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ABSTRACT

Mixed-reference spin-flip time-dependent density functional theory (MRSF-TDDFT) improves upon the original spin-flip TDDFT (SF-
TDDFT) approach by expanding the configurational space of the response states via a mixed-reference reduced density matrix, specifically,
an equal mixture of the density matrices from the Ms = +1 and Ms = —1 components of the lowest triplet state. MRSF-TDDFT improves the
description of the spin-flip target states and the respective energy differences and eliminates the problem of spin-contamination that often
spoils the description of higher-lying states in SE-TDDFT. This article presents the theoretical framework and details of a new implemen-
tation of MRSF-TDDFT in the Q-Chem software package. The implementation includes calculations of energies and properties, including
transition dipole moments, oscillator strengths, spin-orbit couplings, and density-matrix based analyses of the MRSF states and transitions.
The capabilities of the theory are illustrated by applications to diradicals, butadiene, and a reduced retinal model, the penta-2,4-dieniminium
cation, used to evaluate the performance of electronic structure methods in describing conical intersections.
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. INTRODUCTION

Owing to their conceptual elegance and low computational
cost, density functional theory (DFT) and its extension to excited
states via the linear-response formalism (LR-TDDFT or TDDFT)
are the most popular computational tools for describing molecu-
lar electronic structure.” However, despite their tremendous suc-
cess, DFT and TDDFT have several limitations. First, Kohn-Sham
(KS) theory, which uses a fictitious determinant to represent the
electronic density, inherits the limitations of single-reference wave
function methods and fails for strongly correlated systems, such as
diradicals, triradicals, and molecules with stretched bonds, where
multiple configurations contribute significantly to the wave func-
tions of the target states. Second, TDDFT, which describes excited
states as 1hlp (1-hole-1-particle) excitations from the KS refer-
ence determinant, can only access singly excited states and is blind

to the existence of doubly excited (2h2p) states. Third, TDDFT
cannot correctly describe conical intersections between the ground
and excited states. These shortcomings limit the applications of
DFT/TDDEFT to many important chemical problems, such as bond-
breaking, photochemistry, and transition metal complexes, which
often require the inclusion of 2h2p or higher excitations. Whereas
there is no systematic way of incorporating the higher-order cor-
relation effects within the linear-response (LR) formalism, these
problems can be circumvented by the spin-flip (SF) approach’* in
which problematic multi-configurational target states are described
as spin-flipping excitations from a well-behaved high-spin ref-
erence state (i.e., triplet, quartet, etc.).” This idea can be used
both within wave function theories, such as equation-of-motion
coupled-cluster (EOM-CCQ),”’ configuration interaction (cn,*’
or algebraic diagrammatic construction (ADC)'’ methods, and
within TDDFT.””'"""* The SF methods have been widely used in
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computational chemistry to describe systems with multiconfigura-
tional character.”

One problem that limits the utility of the standard SF-TDDFT
is the spin incompleteness of the target configurational space, which
results in spin-contamination and spoils the description of higher
excited states.”'” Figure 1 shows the configurations missing within
the standard SF space generated from a high-spin reference. In the
wave function formulation, the problem of spin-incompleteness of
the SF manifold is generally reduced by going beyond the single exci-
tation manifold and disappears in the limit of the full configuration
interaction. At lower-level methods, spin-contamination of the SF
states can be fixed by including selected higher excitations.'® Similar
strategies can be used within the TDDFT formulation.'”"” An ele-
gant solution to this problem has been introduced by Choi and co-
workers, '’ who noticed that a balanced (and nearly spin-complete)
set of determinants can be produced within the LR formalism by
combining the SF configurations generated from two references,
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M; =1and M, = -1, as illustrated in Fig. 2. The expanded space of
the target configurations leads to a better representation of the target
SF states.

Originally implemented in GAMESS” and later in a new pack-
age, OpenQP,”! mixed-reference spin-flip time-dependent density
functional theory (MRSF-TDDEFT) has been benchmarked for dirad-
icals, singlet-triplet gaps, doubly excited states, conical intersections,
and x-ray absorption.'*'”** "’ The method has demonstrated excel-
lent performance and, in many cases, improved accuracy compared
to the original SE-TDDFT"!' approach. Spin-purification has also
improved the usability of SE-TDDFT in AIMD (ab initio molecular
dynamics) simulations,”® addressing the problem of state following
in the original SF-TDDFT.”> The initial applications of MRSF-
TDDFT in non-adiabatic dynamics are very encouraging—for
example, MRSF-TDDFT has outperformed several multi-reference
methods in a recent benchmark study motivated by the community
prediction challenge of cyclobutanone photochemistry.” Although

FIG. 1. Configuration space resulting
from o — f spin-flip excitations from
the Ms =1 (aw) reference. Labels C,
01, 02, and V denote core (doubly
occupied), open-shell (singly occupied),
and virtual (unoccupied) orbitals in the
high-spin reference. Configurations with
black solid arrows are present in the
SF-TDDFT excitation manifold, whereas
those with gray arrows are missing within
the original SF-TDDFT formalism.

FIG. 2. Configuration space in MRSF-
TDDFT generated from two high-spin
reference determinants. Labels C, O1,
02, and V refer to core (doubly occu-
pied), open-shell (singly occupied), and
virtual (unoccupied) orbitals in the Ms
= +1 and Mg = —1 references. Config-
urations with black arrows originate from
the Ms = +1 reference, configurations
with red arrows from the Mg = —1 refer-
ence, configurations with blue arrows are
accessible from both, and configurations
with gray arrows are absent.
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fully spin-adapted SF-TDDFT'” has delivered slightly more accurate
results for excitation energies in closed-shell molecules,” an impor-
tant advantage of MRSF-TDDFT comes from the simplicity of the
formalism, which facilitated the implementation of analytic gradi-
ents and non-adiabatic couplings, "’ which are necessary for AIMD
simulations.

In this contribution, we report a new and computation-
ally efficient implementation of MRSE-TDDFT in the Q-Chem
quantum-chemistry package.””® Our implementation affords cal-
culations of state and transition properties—dipole moments, oscil-
lator strengths, and spin-orbit couplings (SOCs)—as well as density-
based analyses’”* using libwfa.””*" The latter allows for rigorous
and physically motivated analysis of excitation character, exci-
ton properties, and diradical character, enabling the comparison
between different methods.”™*' "’ In this paper, we present the
details of our implementation and applications to several popular
benchmark systems with varying diradical character. We also inves-
tigate the performance of the method for the calculation of potential
energy surfaces, conical intersections, and SOCs. In a follow-up
paper, we will present a detailed analysis of transition properties
and exciton descriptors derived from one-particle transition density
matrices, illustrated by applications to polyenes and polyacenes.

This paper is organized as follows: Sec. II outlines the theoreti-
cal framework and describes the key aspects of our implementation.
Section III presents the benchmark results, illustrating the perfor-
mance of MRSF-TDDFT for twisted ethylene, butadiene, several
diradicals, and a reduced retinal model, the penta-2,4-dieniminium
cation (PSB3), which is often used to assess electronic structure
methods in the context of conical intersections. In addition, we also
included calculations of SOCs for selected diradicals. Concluding
remarks are given in Sec. I'V.

Il. THEORY

A. Linear response time-dependent density functional
theory

DEFT is extended to excited states 7through the LR formalism,
giving rise to the TDDFT approach.” " In TDDFT, excited states
are obtained by solving Casida’s equation,

FO R PR

where A and B are the orbital Hessian matrices, w is the corre-
sponding excitation energy, and X and Y are the excitation and
de-excitation amplitudes, respectively. Within the Tamm-Dancoff
approximation (TDA),"””" Eq. (1) simplifies to a simple Hermitian
eigenvalue equation,

AX = wX. (2)

TDDFT/TDA describes excited states as one-electron spin-
conserving excitations from the spin-orbitals occupied (i,j,...) in
the reference KS ground-state determinant (|@¢)) to the unoccu-
pied ones (a,b,...). In Eq. (2), the matrix A, which includes a
one-electron term and the response of the KS Fock matrix F with
respect to the perturbation of the one-particle density matrix P, is
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a Fm‘

Agipj = 0ijFqp — OapFji + 3Tb,

©)

Substituting

g}j;; = (ia|jb) — Cur(ijlab) + (ial@|jb) in Eq. (3) yields
the A matrix in terms of the two-electron repulsion integrals of
the Coulomb [ (ia|jb)] and exchange [ (ijlab)] types with Cur being
the fraction of Hartree-Fock (HF) exchange (HFX) in a chosen
exchange-correlation (XC) energy functional and the response of

the KS XC-matrix [(ia]d|jb) = Zx],
2

Aai,bj = 6ijFub - 6ngji + (l(l|jb) - CHF(1]|le) + (1 - CHF)(m|d)|]b)

)
Throughout this work, the two-electron repulsion integrals are
expressed using the Mulliken notation,

(pabs) = [[ dp(x)du(r) =4 () pu()dridrs, (5)

where ¢ denotes a spatial molecular orbital (we assume real-
valued molecular orbitals). Unless otherwise stated, the general
indices p,q,7,s denote the molecular orbitals, and the usual per-
mutational symmetries of the two-electron integrals are assumed.
Indices i,j, k, . . . denote the occupied orbitals, and indices a, b,¢, . ..
denote the virtual or unoccupied orbitals.

B. Spin-flip time-dependent density functional theory

SE-TDDFT”*'""! also considers excitations from occupied to
virtual spin orbitals, but in contrast to the standard TDDFT/TDA,
the excitations are generated from the high-spin (e.g., Ms = 1) triplet
reference and include the spin flip, ia — af, transitions. This spin-
flipping excitation operator produces determinants ({|®7)}, where
we use the notation p = pa and p = pf) that form a basis provid-
ing a balanced description of low-lying singlet states and the Ms = 0
component of the triplets, as shown in Fig. 1, which illustrates the
generation of spin-flip configurations from the high-spin Mg =1
component of the triplet for a four-electrons-in-four-orbitals sys-
tem. Within the TDA, SF-TDDFT yields an eigenvalue problem
that is essentially the same as Eq. (2) but is solved in the basis of
spin-flipped determinants. Therefore, the A matrix in SF-TDDFT is
defined as

Ay = 6ijF ;5 — 0;3Fji + (ia|jb) — Cur(ijlab) + (1 - Cur) (ia@|jb),
(6)
and the spin-flipping amplitudes are defined as X = {X"}.

In the original formulation of SF-TDDFT,” the standard
collinear XC kernel is used in the evaluation of the orbital Hes-
sian matrix A. The Coulomb and XC potentials depend only on
the pure « and f8 electronic densities and their gradients and are,
therefore, insensitive to changes in the fa-block of the density that
occur in SF-TDDFT. As a result, the third and fifth terms in Eq. (6)
do not contribute to the coupling of the spin-flipping excitations in
the collinear SF-TDDFT formulation. Consequently, only the one-
electron terms and the HFX remain, leading to the final expression
for A in SE-TDDFT,

Aai,l}j = 8ijF;; — 0, Fji — CHF(ij|‘_1]z’)- (7)
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Previous benchmarks showed that collinear SF-TDDFT attains its
optimal performance when used with a functional having ~50%
HFX, such as B5050LYP or BHHLYP.™®

C. Mixed-reference spin-flip time-dependent density
functional theory

Due to the incompleteness of its configuration space (Fig. 1),
SE-TDDFT is subject to spin contamination. The MRSF-TDDFT
approach'®"” was devised to address this issue by recovering the
majority of the missing configurations and thereby substantially
reducing spin contamination in the target SF states. The key idea
is to employ a mixed-reference reduced density matrix (MR-RDM),
Po™®(x,x"), defined as an equal-weight ensemble of the reduced den-
sity matrices associated with the Mg = +1, péw S:H(x, x'), and M
=-1, péw =71 (x,x’) spin components of the lowest triplet state,

! 1 g= ! =— !
po" (ox') = [T (xx) + 0" (X)), ®)

where x = (r,0) and x’ = (r',0") denote both electronic position
and spin. This differs from the original SE-TDDFT formulation in
which only the density matrix corresponding to the Mg = +1 com-
ponent of the triplet p)=*"(x,x’) is used. With this approach, the
majority of the configurations that are missing in SF-TDDFT are
recovered as § — « spin-flip operations from the Ms= -1 com-
ponent of the triplet. This is evident from Fig. 2, which shows
configurations generated from the Ms = +1 and Ms = -1 compo-
nents of the triplet reference. It should be noted that MRSF-TDDFT
also misses some determinants (those shown with gray arrows in
Fig. 2). One can show that spin-contamination of the MRSF-TDDFT
states is determined by the combined weight of these configurations.
These determinants are of the CV (core-virtual; see Figs. 1 and 2)
type and are, therefore, expected to contribute primarily to higher-
lying states. Their contribution to low-lying states is small. Indeed,
for the examples considered in the present study, spin contamina-
tion is negligible, with deviations of (S*) from the ideal values not
exceeding 0.05.

The direct use of the MR-RDM in Eq. (8) is prohibited due to
the presence of half-integer populations in the MR-RDM elements
corresponding to the open-shell orbitals, which makes the MR-RDM
nonidempotent. The idempotency can be restored by introducing
spinor-like mixed-spin orbitals for the open-shell part instead of
pure « or 3 spin-orbitals, i.e., using

_ (L+i)a)+ (1-1)|B)

Is1) 5
and 9
_ (=) + A +1)|B)
|s2) = 5

as the new open-shell orbitals. With this redefinition, the MR-RDM
becomes idempotent, and the response equations for MRSF-TDDFT
can be derived.'”® The final MRSF-TDDFT equations are conve-
niently separated into two independent eigenvalue problems for the
singlet and triplet manifolds. Now, since the OO type excitations
are generated from both Ms = +1 and Ms = —1 components of the
triplet states (see Fig. 2), they need to undergo certain transfor-
mations to ensure proper spin adaptation for the OO type ampli-
tudes.'® Due to this transformation, the dimensions of the singlet
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(ng‘ccnfir —1) and triplet (ngccnﬁ - 3) amplitudes differ from that

vir
of SF-TDDFT (ng‘ccngir). These dimensions can be made identical
by using two transformation matrices'® (denoted U® for singlet and
U” for triplet) that have different effects on singlet (Xs),

Up “XE” = 802000157, (102)
Us X5 = 8,018,00X 7, (10b)
Uzqu)OOXéso)(O) = %(617015(101 — 8,020302) X590, (10¢)
Us "X = pendio, X (m=12),  (10d)
U X0 = 60,000 (m=1,2), (10¢)
UquVX;s)(O) = 5p<o15q>ozxfg,§)(0), (10f)
and triplet (Xr) amplitudes,
Uy X =0, (11a)
Ui X5 =0, (11b)

1
Upg %°X50 = %(SPOI‘Squ +8028,02)X60 s (116)

UL x DO = 6,001600, X0 (m=1,2),  (11d)
U 'XDO =800, 0p0X85 @ (m=1,2),  (11e)
UpchXISqT)(O) = 6p<016q>OZXI§qT)(O)- (119)

With these dimensional transformation matrices taken into
account, the MRSF-TDDFT response equations look very similar to
SE-TDDFT,

ADOY, - (OxO

25 (k=ST), (12)

where

Affz]( = U {05F,; - 0,3 F;i - Cur(ijlab) YUY (13)
is the orbital Hessian matrix, XS,O) are the eigenvectors, w,(lo) are the
eigenvalues corresponding to #, and the superscript (0) denotes that
there is no coupling between the spin-paired configurations origi-
nating from the different components of the triplet reference. This
coupling, which significantly affects the energies of the MRSF tar-
get states, is added empirically by computing the matrix elements
between the spin-paired configurations using the Slater-Condon
rules. This is similar to the spin-complete SF-CIS (SF configura-
tion interaction singles) method,'® where the coupling between the
spin-paired configurations is introduced via a restricted active-space
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CI procedure. These coupling terms, called pairing strengths, are
defined as"”

k k)i CO1 CO2 CO1 CO2
Cf(’qv)” = H}Sﬂv)fl;tm UPq - qu )(Ufs - Urs )

(k)intra , 1 ;O1V o2V o1V 02V
+ Hpgrs (Upg = Upg )(Us " —Ux )

k)inter CO1 4,02V CO2 02V
+HPOP (U2 u + U U

01V ;,CO2 02V ;,CO1
+ U VU2 + U2 U, (14)
where

2 if p=01,

E:O
p=01 if p=02,

ng;),ismm = sgn (k)Cur(ps|rq), k=S,T,

Higx"™" = sgn (k) Cu{ (pqlrs) - (prlsa)}  k=S,T,
sgn (S) = +1,
sgn(T) = -1

The final orbital Hessian matrix for MRSE-TDDFT is thus obtained
by adding Aéf?]]_(o) and Céfgj,w

(k) _ A (K)(0) (k) _
Aai,l'aj - Aai,Lj + Cai,éj (k =S T)’ (15)

and, correspondingly, the final MRSF-TDDFT response equations
become

Agf;jxk =Xy (k=ST). (16)

In this work, we employ a restricted open-shell KS (ROKS) for-
mulation of MRSF-TDDEFT. The ROKS framework enforces identi-
cal spatial orbitals for & and f3 electrons, thereby removing orbital-
driven spin asymmetry and ensuring a spin-pure reference. It also
leads to a simpler and more numerically stable response formalism
that does not require orbital reordering while reducing the overall
computational cost.

We note that the unrestricted KS (UKS) extension of MRSF-
TDDFT has also been reported.”””” While unrestricted MRSF
introduces additional variational flexibility through independent
optimization of & and f orbitals at the self-consistent-field (SCF)
level and may vyield slightly lower total energies, the associated
improvements are generally modest and primarily reflect orbital
relaxation effects rather than qualitative differences in the response
space. One practical advantage of the UKS formulation is more
robust convergence of the reference self-consistent calculation.
Although in the present study we have not encountered any diffi-
culties with converging ROKS, AIMD simulations may tilt the scale
in favor of UKS. Here, we focus on the ROKS-based MRSE-TDDFT
formulation.

Finally, we note that within the collinear approximation and
TDA, if the HF reference is used, the MRSF-TDDFT equations use
HF orbital energies and Cur becomes 1.0, i.e., 100% HFX, and this
results in the MRSF-CIS approach.

ARTICLE pubs.aip.org/aipl/jcp

D. One-particle density matrices, natural orbitals, and
properties

Just as in the case of standard TDDFT and SE-TDDFT, the
MRSF amplitudes, X, can be used to compute reduced state and
transition density matrices (DMs), which then can be used to com-
pute one-electron state and transition properties by contracting the
DMs with the corresponding integrals. State and transition DMs
can also be used for further analyses of electronic structure, by,
for example, computing natural orbitals and exciton descriptors.
Our implementation of MRSF-TDDFT affords calculations of state
and transition DMs, one-electron properties, various analyses using
libwfa,‘w‘ " and calculations of SOCs.” >

Given two electronic states, |¥;) and |¥;), the one-particle
transition DM is defined as

Vhe = (¥ilp'q¥)), (17)

where p' and g denote the creation and annihilation operators asso-
ciated with the corresponding spin-orbitals, respectively. When I
= ], we obtain the state one-particle DM. Diagonalization of the state
DM yields natural orbitals,

y"'C=Cn, (18)

where the diagonal matrix n contains the occupation numbers n;
and C contains the coefficients of the corresponding eigenvectors,
{¢,(x)}. The eigenvalues are non-negative and sum to the total
number of electrons, which provides a direct measure of static and
dynamic correlation effects through fractional occupations. When
expressed using natural orbitals, the electron density assumes the
following compact form:

p) = X i (x). (19)

Here, we use natural occupations to compute the number of effec-
tively unpaired electrons using indices proposed by Yamaguchi and
subsequently refined by Head-Gordon,”

ny =Y. min (7, 2 - i), (20)

i

M = Y 13 (2= 715)7, Q1)

i

where 71; = |} + nf | are the spin-summed occupations, and n, and
n,q are called the linear and non-linear Head-Gordon’s indices.
They provide complementary measures of open-shell and multi-
configurational character in an electronic state, i.e., they can be
interpreted as the number of effectively unpaired electrons.
One-electron state and transition properties are computed by
contracting the DMs with the corresponding integrals. The SOCs are
computed as matrix elements of the Breit-Pauli Hamiltonian,
which contains one- and two-electron parts. As shown in previous
studies,” ' the two-electron contribution can be accurately approx-
imated by the mean-field treatment, meaning that one only needs
one-electron DMs. To deal with the tensorial nature of the SOC,
we follow the approach of Pokhilko and co-workers,”"”” who used
the Wigner-Eckart theorem and spinless DMs computed from only
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one component of the multiplet (e.g., the Ms = 0 component of the
triplet). In that, our implementation differs from the SOC imple-
mentation of MRSF-TDDFT reported in Ref. 30, where all transition
DMs are constructed explicitly. The spinless DMs can be used to
compute spin-orbit natural transition orbitals.®

The SOC constants (SOCCs) are obtained by summing over all
components of the multiplet,

socc=_[ 3 [(SM'|H)s"M")f, (22)

M M

where S and M denote, respectively, the total spin and spin-
projection of the two coupled states.

E. Implementation

We implemented MRSE-TDDFT in the Q-Chem quantum-
chemistry software package.””’® The XC contributions are cal-
culated in the collinear approximation, using the spin-resolved
response kernel derived from a chosen functional. As in the previous
work, we use TDA, leading to a Hermitian eigenvalue problem.

A detailed description of the modifications made to the
Davidson algorithm and to the existing SF-TDDFT infrastruc-
ture to enable the MRSF-TDDFT calculations is provided in the
supplementary material; Fig. S1 of the supplementary material
sketches the main features of the algorithm.

Our implementation leverages the existing efficient integral
transformation routines in Q-Chem and constructs matrix-vector
products on-the-fly during Davidson iterations.”’ In contrast to the
original SF-TDDFT, we have two eigenvalue problems for each spin
multiplicity and, consequently, two different matrix-vector prod-
ucts, one for the singlet manifold and one for the triplet manifold.
Our implementation supports built-in and customized hybrid and
meta-hybrid functionals as well as range-separated hybrid function-
als available in Q-Chem. Our implementation leverages Q-Chem’s
parallel infrastructure. The evaluation of one- and two-electron
integrals, as well as matrix-vector multiplications, is parallelized
using OpenMP. The two-electron integrals are generated on-the-fly,
thereby reducing the disk and memory footprint.

We also implemented calculations of state and transition DMs
that afford evaluation of properties, including SOCs,”*” and anal-
ysis of state and transition characters using various types of natural
orbitals’*** and exciton descriptors’”*"**** enabled by libwfa.””*"**
This approach provides a unified, ansatz-agnostic description of
excited states and enables a direct comparison of wave function
characteristics across different electronic structure methods. Simi-
lar analyses have previously been implemented for linear-response
TDDFT, CIS, ADC, CC/EOM-CC, and SE-TDDFT/CIS. Here, we
extend this framework to the newly implemented MRSF-TDDFT
and MRSF-CIS approaches.

IIl. RESULTS AND DISCUSSION
A. Validation

We validated our implementation against OpenQP*' by com-
paring the results for Be and methylene using several basis sets. The
results are presented in the supplementary material. The two imple-
mentations agree with each other within 0.1 m hartree for the total
energies and within 0.001 eV for energy differences between the
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states. These small differences may be attributed to implementation-
dependent details such as quadrature grids, SCF convergence cri-
teria, integral screening thresholds, and orbital canonicalization
conventions.

One important difference between the two implementations
arises in a special case of KS references with no -electrons, such
as H. In such cases, the total energies from the two codes differ
due to different conventions used in evaluating the derivative of the
XC functional. Q-Chem treats the derivative of the XC functional
for zero density as zero. Following a different line of reasoning, the
OpenQP team arrived at nonzero contributions to the Fock matrix
from zero density. Because this difference originates in the SCF part,
the two packages yield different total energies for MRSE-TDDFT
and SF-TDDFT. For a HF reference, the two codes match perfectly.
A detailed analysis of this issue is provided in the supplementary
material.

B. Computational details

All calculations were performed using the Q-Chem software
package,””® and orbitals were visualized using Jmol. We used the
SG-1 quadrature grid, which is the default grid for energy calcu-
lations with most hybrid functionals in Q-Chem. Unless specified
otherwise, the standard basis sets were used with the default settings
for polarization functions.

Ethylene. We carried out the calculations at the geometry used
in Ref. 3 (rcc =1.330 A, rcn =1.076 A, and Oycy = 116.6°); the
torsion profile was computed by varying the torsional angle and
keeping the rest of the structural parameters frozen at their equi-
librium values. The torsional barrier was computed using the same
DZP basis as in Ref. 65. We used the B5050LYP, B3LYP, and
BHHLYP functionals. We also computed potential energy curves
for the ground and two valence excited states along the torsional
coordinates using MRSF-TDDFT with the B3LYP and BHHLYP
functionals and the cc-pVTZ basis. DZP calculations used Cartesian
polarization functions.

Cyclobutadiene (CBD). We calculated the automerization bar-
riers of cyclobutadiene using the MR-AQCC/cc-pVTZ optimized
geometries from Ref. 66 using the cc-pVDZ, aug-cc-pVDZ, and cc-
pVTZ bases. All other calculations for cyclobutadiene were carried
out using the geometries from Ref. 7 and the cc-pVTZ basis.

Trimethylenemethane (TMM). The geometries were taken from
Ref. 67. The 6-31G” and cc-pVTZ bases with pure angular momen-
tum polarization functions were used. MRSF-TDDFT calculations
used the BHHLYP functional.

Tetramethyleneethane (TME). The geometries were taken from
Ref. 68. The MRSF-TDDFT calculations used the BHHLYP func-
tional and the cc-pVDZ and cc-pVTZ basis sets.

Benzynes. The geometries of the lowest singlet and triplet states
for the ortho-, meta-, and para-isomers were taken from Ref. 5. Cal-
culations were performed using the cc-pVDZ and cc-pVTZ basis sets
with the BHHLYP functional.

Butadiene. We carried out calculations at the geometries from
Ref. 65 using the cc-pVDZ and cc-pVTZ bases.

Penta-2,4-dieniminium cation. The geometries were taken from
Ref. 69. The 6-31G(d) basis was used.

Spin-orbit coupling constants in select diradicals. We com-
puted SOCCs between the lowest singlet and triplet states in
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methylene-like diradicals, CH,, NH3, SiH,, PHj, HSiF, and HSiCl,
at the geometries from Ref. 55. We used the cc-pVTZ basis for CHa,
NH;, SiH,, PH;, and the cc-pCVTZ basis for HSiF and HSiCL.
When possible, we compare the MRSF-TDDFT results with
the experiment. We also compare against the results obtained with
high-level ab initio methods, such as EOM-CC, ADC, and multi-
reference CI (e.g., MR-CISD). In particular, EOM-SE-CCSD cal-
culations with triples corrections, such as EOM-SF-CCSD(fT) and
EOM-SF-CCSD(dT), provide highly reliable benchmark values.”’
We note that (fT) and (dT) corrections are identical to the CR-
CCSD(2)r and CR-CCSD(T),, corrections (CR stands for completely
renormalized) of Piecuch and co-workers,”' ® derived using the
method-of-moments approach, which were shown to also work
well in the context of the regular ground-state CC calculations.
From the EOM-CC family,”” " we considered the following vari-
ants: EOM-EE (EOM for excitation energies),” EOM-SF,>*"7% ag
well as EOM-DIP (EOM for double ionization potentials) and EOM-
DEA (EOM for double electron attachment).”””" ** The two latter
approaches, EOM-DIP and EOM-DEA, can tackle multiconfigu-
rational wave functions emerging in systems with small HOMO-
LUMO gaps.””*""*" Finally, we also compare against the published
results®® obtained with density matrix renormalization group
(DMRG), quantum Monte Carlo methods, such as FCIQMC and
diffusion Monte Carlo (DMC), and multi-reference CC methods,
such as MkCCSD (Mukherjee MR-CC ansatz) and TCCCSD (two-
configurational CCSD). In select cases, we also compare against
EOM-CC methods with triple excitations (EOM-CCSDT).*

C. Ethylene torsion

The torsion of ethylene about the C=C double bond is a classic
example of nondynamical (static) correlation and a stringent test for
quantum-chemistry methods. Within the (7, ") orbital manifold,
three low-lying singlet states are of interest: the ground state (N) and
two excited states (V and Z). At the planar equilibrium geometry, the
mand 7* orbitals are well separated in energy, and the closed-shell
configuration (1) provides a qualitatively correct description of the
ground state. At 90° twisted geometry, the 7 bond is broken, the 7
and 7" orbitals become degenerate, and the ground state becomes a
perfect diradical. At large dihedral angles, the ground state acquires
pronounced multiconfigurational character, and a proper descrip-
tion requires balanced contributions from both (7)? and (7*)?
configurations. Standard single-reference methods, including con-
ventional KS-DFT and LR-TDDFT, struggle in this regime due to
the absence of the doubly excited configuration. These methods also
cannot tackle the doubly excited Z-state. Along the torsional coordi-
nate, N, V, and Z states exhibit avoided crossings, and capturing this
behavior requires a method capable of treating the near-degenerate
configurations on an equal footing.

In the SF framework, these singlet states are accessed from the
high-spin " triplet reference, which is well described by a single
determinant at all torsional angles. Consequently, SF approaches,
including SF-TDDFT,’ can describe the lowest singlet state along the
entire torsional coordinate. However, the higher-lying singlet states
obtained from SF-TDDFT are typically spin-contaminated. The
MRSF-TDDEFT approach addresses this limitation and, as demon-
strated in Ref. 18, yields spin-pure singlet wave functions across the
full torsional profile.

ARTICLE pubs.aip.org/aipl/jcp

We first examine the torsional barrier, AE = E(90°) — E(0°),
computed using MRSF-TDDFT with three different XC function-
als: B5050LYP, B3LYP, and BHHLYP. Table I compares the new
results with previous SF-TDDFT and wave function calculations.
We use MR-CISD as a reference against which we evaluate other
approaches. EOM-SF-CCSD and EOM-DEA-CCSD yield the barri-
ers within 0.1 eV of MR-CISD. The SE-TDDFT and MRSE-TDDFT
results, as expected for DFT-based methods, depend strongly on the
functional employed. Hybrid functionals with 50% HFX, such as
B5050LYP and BHHLYP, which are known to perform well in SF
applications, yield barriers within ~0.2 eV of MR-CISD. The B3LYP
functional, which contains a smaller fraction of HFX, overestimates
the barrier by roughly 0.5 eV. It is noteworthy that although MRSF-
TDDFT produces spin-pure singlet wave functions, the overall
energetics is similar to SE-TDDFT.

To further examine the effect of HFX on the excited states, we
recomputed the energies of the N, V, and Z states along the torsional
coordinate using the larger cc-pVTZ basis. The resulting potential
energy curves are shown in Fig. 3(a). The larger basis set does not sig-
nificantly affect the barrier height. Consistent with the smaller-basis
calculations, switching from B3LYP to BHHLYP lowers the barrier
by ~0.3 eV.

Figure 3(b) shows the torsional profiles of the N, V, and
7 states for both functionals. Near 90°, the V and Z states
exhibit an avoided crossing. Increasing the fraction of HEX low-
ers the barrier and also blueshifts the excited states. Consequently,
the singlet-singlet gap [E(V) — E(N)] increases from 0.77 eV
(B3LYP) to 2.05 eV (BHHLYP), bringing it within ~0.4 eV of the
EOM-DEA-CCSD/aug-cc-pVTZ value reported in Ref. 65.

D. Diradicals

Diradicals have the same electronic structure patterns, arising
from orbital near degeneracies, as twisted ethylene. Here too, the SF
approach provides a robust and accurate description, as illustrated
in previous benchmark studies.”"” We revisit several popular dirad-
icals and compare MRSE-TDDFT with the standard SE-TDDFT and
high-level correlated methods.

1. Cyclobutadiene

CBD contains four 7 electrons distributed over four 7 molec-
ular orbitals, leading to closely spaced low-lying singlet and triplet
states. An accurate description of these states requires a careful
treatment of static and dynamic electron correlation.

TABLE I. Ethylene. Torsional barrier (eV) for the ground state; DZP basis set.

Method B5050LYP B3LYP BHHLYP
MR-CISD 3.27°

CCSD 3.91°

EOM-SF-CCSD/UHF  3.23"

EOM-DEA-CCSD/+2  3.20"

EOM-DEA-CCSD/+0  4.09°

SE-TDDFT 3.48" 3.74 3.48
MRSE-TDDFT 3.49 3.76 3.50

#From Ref. 65.
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FIG. 3. Ethylene. MRSF-TDDFT potential energy curves along the torsional coordinate of the three valence singlet states: (a) Ground state (N); (b) N and two excited states
(V'and 2); cc-pVTZ. The energies are shifted relative to the ground state energy at 0° torsional angle.

As shown in Fig. $4 of the supplementary material, the equilib-
rium geometry of the singlet ground state is a rectangular structure
with D, symmetry. This structure undergoes automerization to a
rotated rectangular form of the same symmetry via a Dyj,-symmetric
square geometry. At this square structure, the two frontier orbitals
are exactly degenerate, resulting in a perfect diradical character. This
degeneracy is lifted due to a second-order Jahn-Teller effect, lower-
ing the symmetry to Dy, at the rectangular minimum. Thus, as in
ethylene, the singlet ground state exhibits variable diradical char-
acter: it is predominantly closed-shell at the rectangular structure
and becomes strongly diradical at the square geometry. This variable
diradical character is also manifest in the low-lying singlet excited
states. In contrast, the equilibrium structure of the triplet state is
square and Dy;, symmetric.

Table II presents the automerization barriers computed using
MRSF-TDDFT and SE-TDDFT with the B3LYP and BHHLYP func-
tionals and the cc-pVDZ, aug-cc-pVDZ, and cc-pVTZ basis sets.
The automerization barrier of cyclobutadiene has been extensively
studied,”””” with reported values ranging from ~1.6 to 10 kcal/mol
depending on the level of theory. High-level multireference methods
place the barrier around 10 kcal/mol. EOM-SF-CCSD with per-
turbative triples correction also yields a barrier height of 9.4-10
kcal/mol. Hence, we take this value as a reference for assessing
MRSF-TDDEFT results. Both MRSE-TDDFT and SF-TDDEFT yield
barriers of similar height, with SE-TDDFT yielding slightly lower
values. As in the case of ethylene, B3LYP leads to a higher bar-
rier relative to BHHLYP, indicating that both SF-TDDFT and
MRSE-TDDFT benefit from a larger fraction of HFX.

Tables III and IV summarize the MRSF-TDDFT and SF-
TDDFT results (using B3LYP, BHHLYP, and M06-2X) for the three
lowest singlet states and the lowest triplet state computed, respec-
tively, at the D, singlet equilibrium geometry and at the Dy, triplet
equilibrium geometry (which is similar to the equilibrium geometry
of the XlBlg state).

TABLE II. Cyclobutadiene. Automerization barrier (kcal/mol).

Method cc-pVDZ  aug-cc-pVDZ  cc-pVTZ
MR-CISD* 7.3 7.4 8.4
MR-CISD+Q" 7.6 7.4 8.8
MR-AQCC" 7.7 7.7 8.9
EOM-SE-CCSD 6.2 6.2 7.6
EOM-SE-CCSD(fT) 7.9 7.9 9.4
EOM-SF-CCSD(dT) 8.6 8.5 10.0
SF-TDDFT/B3LYP 18.9 18.3 19.4
SF-TDDFT/BHHLYP 12.5 12.2 13.1
MRSF-TDDFT/B3LYP 19.3 18.7 19.8
MRSE-TDDFT/BHHLYP 12.5 12.2 13.2

*From Ref. 66.

At the rectangular geometry, the 1°Bj, — X'A, gap is over-
estimated with B3LYP relative to EOM-SF-CCSD(dT). As the
fraction of HFX increases from B3LYP to BHHLYP and M06-2X,
the gap steadily improves, reaching within 0.01 eV of EOM-
SF-CCSD(fT) and within 0.04 eV of EOM-SE-CCSD(dT). For
the 1'By, state, the singlet-singlet gap is underestimated at the
B3LYP level but improves with increasing the HFX, although
discrepancies of ~0.4 eV remain even with BHHLYP and M06-2X.
For the 2'A, state, MRSE-TDDFT substantially improves upon
EOM-EE-CCSD, yielding excitation energies within ~0.2 eV of the
higher-level methods. We attribute the near-perfect agreement of

MRSF-TDDFT/B3LYP  with EOM-DEA-CCSD, EOM-SE-
CCSD(fT), and EOM-SF-CCSD(dT) to fortuitous error
cancellation.

At the Dy, geometry, we observe a more pronounced depen-
dence on the functional. B3LYP yields an incorrect singlet-triplet
ordering, in contrast to BHHLYP and M06-2X. In particular, M06-
2X vyields a singlet-triplet gap only 0.008 eV above the EOM-SE-
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TABLE Ill. Cyclobutadiene. Total energies (hartree) of the ground state, X 1Ag, and

vertical excitation energies (eV) at the )~(1Ag equilibrium geometry (Dy, symmetry;
cc-pVTZ).
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TABLE V. Trimethylenemethane. Total energies (hartree) of the X 3A§ ground state

and adiabatic singlet—triplet gaps (V) for the two lowest singlet excited states, A'B;
and B'Aq; computed at the SF-TDDFT/BHHLYP/6-31G(d) optimized geometries.6

Method Ea(X'Ag) 1'Byy 1'Biy  2'A;  Method XA A'By B'A,

EOM-EE-CCSD* —154.35495 1.349 3314 7.874 6-31G™

EOM-SE-CCSD? . —154.363 39 1.656  3.408 4.348 EOM_-SE-CCSD” _155.36575 0.510 0.919

EOM-SE-CCSD(fT) . -154.36756 1.515 3.253 4.197 EOM-SF-CC(2,3)" _155.37327 0.653 0.774

EOM-SF-CCSD(dT) —154.367 37 1.467 3.200 4.168 SF-TDDFT/SOSOI‘ _155.77972 0.745 0.866

EOM-DEA-CCSD —154.33922 1.403 3.120 4.127 MRSE-TDDFET/BHHLYP ~155.801 26 0.745 0.965

MRSFE-TDDFT/B3LYP —154.72128 1.756  2.263 4.103 ) ) )

MRSF-TDDFT/BHHLYP -154.628 26 1.588 2.818 4.537 cc-pVTZ

MRSFE-TDDFT/M06-2X —154.679 07 1.505 2.853 4.470 EOM-SE-CCSD* —155.58995 0.554 0.933

Fr——— EOM-SF-CC(2,3)’ ~155.59747 0697 0788

SE-TDDFT/5050° —155.842 09 0.739 0.846

TABILE Iv. ‘Cyglobutadie.ne. Total energieg (hartreel)lofl the ground state, X 'B4g, and §¥¥gg£%gilLI§fYP‘ _}::ggg gg 8;33 822(9)

\Clgfg\c/gllzixcnatlon energies (V) at the 1°A4 equilibrium geometry (Dgy, symmetry; MRSE-TDDFT/BHHLYP _155.862 31 0.733 0.922
o1 3 1 1 cc-pvVQZ

Method BaXBy) VA 2A UBx  porrereos ~155.63248 0.788 0.918

EOM-EE-CCSD* —154.38058 —0.590 1.534 EOM-SF-CCSD(dT)" —155.64007 0.696 0.846

EOM-SE-CCSD* —154.413 42 0.369 1.814 2.137 ;

EOM-SF-CCSD(fT)* ~154.41477 0159 1521 1915  Expt’ 0.787

EOM-SF-CCSD(dT)* —-154.41358 0.088 1.438 1.837 From Ref. 96,

EOM-DEA-CCSD" ~154.38600  0.023 1406 1751  bpoo et oo

MRSE-TDDFT/B3LYP —-154.68947 —-0.020 0.488 0.550 “From Ref. 6.

MRSE-TDDFT/BHHLYP —154.607 49 0.047 1.283 1.465 dZPE-corrected experimental values from Ref. 67.

MRSF-TDDFT/MO06-2X —154.662 09 0.080 1.436 1.633

*From Ref. 65.

CCSD(dT) value. For the first excited singlet state, both BHHLYP
and M06-2X perform well, with M06-2X yielding nearly exactly
the EOM-SF-CCSD(dT) excitation energy. For the lleg state,
the MO06-2X singlet-singlet gap is within 0.2 eV of EOM-SF-
CCSD(dT)—significantly closer than the corresponding EOM-SE-
CCSD and EOM-EE-CCSD results.

2. Trimethylenemethane

TMM is a non-Kekulé molecule with a 7-system comprising
four 7 electrons distributed over four 7 orbitals. The ground state
of TMM is a triplet (XA}) with a planar Djj,-symmetric equilib-
rium geometry. At this high-symmetry geometry, the two lowest
singlet states are degenerate, and the degeneracy is lifted through
Jahn-Teller distortion, resulting in two distinct Cy,-symmetric
singlet states: an open-shell A'B; (twisted) state and a multicon-
figurational closed-shell B'A; (planar) state (see Fig. S5 of the
supplementary material). The 'B; state is dark and has not been
directly observed experimentally, but experimental data are available
for the 'A; state, enabling direct comparisons. High-level EOM-CC
calculations provide reference values for both singlet states, enabling
a detailed assessment of MRSF-TDDFT.

Table V summarizes our results obtained with the BHHLYP
functional using the 6-31G* and cc-pVTZ basis sets, along with the
previously reported EOM-SE-CCSD, EOM-SF-CCSD(dT), and SF-
TDDFT values. For the A'B; state, MRSF-TDDFT performs very

well, yielding adiabatic singlet-triplet gaps within 0.04 eV of the
high-level EOM-SE-CCSD(dT)/cc-pVQZ results for both basis sets.
For the multiconfigurational B'A; state, the MRSE-
TDDFT/BHHLYP/6-31G”™ result differs by ~0.2 eV from the
zero-point-energy-corrected experimental value reported in Ref.
67. Using the larger cc-pVTZ basis reduces this deviation to
about 0.15 eV. Notably, the MRSF-TDDFT/BHHLYP/cc-pVTZ
singlet-triplet gap for the B' A, state is in perfect agreement with the
EOM-SF-CCSD value and is within 0.08 eV of the more accurate
EOM-SE-CCSD(AT) result for the B'A;-X>A) gap.

3. Tetramethyleneethane

TME is the simplest disjoint non-Kekulé diradical with pro-
nounced multiconfigurational character arising from a nearly
degenerate pair of frontier 7 orbitals localized on separate allyl frag-
ments and occupied by two electrons. The delicate balance between
these orbitals leads to strong static correlation and a very small
singlet-triplet gap, making this system highly sensitive to the level
of theory.

An additional complication comes from the torsional degree
of freedom associated with rotation about the central C-C bond
while preserving D, symmetry. Along this coordinate, both the
relative energies and occupations of the frontier orbitals change,
leading to a variable diradical character. Accurate treatment of the
singlet-triplet gap and the shape of the singlet surface along the
torsion is a demanding test for electronic structure methods. The
MRSF-TDDFT approach, which uses the high-spin triplet as the ref-
erence determinant, is well suited for this problem because it treats
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the singlet and triplet states on an equal footing within a balanced
framework.

Table VI summarizes the MRSF-TDDFT/BHHLYP results
obtained with the cc-pVDZ and cc-pVTZ basis sets at torsional
angles of 45° and 90°. At both geometries, MRSF-TDDFT yields
the singlet-triplet gaps in good agreement with the reference
data. Figure 4 shows the full torsional profile computed with
MRSE-TDDFT/BHHLYP with the two basis sets.

Figure 5 shows the frontier natural orbitals for the lowest sin-
glet state at selected torsional angles (0°, 45°, and 90°). At 0°, the
occupations of the two frontier natural orbitals indicate a predom-
inantly closed-shell character for the lowest singlet state. As the
torsional angle increases, the state evolves into a perfect diradical at
45°, with the frontier natural orbitals having occupations of approx-
imately one, before restoring a predominantly closed-shell character
at 90°. A more intuitive picture of this evolution of bonding pat-
tern is afforded by the nonlinear (n,,) Head-Gordon indices for
the singlet and triplet states along the torsional coordinate (reported
in Table S7 of the supplementary material), which can be inter-
preted as the number of effectively unpaired electrons. Figure 6
shows #,,,; and the gap between the *B; and 'A, states along the
torsional coordinate, highlighting the correlation between these two
quantities.

4. Benzynes

Benzynes are often used as a benchmark owing to the avail-
ability of high-quality experimental data’ """ and their challenging
diradical character,"%"70#45710210% T bl VT summarizes the adi-
abatic singlet-triplet gaps for the ortho-, meta-, and para-isomers
computed using BHHLYP with the cc-pVDZ and cc-pVTZ bases.

Figure 7 shows the frontier natural orbitals from the MRSF-
TDDFT/BHHLYP/cc-pVTZ calculations. As the separation between
the diradical centers increases from ortho- to meta- to para-
benzyne, the singlet-triplet gap decreases accordingly, consistent

ARTICLE pubs.aip.org/aipl/jcp

TABLE VI. Tetramethyleneethane. Adiabatic singlet-triplet energy gaps (AE
= Etipiet — Esinglet, €V) at torsional angles of 45° and 90°. Geometries from Ref. 68.

Method AE (45°) AE (90°)
MkCCSD* -0.12 -0.03
MkCCSDT" 0.07 0.15
DMRG(24,25)" 0.05 0.13
TCCSD(24,25)m.<1" -0.09 0.04
TCCSD(24,25) 0" 0.07 0.20
FCIQMC* 0.01 0.13
MRSF/BHHLYP/cc-pVDZ 0.02 0.13
MRSF/BHHLYP/cc-pVTZ 0.02 0.15
Best available 0.02" 0.13 + 0.013¢

“From Ref. 88.
"DMC results from Ref. 6.
“Photoelectron spectroscopy results from Ref. 97.

with the increased spatial separation of the unpaired electrons.
Table VIII reports Head-Gordon’s indices computed at the MRSF-
TDDFT/BHHLYP/cc-pVTZ level. These values agree closely with
the EOM-DEA-CCSD and EOM-SF-CCSD values reported in
Ref. 65, which are included here for comparison. Similar to the TME
example, in the ortho-benzyne to meta-benzyne to para-benzyne
sequence, the singlet-triplet gap decreases, and at the same time,
the diradical character of the ground singlet state increases (see also
Fig. S6 of the supplementary material).

E. Butadiene

Butadiene is a closed-shell molecule, but owing to a relatively
small HOMO-LUMO gap, its excited states feature some doubly
excited character. The first excited state, IIBZ, is a bright, dipole-
allowed state and has a predominantly single-excitation character,

FIG. 4. Tetramethyleneethane. The lowest singlet and triplet potential energy curves along the torsional coordinate; MRSF-TDDFT/BHHLYP. Panel (a): the singlet (‘A1) and
triplet (°B4) energies shifted relative to the singlet energy at 0°. Panel (b): the adiabatic singlet-triplet gaps.
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FIG. 6. Tetramethyleneethane. Singlet-triplet gap and n, along the torsional
profile; MRSF/BHHLYP/cc-pVTZ.

making it relatively straightforward to describe. According to the
UV-Vis absorption spectrum, this state appears at 5.92 eV verti-
cally above the ground state. The second singlet state, ZlAg , is dark
(dipole-forbidden) and is known to have substantial doubly excited
character.

A balanced theoretical description of these two states requires
a method that captures the dynamical correlation of the bright
state while also accounting for the significant static (non-dynamical)
correlation present in the dark state. High-level approaches such
as EOM-EE-CCSDT are, therefore, needed to describe both states
accurately. Multireference methods often overestimate the double-
excitation character of the 2'A, state, whereas lower-level single-
reference methods such as EOM-EE-CCSD and ADC(2) tend to
underestimate it.

MRSF-TDDFT describes the ground state and the two
excited states, 1'B} and 21A§ , as spin-flipping excitations from a

ARTICLE pubs.aip.org/aipl/jcp

FIG. 5. Tetramethyleneethane. Natu-
ral frontier orbitals of the lowest sin-
glet state and their occupations at 0°,
45°, and 90° torsional angles; MRSF-
TDDFT/BHHLYP/cc-pVTZ.

TABLE VII. Benzynes. Adiabatic singlet-triplet energy gaps (eV, no ZPE).

Method o-benzyne m-benzyne p-benzyne
EOM-SE-CCSD* 1.578 0.782 0.147
EOM-SF-CCSD(fT)* 1.615 0.875 0.169
EOM-SE-CCSD(dT)* 1.619 0.892 0.172
EOM-DEA-CCSD” 1.625 0.799 0.145
SF-TDDFT/B3LYP* 2.035 1.133 0.299
SE-TDDFT/BHHLYP* 1.807 0.959 0.147
SE-TDDFT/PBE50° 1.591 0.776 0.116
MRSF/BHHLYP/cc-pVDZ 1.761 0.942 0.160
MRSF/BHHLYP/cc-pVTZ 1.855 0.965 0.160
AZPE* -0.028 0.043 0.021
Expt. - AZPE 1.656 0.868 0.144
#From Ref. 70.

From Ref. 65.

“From Ref. 6.

9From Ref. 67.

high-spin triplet reference state. Table IX reports the computed exci-
tation energies. With the cc-pVDZ basis and the B3LYP functional,
MRSF-TDDFT significantly underestimates (by more than 1 eV)
the excitation energy of the 1'B} state relative to EOM-EE-CCSDT,
highlighting once again the drawbacks of using a lower HFX in
MRSFE-TDDFT. It performs much better for the dark state, with
errors within 0.2 eV, which shows the benefits of explicitly including
doubly excited configurations within the response framework.

Using the BHHLYP functional improves the description con-
siderably. With the cc-pVDZ basis, the excitation energy of the
bright state is within ~0.5 eV of the EOM-EE-CCSDT reference, and
the 21Ag state is only 0.02 eV below the EOM-EE-CCSDT value. The
improvement upon going from B3LYP to BHHLYP correlates with
the increased fraction of HFX. For the 21A§ state, increasing the
fraction of HEX significantly enhances the double-excitation con-
tribution, Xp, in the MRSF wave function (this is shown in Fig. S7
of the supplementary material). As a result, MRSF-BHHLYP yields
accurate excitation energies for this state.
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FIG. 7. Benzynes. Frontier natural orbitals and their occupations in the low-
est singlet and triplet (triplet occupations in parentheses) states; MRSF-
TDDFT/BHHLYP/cc-pVTZ.

TABLE VIII. Benzynes. Head-Gordon’s index (n, /) for the lowest singlet and triplet
states; MRSF-TDDFT/BHHLYP/cc-pVTZ.

EOM-DEA-CCSD" EOM-SF-CCSD* MRSF-TDDFT

Benzyne Singlet Triplet Singlet Triplet Singlet Triplet
o-benzyne 0.11 2.00 0.16 2.00 0.04 2.00
m-benzyne 0.26 2.00 0.26 2.00 0.14 2.00
p-benzyne 1.43 2.00 1.45 2.00 1.31 2.01

*From Ref. 65.

Increasing the basis from cc-pVDZ to cc-pVTZ does not quali-
tatively change the picture; excitation energies are slightly redshifted
for all states and methods, but the relative trends remain the same.

Overall, MRSF-TDDFT provides a much-improved description
of the 21A§ state compared to EOM-EE-CCSD and EOM-DEA-
CCSD, yielding errors within ~0.02 eV from the computationally
much more expensive EOM-EE-CCSDT. For the bright 1'B} state,
the B3LYP-based MRSF calculations show substantial deviations,
which are reduced when using BHHLYP, although residual errors
of ~0.5 eV remain.

TABLE IX. Butadiene. Excitation energy (eV) of the two lowest singlet excited states.

ARTICLE pubs.aip.org/aipl/jcp

F. Potential energy surfaces and conical intersections
in a model retinal chromophore

The penta-2,4-dieniminium cation (PSB3) is a model
chromophore®”'"1% of the retinal protonated Schiff base (rPSB).
Its electronic structure is somewhat similar to butadiene. The two
lowest states relevant to photoinduced cis-trans isomerization in
retinal are described in terms of charge-transfer (CT) and diradical
(DIR) configurations. Photoexcitation changes the conjugation
pattern and initiates twisting, which imparts diradical character
into the ground state. The two states feature a conical intersection,
which plays an essential role in the retinal’s photocycle. Because
the location of the intersection depends on the energies of the two
states, which have different character, its accurate description is
challenging. The detailed description of the system and the relevant
coordinates can be found in Ref. 69.

We use this example to assess the ability of MRSF-TDDFT to
describe the location of the conical intersection and to compare
its performance against the original collinear formulation of SF-
TDDFT as well as more expensive and robust wave function based
approaches such as MRCISD+Q and EOM-SF-CCSD(dT). We also
investigate the effect of HFX.

Figure 8 summarizes the results of the MRSF-TDDFT calcula-
tion corresponding to the two lowest singlet states along the bond
length alteration (BLA) coordinate and compares them previously
reported data. The location of the interection is very sensitive to the
method used since one needs to balance a diradical state (¥pir ) with
a charge-transfer state (Wcr). Previous benchmark studies” '
pointed out that although MR-CISD and MR-CISD+Q methods
both predict a crossover within this window, the +Q corrections
were necessary to pinpoint the location of the crossing point. EOM-
EE-CCSD fails to find a crossing within this range, and while EOM-
SE-CCSD does find a crossing point, the (dT) correction is needed
to get the correct location. Therefore, it is no surprise that lower-
level methods show large discrepancies. As reported in Ref. 105,
SE-TDDFT with the BHHLYP functional yields the crossing loca-
tion at a very large value of the BLA coordinate, far outside the range
shown here. This is because the minimum energy crossing point
computed with SE-TDDFT is slightly pyramidalized at one of the
double-bond carbons, which possibly indicates problems in describ-
ing diradicals. Recently, EOM-DEA-CCSD calculations® were also
reported for this system, revealing the need for even higher-order
terms in properly describing the intersection location. However, the
EOM-DEA-CCSD calculations describe the shape of the potential
energy curves of the two states reasonably well—only the location of
the crossing point was overestimated.

To assess the ability of the MRSF-TDDFT approach to describe
the location of the intersection, we first consider the B3LYP

EOM-CCSD* EOM-DEA-CCSD" EOM-CCSDT* MRSF-B3LYP MRSF-BHHLYP
Basis 1'B; 2'A, 1'B; 2'A, 1'B; 2'A, 1'B; 2'A, 1'B; 2'A,
cc-pVDZ 6918 7.648 6.893 7.412 6.794 6.830 4.958 6.620 6.282 6.818
cc-pVIZ  6.660 7.555 6.643 7.206 6.535 6.763 4.887 6.498 6.159 6.690

*From Ref. 65.
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FIG. 8. PSB3. The location of the conical intersection along the bond-length alternation (BLA) coordinate. Panel (a): the intersection locations from the best-performing
MRSF-TDDFT variant with MRCISD+Q, MRCISD, EOM-EE-CCSD, EOM-SF-CCSD(dT), and EOM-SF-CCSD(fT). Panel (b): the performance of MRSF-TDDFT with various
global hybrid functionals relative to MRCISD+Q. Panel (c): the effect of HFX using a custom functional defined as Ex; = (1 — Cye ) EZ® + Cyye ERF + ELYP, where the HFX
fraction Cy = 0.5-0.8. Panel (d): same as panel (c) but with the functional Ex; = (1 — Cye ) EFBE + Ce ERF + EPBE.

(20% HFX), BHHLYP (50% HFX), and M06-2X (54% HFX) XC
functionals [panel (b) of Fig. 8]. We note that in all three cases the
crossing point location is overestimated compared to the reference
MR-CISD+Q. However, as the amount of HFX increases, the loca-
tion of the intersection shifts closer to the reference value. This is
clearly in agreement with the well known fact that SF methods based
on the collinear formulation benefit from using a higher amount of
HFX in the functional. As shown above for diradicals, HFX as high
as 85% can significantly improve the MRSF results. To investigate
this further, we defined two custom functionals,

Exe = (1 - Cup)EX®® + CupES" + EXF (23)

and

Exe = (1 - Cup)EY™F + CupEy' + ELOF, (24)

and varied the HFX from 50% (Cpr = 0.5) to 80% (Cur = 0.8) with
an increment of 5% (ACur = 0.05). The results of the BLA scans of
the two lowest singlets are reported in panels (c) and (d) of Fig. 8,
respectively. In both cases, as we increase Cyr from 0.5 to 0.6, the
crossing point location comes closer to the reference MR-CISD+Q
value. The best agreement with MR-CISD+Q is observed for 60%
HEX. However, as we increase the fraction of the HEX further, the
location is gradually shifted to smaller values relative to the correct
location at 65% and 70% HFX, and going any further shifts it out
of the window shown, resulting from the too early location of the
intersection. This suggests that at low HFX, the self-interaction error
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TABLE X.PSB3. E(¥cr) — E(Wpr) energy gaps at the TScr, TSpr, and
cis-PSB3 geometry of retinal; 6-31G*.

ARTICLE pubs.aip.org/aipl/jcp

obtained with MRSF (40% B88 + 60% HF), but BHHLYP values are
also not far from the reference.
Table X reports the E(Wcr) — E(Wpir ) energy gaps at the TScr,

Method TSer TSoir cis-PSB3 TSpir, and the cis-PSB3 structure. The negative value in the S;-So
MRCISD+Q" 10.2 0.6 101.4 gap at the TSpir geometry means that Wprr is higher in energy than
MRCISD* 8.8 1.6 104.8 Yer.
EOM-EE-CCSD" 16.6 6.9
EOM-SE-CCSD" 5.8 6.0 105.5
EOM-SF-CCSD(dT)" 1.1 0.6 102.1 G. Spin-orbit coupling constants in select diradicals
EOM-SF-CCSD(fT)’ 10.2 0.6 Table X1 reports SOCCs (mean-field values) between the lowest
EOM-DEA-CCSD/+3" 1.49 12.71 105.2 singlet and triplet states of methylene-like diradicals. In CH,, NH3,
EOM-DEA-CCSD/+1" 15.13 4.39 104.6 SiH,, and PHJ, these are B, and ' A; states, and in HSiF and HSiCl,
MRSF-B3LYP 54.79 45.70 126.5 these are 1' A’ and 1°A” states. In the supplementary material, we
MRSF-BHHLYP 22.53 11.78 102.5 report additional benchmarks for BH, AlH, and formaldehyde.
MRSF-MO06-2X 14.48 3.85 101.6 We compare the SOCCs computed using MRSF-TDDFT with
MRSF-(40% B88 + 60% HF) 11.48 -0.21 107.8 the B3LYP, PBEO, BHHLYP, PBE50, M06-2X, and wB97X-D func-
MRSF-(35% B88 + 65% HF) 5.95 -6.24 110.3 tionals against those obtained from non-collinear SE-TDDFT (NC-
MRSF-(30% B88 + 70% HF) 0.43 -12.42 112.7 SE-TDDFT) using PBEO, wPBEh, B3LYP, and wB97X-D, as well as
Fr——— EOM-EE-CCSD calculations. In contrast to NC-SE-TDDFT, switch-
rom Ref. 69.

®From Ref. 65.

in the underlying functional worsens the description of the cross-
ing point location, which gradually improves as the HFX percentage
increases, but too much HFX tends to over-correct this and results
in a too early intersection location along the BLA coordinate. This
highlights the importance of choosing a functional with an appro-
priate amount of HFX in MRSF-TDDFT. The best agreement is

ing the XC functional from a Becke-exchange-based form to a
PBE-based one does not lead to a significant improvement in the
SOCCs. Rather, the fraction of HFX plays a more important role.
In both approaches, range-separated hybrids are outperformed by a
global hybrid with a higher fraction of HFX.

For NHj, SiH,, and PHj, the MRSF-TDDFT SOCCs (using
BHHLYP, PBE50, and M06-2X) are close to the reference EOM-
EE-CCSD values and have accuracy comparable to NC-SF-TDDFT.
In the case of CH;, however, none of the tested functionals reach

TABLE XI. Mean-field spin-orbit coupling constants (SOCCs, cm~") between the lowest singlet and triplet states.

Method® CH, NH; SiH, PH; HSiF HSiCl
NC-SF/PBE0" 10.36 15.15 68.67 135.38 79.52 106.85
NC-SF/wPBEh” 10.32 15.03 68.93 135.66 79.87 105.47
NC-SF/B3LYP” 12.29 19.83 75.69 150.12
NC-SF/wB97X-D" 12.85 18.11 75.20 157.21
MRSF/B3LYP (no CV) 15.20 38.04 81.21 162.46
MRSF/PBEO (no CV) 14.52 34.45 78.14 157.27
MRSF/BHHLYP (no CV) 12.76 2431 70.65 143.23 78.59 103.78
MRSF/PBE50 (no CV) 12.45 23.61 69.27 141.12 77.71 102.17
MRSF/M06-2X (no CV) 11.92 20.82 61.71 133.54
MRSF/wB97X-D (no CV) 14.12 35.38 75.09 155.18
MRSF/B3LYP (with CV) 15.20 38.04 81.22 162.47
MRSE/PBEO (with CV) 14.52 34.45 78.15 157.29
MRSF/BHHLYP (with CV) 12.76 2431 70.65 143.24 78.55 103.76
MRSF/PBE50 (with CV) 12.45 23.61 69.27 141.14 77.68 102.17
MRSF/M06-2X (with CV) 11.92 20.82 61.70 133.54
MRSF/wB97X-D (with CV) 14.13 35.38 75.09 155.18
EOM-EE-CCSD" 10.86 18.26 56.74 119.97
EOM-SE-CCSD" 78.28 108.43
LR-CCSD" 71.10 99.38

*Basis: cc-pVTZ for CH,, NHJ, SiH,, and PHj ; cc-pCVTZ for HSiF and HSiCl.
From Ref. 55.
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the level of accuracy of NC-SF-TDDFT with PBEO or wPBEh. This
is likely due to the fact that CH; is a well-known case for which
collinear SF-TDDFT incorrectly describes the two lowest states (e.g.,
yielding an incorrect sign for the lowest adiabatic singlet-triplet
gap). Within MRSF-TDDFT, which is also implemented in the
collinear approximation, this issue is only resolved at high HFX
(around 85%).> This trend is consistent with our observation: using
a custom functional, 0.15E288 + 0.85E5F + ELYP | we obtain an SOCC
0f10.32 cm ™.

For HSiF and HSiCl, we compare our MRSE-TDDFT results
obtained with BHHLYP and PBE50 against NC-SF-TDDFT (PBEO
and wPBEh) as well as EOM-SF-CCSD and LR-CCSD calcula-
tion values. In both cases, the MRSF SOCCs agree well with the
coupled-cluster results. For HSiF, the agreement with EOM-SE-
CCSD is nearly quantitative, while for HSiCl, the results are closer
to LR-CCSD (or EOM-EE-CCSD) than to EOM-SF-CCSD.

Finally, we also tested the effect of CV configurations (see
Fig. 1) on the computed SOCCs. In Ref. 30, the broken-symmetry
CV configurations were removed prior to the evaluation of SOC
matrix elements to preserve time-reversal symmetry. Table XI shows
the results for the calculations with and without these configura-
tions. As one can see, including these configurations has a negligi-
ble effect on the computed SOCCs. Hence, filtering the excitation
amplitudes prior to computing DM is not necessary.

IV. CONCLUSION

We report an efficient, production-level implementation of
the MRSE-TDDFT method, including capabilities for computing
state and transition properties. Similar to the original SF-TDDFT,
MRSE-TDDFT employs a high-spin triplet reference, but it removes
spin contamination arising from the incomplete excitation space
of the original SF formalism. Building on earlier work by Choi
and co-workers,' *'7*>?"%! we demonstrate that MRSF-TDDFT
performs consistently well across a wide range of challenging sys-
tems when benchmarked against high-level wave function methods
such as EOM-EE-CCSD, EOM-DEA-CCSD, EOM-DIP-CCSD, and
EOM-SEF-CCSD.

For systems involving singly and doubly excited states, dirad-
icals, and conical intersections, MRSF-TDDFT yields energies and
energy differences in good agreement with correlated wave function
approaches while systematically resolving the spin-contamination
problem of the original SF-TDDFT. As in SE-TDDFT, the per-
formance depends on the fraction of HFX; functionals with a
larger fraction (e.g., BHHLYP) generally provide better results than
lower-fraction HFX hybrids such as B3LYP.

For torsional coordinates and isomerization pathways, includ-
ing ethylene torsion, TME, and CBD automerization, the triplet
reference is well behaved, enabling a reliable description of near-
degeneracies and state crossings. In ethylene, the torsional barrier
is reproduced with accuracy comparable to EOM-SF-CCSD and
significantly improves upon CCSD. For benzynes, MRSF-TDDFT
captures both the correct trends and absolute singlet-triplet gaps
within 0.1-0.2 eV of EOM-SE-CCSD and its perturbative correc-
tions. Diradical character, as quantified by Head-Gordon’s indices,
closely matches EOM-SF-CCSD and EOM-DEA-CCSD results as
well. In TME, MRSF-TDDFT/BHHLYP accurately reproduces the

ARTICLE pubs.aip.org/aipl/jcp

small singlet-triplet gap and its torsional evolution, in agreement
with high-level theory and experiment.

MRSF-TDDFT also performs well for conjugated systems such
as butadiene and PSB3, where the balanced description of the
low-lying states is known to be difficult. Along the bond-length
alternation coordinate in PSB3, the method accurately captures
the crossover region, outperforming EOM-EE-CCSD and EOM-
DEA-CCSD within the investigated window, where higher-order
excitations are required. Even EOM-SE-CCSD requires perturba-
tive (dT) corrections to locate the conical intersection accurately,
whereas MRSF-TDDFT provides a balanced description at substan-
tially lower cost. This example further highlights the sensitivity of
MRSF-TDDFT to HEX and the importance of using carefully chosen
hybrid functionals.

The ability of MRSE-TDDFT to produce not only reliable ener-
gies but also reliable densities, including challenging cases of systems
with variable diradical character, is illustrated by density-based anal-
yses (e.g., the number of effectively unpaired electrons) and by
calculations of properties.

Particularly useful are calculations of SOCs using mean-field
treatment of the two-electron part of the Breit-Pauli Hamiltonian.
The MRSF-TDDFT SOCCs are in good agreement with high-level
wave function methods and comparable to NC-SF-TDDFT values.

Overall, MRSF-TDDFT is a robust, nearly spin-pure, and com-
putationally efficient approach for describing singly and doubly
excited states, diradicals, and conical intersections. By combin-
ing reliable energetics with detailed wave function analysis tools
and properties capabilities, the present implementation establishes
MRSF-TDDFT as a practical and powerful alternative to more
expensive wave function-based methods for challenging excited-
state problems. Future work includes the implementation of analytic
gradients and non-adiabatic couplings to enable AIMD simulations
of photochemical processes.'”**

SUPPLEMENTARY MATERIAL

See the supplementary material for a detailed description of the
algorithm, validation results, a discussion of the special case of Hs,
and additional results.
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