [83–90]. On the PES there
are two equivalent minimum structures with Cs symmetry and a transition state with C2v symmetry, located
4.1 kcal mol−1 above the two equivalent minima [90].
Due to the low barrier and significant tunnelling splitting, nuclear quantum effects are especially important to
accurately describe the dynamics of the system. However,
for the purpose of demonstrating the applicability of the
autocorrelation function of the electronic wave-function
to analyse chemical changes along classical trajectories, a
classical description of the nuclei is sufficient.
We initiated the simulations from the C2v structure with additional kinetic energy, sampled from the
Maxwell–Boltzmann distribution for 298 K, and propagated the trajectory for 300 fs using the same time step
as in the previous examples. Figure 5 shows the autocorrelation function and several snapshots at different time
steps.
The autocorrelation function shows distinct features in
the course of dynamics. The analysis of different features
in the autocorrelation function shows that the transition
from the initial structure A into the minimum point B and
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Figure . The upper left panel shows the autocorrelation function of the electronic wave-function of malonaldehyde for a trajectory
initiated from the transition state for the intramolecular proton transfer. The lower left panel shows the ﬁrst  ps of the simulation. The
right panels shows total electron density snapshots at diﬀerent time steps, labelled A-I on the lower left panel. The numbers on the right
panels are the O-H distances at each time step. Panels B and C also show the value of the O-H-O angle.

then to a maximum point C is an indication of two proton
jumps between the two equivalent structures. Other transitions between minima and maxima in points F, G, H and
I also show three distinct proton jumps. However, since
malonaldehyde has more degrees of freedom than the systems in the previous examples, the autocorrelation also
has features that do not correspond to proton jumps. For
example, the transition between points E and F involves
almost no change in the O-H distances but does involve a
change in the O-H-O angle of the intramolecular hydrogen bond from 158° to 148°. Other degrees of freedom
do not change significantly between points E and F. As
discussed in Section 4.1, this change in angle indicates a
change in the strength of the hydrogen bond, which is also
manifested in the autocorrelation function. This example illustrates a situation for which the change in electronic structure is not so easily seen from the snapshots
but is readily identified by the autocorrelation function.
We expect such situations to be more prevalent in larger
molecules.
Figure 5 also shows that the changes in the autocorrelation function for the intramolecular proton transfer
are much smaller than in the case of the water dimer
cation, possibly because the proton transfer in malonaldehyde is localised and other nuclear degrees of freedom are not strongly coupled to the reaction coordinate,
in contrast to the water dimer cation. In the water dimer
cation, the nature of the two fragments constituting the
complex changes more dramatically upon proton transfer. This is reflected also by the plots of the total electronic
density for malonaldehyde, which changes in the vicinity of the O-H-O moiety when a proton transfer occurs
but remains relatively unperturbed in the vicinity of the
C-H bonds. In summary, this example shows the utility

of the approach to analyse larger systems, featuring more
complex patterns in the autocorrelation function. The
autocorrelation function shows sensitivity to the rearrangement of both covalent and non-covalent bonds (i.e.
hydrogen bonds).
4.4. H2 dissociation
In the above examples, it was always possible to connect the changes in the electronic structure with structural rearrangement. Moreover, the electronic structure
in all cases was well within the domain of the Born–
Oppenheimer approximation. Consequently, as illustrated by Figure S4 in Supplementary Information, the
RMSD of properly aligned structures reveals the same
trends as the autocorrelation function of electronic wavefunctions. However, our approach can be used to reveal
changes in electronic wave-functions that are not accompanied by large changes in nuclear positions. To illustrate this point, we consider the dissociation of the
H2 molecule using restricted and unrestricted wavefunctions. The restricted formalism does not correctly
describe the dissociation of covalent bonds [41], but the
unrestricted solutions of the Hartree–Fock or Kohn–
Sham equations provide the correct asymptotic limit, at
the price of loosing spin-symmetry. Around the equilibrium, the Kohn–Sham equations show no instability and
only a restricted solution exists. As we stretch the H-H
bond, at a certain point (around 1.58 Å), the unrestricted
lower-energy solution appears. Figure 6 shows the dissociation curve of H2 computed using restricted and unrestricted Kohn–Sham DFT (ωB97X-D/cc-pVDZ).
We computed the autocorrelation along these scans
for the restricted and unrestricted solutions. Here, the
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Figure . Dashed line and dotted line represent the total energy,
U, for H as a function of the H-H distance R for the restricted and
unrestricted calculations, respectively. Solid line and dash-dotted
line show the value of the overlap between the electronic wavefunctions at the equilibrium distance R and at R for the restricted
and unrestricted calculations, respectively.

result does not represent a time autocorrelation function
but simply the overlap between the wave functions at the
equilibrium bond distance R = R0 and at R, represented
as A(R). Figure 6 shows that at small R, the restricted
and unrestricted determinants give rise to the same solution of the Kohn–Sham equations. As a result, the value
of the overlap as a function of R is identical for both
treatments. However, starting at the instability point, the
overlap obtained using the two determinants differs. In
particular, the slope of the overlap for the unrestricted
calculations changes and becomes more negative than for
the restricted calculation. This is a qualitative change in
the behaviour of the overlap, which does not correspond
to a significant change in nuclear geometry. Although
this change in character of the electronic wave-functions
arises from a mathematical instability, it demonstrates
that the autocorrelation of the electronic wave-function
is sensitive to qualitative changes in the electronic structure, even without a corresponding change in the nuclear
positions. This type of changes is common in processes
involving electronic transitions, such as in non-adiabatic
dynamics.

a new approach for analysing changes in electronic structure along classical trajectories. The approach is based
on the evaluation of the time autocorrelation function of
the many-body electronic wave-function. The autocorrelation for a wave function represented by a single Slater
determinant (such as in Hartree–Fock or Kohn–Sham
DFT) can be evaluated as a determinant of the overlap
matrix between the molecular orbitals at time t = 0 and
t = τ . To disentangle the intrinsic changes in electronic
structure from changes due to rigid-body rotations and
translations, we employed the Kabsch algorithm, which
aligns the system at different time steps while minimising
the RMSD between the two structures. The method was
benchmarked and applied to several examples, representing different kinds of chemical interactions and bonding:
the complex between fluoride and water represented variations in hydrogen bond strength, proton transfer in the
water dimer cation as an example for changes in covalent
bonds in molecular complexes and intramolecular proton transfer in malonaldehyde, representing a larger and
more complex system.
The main conclusions are:
(1) The autocorrelation function is sensitive to variations in chemical bonding, from changes in
strength of hydrogen bonds to breaking covalent
bonds. It can be thought of as an effective reaction coordinate, sensitive to chemical changes in
the course of dynamics.
(2) In larger systems, this analysis emphasises the
variations in electronic structure, which may be
hard to identify by looking at the nuclear snapshots alone.
(3) The same method may find applications in
describing time-dependent photoelectron spectra
using Dyson orbitals instead of molecular orbitals.

Acknowledgments
B. Hirshberg is supported through the Adams Fellowship of the
Israel Academy of Sciences and Humanities. This work has been
supported in Los Angeles by the Army Research Office through
grant W911NF-16-1-0232 and the Alexander von Humboldt
Foundation (Bessel Award to Anna I. Krylov). We thank Prof.
Samer Gozem (Georgia State University) for his help with the
ezDyson code.

Disclosure statement
AIK is a board member and a part owner of Q-Chem, Inc.

5. Summary and conclusions

Funding

Analysing electronic properties in the course of molecular dynamics simulations can aid in the identification of
reaction mechanisms [28–30]. In this paper, we propose

Adams Fellowship of the Israel Academy of Sciences and
Humanities; Army Research Office [grant number W911NF16-1-0232]; Alexander von Humboldt Foundation.

MOLECULAR PHYSICS

ORCID
Barak Hirshberg http://orcid.org/0000-0002-0014-515X
Anna I. Krylov http://orcid.org/0000-0001-6788-5016

References
[1] R. Car and M. Parrinello, Phys. Rev. Lett. 55(22), 2471–
2474 (1985). doi:10.1103/PhysRevLett.55.2471
[2] J. Hutter, Wiley Interdiscip. Rev. Comput. Mol. Sci. 2(4),
604–612 (2012). doi:10.1002/wcms.90
[3] T.D. Kühne, Wiley Interdiscip. Rev. Comput. Mol. Sci.
4(4), 391–406 (2014).
[4] D. Marx and J. Hutter, Ab Initio Molecular Dynamics:
Basic Theory and Advanced Methods (John Wiley & Sons,
New-York, 2009). doi:10.1017/CBO9780511609633
[5] M.E. Tuckerman, P.J. Ungar, T. von Rosenvinge, and M.L.
Klein, J. Phys. Chem. 100 (31), 12878–12887 (1996).
doi:10.1021/jp960480+
[6] L.P. Wang, A. Titov, R. McGibbon, F. Liu, V.S. Pande,
and T.J. Martínez, Nat. Chem. 6(12), 1044–1048 (2014).
doi:10.1038/nchem.2099
[7] A.A. Hassanali, J. Cuny, V. Verdolino, and M. Parrinello,
Philos. Trans. R. Soc. A Math. Phys. Eng. Sci. 372(2011),
20120482 (2014). doi:10.1098/rsta.2012.0482
[8] I.S. Ufimtsev, N. Luehr, and T.J. Martinez, J. Phys. Chem.
Lett. 2(14), 1789–1793 (2011). doi:10.1021/jz200697c
[9] T. Nelson, S. Fernandez-Alberti, A.E. Roitberg, and
S. Tretiak, Acc. Chem. Res. 47(4), 1155–1164 (2014).
doi:10.1021/ar400263p
[10] M. Barbatti, Wiley Interdiscip. Rev. Comput. Mol. Sci.
1(4), 620–633 (2011). doi:10.1002/wcms.64
[11] R.P. Steele, J. Chem. Phys. 139(1), 011102 (2013).
doi:10.1063/1.4812568
[12] R.P. Steele, J. Phys. Chem. A 119(50), 12119–12130
(2015). doi:10.1021/acs.jpca.5b05850
[13] S. Fatehi and R.P. Steele, J. Chem. Theory Comput. 11(3),
884–898 (2015). doi:10.1021/ct500904x
[14] E. Kamarchik, L. Koziol, H. Reisler, J.M. Bowman, and
A.I. Krylov, J. Phys. Chem. Lett. 1(20), 3058–3065 (2010).
doi:10.1021/jz1011884
[15] S.A. Epstein, D. Shemesh, V.T. Tran, S.A. Nizkorodov, and
R.B. Gerber, J. Phys. Chem. A 116(24), 6068–6077 (2012).
doi:10.1021/jp211304v
[16] D.E. Romonosky, L.Q. Nguyen, D. Shemesh, T.B. Nguyen,
S.A. Epstein, D.B. Martin, C.D. Vanderwal, R.B. Gerber,
and S.A. Nizkorodov, Mol. Phys. 113(15–16), 2179–2190
(2015). doi:10.1080/00268976.2015.1017020
[17] A. Sanov, Ann. Rev. Phys. Chem. 65(1), 341–363 (2014).
doi:10.1146/annurev-physchem-040513-103656
[18] K.L. Reid, Ann. Rev. Phys. Chem. 54(1), 397–424 (2003).
doi:10.1146/annurev.physchem.54.011002.103814
[19] A. Stolow, Ann. Rev. Phys. Chem. 54(1), 89–119 (2003).
doi:10.1146/annurev.physchem.54.011002.103809
[20] D.M. Neumark, Ann. Rev. Phys. Chem. 52(1), 255–277
(2001). doi:10.1146/annurev.physchem.52.1.255
[21] T. Suzuki, Ann. Rev. Phys. Chem. 57(1), 555–592 (2006).
doi:10.1146/annurev.physchem.57.032905.104601
[22] R.S. Mulliken, J. Chem. Phys. 23(10), 1833–1840 (1955).
doi:10.1063/1.1740588
[23] P.O. Löwdin, J. Chem. Phys. 18(3), 365–375 (1950).

2521

[24] F.L. Hirshfeld, Theor. Chim. Acta 44(2), 129–138 (1977).
doi:10.1007/BF00549096
[25] A.E. Reed, R.B. Weinstock, and F. Weinhold, J. Chem.
Phys. 83(2), 735–746 (1985). doi:10.1063/1.449486
[26] R.S. Mulliken, J. Chem. Phys. 23(10), 1841–1846 (1955).
doi:10.1063/1.1740589
[27] E.D. Glendening and F. Weinhold, J. Comput. Chem.
19(6), 610–627 (1998). doi:10.1002/(SICI)1096987X(19980430)19:6<610::AID-JCC4>3.0.CO;2-U
[28] B. Hirshberg and R.B. Gerber, Chem. Phys. Lett. 531, 46–
51 (2012). doi:10.1016/j.cplett.2012.01.088
[29] B. Hirshberg and R.B. Gerber, J. Phys. Chem. Lett. 7(15),
2905–2909 (2016). doi:10.1021/acs.jpclett.6b01109
[30] R. Gerber, D. Shemesh, M. Varner, J. Kalinowski, and B.
Hirshberg, Phys. Chem. Chem. Phys. 16 (21), 9760–9775
(2014). doi:10.1039/C3CP55239J
[31] F. Plasser and L. González, J. Chem. Phys. 145 (2), 021103
(2016). <https://doi.org/10.1063/1.4958462>.
[32] F. Plasser, M. Ruckenbauer, S. Mai, M. Oppel, P. Marquetand, and L. González, J. Chem. Theory Comput. 12(3),
1207–1219 (2016). doi:10.1021/acs.jctc.5b01148
[33] R.E. Hadad and R. Baer, Mol. Phys. 115(24), 3155–3163
(2017). doi:10.1080/00268976.2017.1351628
[34] S. Mai, P. Marquetand, and L. González, J. Chem. Phys.
140, 204302 (2014). doi:10.1063/1.4875036
[35] M. Baer, Beyond Born-Oppenheimer: Electronic Nonadiabatic Coupling Terms and Conical Intersections
(John Wiley & Sons, Inc., Hoboken, NJ, 2006).
doi:10.1002/0471780081
[36] S. Hammes-Schiffer and J.C. Tully, J. Chem. Phys. 101(6),
4657–4667 (1994). doi:10.1063/1.467455
[37] J. Pittner, H. Lischka, and M. Barbatti,
Chem.
Phys.
356(1–3),
147–152
(2009).
doi:10.1016/j.chemphys.2008.10.013
[38] M. Barbatti, M. Ruckenbauer, F. Plasser, J. Pittner, G.
Granucci, M. Persico, and H. Lischka, Wiley Interdiscip. Rev. Comput. Mol. Sci. 4(1), 26–33 (2014).
doi:10.1002/wcms.1158
[39] W. Kabsch, Acta Crystallogr. A 32(5), 922–923 (1976).
doi:10.1107/S0567739476001873
[40] W. Kabsch, Acta Crystallogr. A 34(5), 827–828 (1978).
doi:10.1107/S0567739478001680
[41] A. Szabo and N. Ostlund, Modern Quantum Chemistry: Introduction to Advanced Electronic Structure Theory (John Wiley & Sons, New York, 1989).
[42] P.O. Löwdin, Phys. Rev. 97(6), 1474–1489 (1955).
[43] Y. Shao, Z. Gan, E. Epifanovsky, A.T.B. Gilbert, M. Wormit, J. Kussmann, A.W. Lange, A. Behn, J. Deng, X.
Feng, D. Ghosh, M. Goldey, P.R. Horn, L.D. Jacobson, I.
Kaliman, R.Z. Khaliullin, T. Kuś, A. Landau, J. Liu, E.I.
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